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liées aux fonctions de Janowski. En utilisant la théorie des points extrémaux, nous obtenons
des estimations de coefficients, des théorémes de distorsion et des inégalités de moyenne
intégrale dans ces classes de fonctions.
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1. Introduction

Harmonic functions are famous for their use in the study of minimal surfaces and also play important roles in a variety
of problems in applied mathematics. Harmonic functions have been studied by differential geometers such as Choquet [1],
Kneser [8], Lewy [9], and Rado [11]. Recent interest in harmonic complex functions has been triggered by geometric function
theorists Clunie and Sheil-Small [2]. Let H denote the family of continuous complex-valued functions that are harmonic in
the open unit disk U={ze€ C: |z| < 1} and let A denote the class of functions that are analytic in U. By Sy we denote the
family of functions f € H of the form

f@=h+8 h@=z+) &, g@)=) b (zel), ()
k=2 k=2

which are univalent and sense-preserving in U. The class Sy; was studied by Clunie and Sheil-Small [2] and Sheil-Small [13]
together with some geometric subclasses of Sy;. In particular, they investigated harmonic starlike functions and harmonic
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convex functions, which are defined as follows. We say that f € Sy is a harmonic starlike function if f (U) is a starlike
domain with respect to the origin. Likewise f € Sy is said to be a harmonic convex function if f (U) is a convex domain.
In [12] Ruscheweyh introduced an operator D" : A — A, neNy:={0,1,2,...}, defined by

2(2 ' f )"

n!

D"f(2) = (ze ).

Motivated by the Ruscheweyh derivative D", we consider the linear operator D}, : H — H defined for a function f =
h+geH by D}, f:=D"h+ (~1)"D"g. For a function f € H of the form (1), we have

[o¢] [o.¢]
Dy f (D) =2+ ) Jn@Z + (D" MeabtZ" (z€U),

k=2 k=2
where

ke...-(k+n—-1)
Ao:i=1, Akn ::+ meN:={1,2,...}). (2)
We say that a function f € H is subordinate to a function F € H, and write f(z) < F(z) (or simply f < F) if there exists
a complex-valued function w that maps U into oneself with @w(0) =0 such that f(z) = F(w(z)) (z € U).
Let n be nonnegative integer and let —B <A <B <1, 0 <« < 1. We denote by SQ{(A, B) the class of functions f € Sy
such that

Dy'f@ 1+Az
Dif( 1+Bz

(3)

The classes S5, (@) := S%(Za —1,1) and 87‘{ () := S}_L(Za —1, 1) were investigated by Jahangiri [6,7]. Moreover, we should
notice that each function from the class &3, := S3,(0) is a harmonic starlike function, and each function from the class
84, = 85,(0) is a harmonic convex function.

2. Coefficients conditions

Theorem 1. A function f € H of the form (1) belongs to the class S;’_[(A, B) if it satisfies the condition

> (i lagl + B Ibyl) < B — A, (4)
k=2

where
@ =Men (1+BYk— (14 A)), B =hen (1+B)k+(1+A)). (5)

Proof. It is clear that the theorem is true for the function f (z) =z. Let f € H be a function of the form (1) and let us
assume that there exists m € {2, 3, ...} such that a;; # 0 or by # 0. Since B‘ﬁ‘ >k, B’i—"A >k (k=2,3,...), then by (4) we
have

o0

> (klag +klbyl) <1 (6)
k=2

and

o oo o
W @|-|g @] =1=> klallzl* = kibel 121" = 1= 121 Y " (klag| +k|bi])

k=2 k=2 k=2
|zl
1——Z(ozk|ak|+ﬂk|bk|>>1—|z|>o (zel).
k=
k_k
Thus, the function f is locally univalent and sense-preserving in U. Moreover, if z1,z; € U, z1 # z3, then 2_2

k
1A < Sz za ! <k (k=2,3,...). Hence, by (6), we have
=1
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|f (z1) = f(z2)| = |h(z1) —h(22)| — |8 (21) — & (22)]

21—22—Zak (zl—zz) Zbk —z2
>|21—22|(1—Z|a| Zu )
> |z1 — 22| (1 - Zk|ak| - Zk|bk|> > 0.

k=2 k=2

This leads to the univalence of f ie. f € Sy. Therefore, f € S}, (A, B) if and only if there exists a complex-valued func-

D@ _ 1+Aw@)
Dy fe — 14+Bw(

>

k

tion w, w(0) =0, |w(z)| <1 (z € U) such that

(z € U), or equivalently

Dy f(2) - DL, f (2)
BDY f (2) — ADY, f (2)

<1 (zeU). (7)

Thus, it is sufficient to prove that ‘Dg_zrlf (2) — D”Hf (z)’ — ’BD’ZJlf (2) — AD” f(2)| <0 (zeU\{0}). Indeed, letting |z| =1
(0 <r <1) we have

D@ - f(z)\—\BD"“f(z) ADIf )|

o
<> Men (k= 1) la| ™ + Zxk,n (k+1) bl — (B — A)r
k=2 k=2

o oo
+ ) hkn (B — A) lag| ™ + > " A (Bn+ A) by | 1
k=2 k=2

_r{Z<oek|ak| + Bilbe) " — (B —A)} <0

k=2
whence feS;’_t(A,B). O

Motivated by Silverman [14], we denote by Sg-(A, B) the class of functions f € Sg_[(A, B) of the form (1) such that
—lagl, by = (=" |bi| (k=2,3,...) ie.

f=h+8 h@=z-) lal?. g@=D") bz (zeU). (8)

k=2 k=2

Now, we show that the condition (4) is also the sufficient condition for a function to be in the class Sg-(A, B).
Theorem 2. Let f € H be a function of the form (8). Then f € S“T(A, B) if and only if the condition (4) holds true.

Proof. In view of Theorem 1, we need only show that each function f € S"T(A, B) satisfies the coefficient inequality (4). If
fe S”T(A, B), then it satisfies (7) or equivalently

& k >k
> e { = 1) lal 2+ e+ 1) byl 2
k=2

= <1 (zel).
(B=Mz— 3 ko [(Bn— A) lail 2 + (Bn+ A) b 2]
k=2
Therefore, putting z=r (0 <r < 1) we obtain:
- k—1
2 Men (k= 1) ag] + (k + 1) [be [} ™
k=2 <1. 9)

o0
(B—A) = 3" Aen {(Bn — A) |ag| + (Bn + A) |by |} rk—1
k=2
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It is clear that the denominator of the left-hand side can not vanish for r € (0, 1). Moreover, it is positive for r =0, and
o0
in consequence for r € (0, 1). Thus, by (9) we have )" (o lak| + Bk |be) =1 < B — A, which, upon letting r — 17, readily

k=2
yields assertion (4). O

3. Topological properties

We consider the usual topology on H defined by a metric in which a sequence {fi} in H converges to f if and only if
it converges to f uniformly on each compact subset of U. It follows from the theorems of Weierstrass and Montel that this
topological space is complete.

Let F be a subclass of class H. A function f € F is called an extreme point of F if the condition f =y fi+ (1 —-y) f2
(f1, f2e F, 0<y <1) implies f; = f, = f. We shall use the notation EF to denote the set of all extreme points of F. It
is clear that EF C F.

A real-valued functional J : H — R is called convex on a convex class F C H if

Jyf+A-y)9<ydH+A-y)J@® ((f.geF,0<y=<1.

The Krein-Milman theorem implies the following important result (see [5, p. 45]).

Lemma 1. Let F be a non-empty compact subclass of the class H and 7 : H — R be a real-valued, continuous and convex functional
on F. Then

max{J(f): feFt=max{J(f): f e EF}.
Since H is a complete metric space, Montel’s theorem (see [10]) implies the following lemma.
Lemma 2. A class F C ‘H is compact if and only if F is closed and locally uniformly bounded.
Theorem 3. The class S”T(A, B) is a convex and compact subset of H.

Proof. Let0 <y <1 and let fj e S}(A, B) be functions of the form

o0 o0
f@ =) "auz*+) bz (zeU. leN). (10)

k=0 k=1

Since

vh@+0-h@=z2+)_ {(ya1,k + (A =py)age) X+ (ybig+(1— J/)bz,k)f"] ,
k=2

and by Theorem 2, we have

[e.¢]
S~ e lvari+ 1= y)as] + i ybui+a —y)byu]
k=2

o0

Z {one a1 k| + Bi |b1, k‘}‘f‘(l_V)Zak|f12k|+,3k’b2k|
k=2
<)/(B A+ —-y)(B—A)=B-A4A,

the function ¢ =y f1 + (1 — y)f2 belongs to the class S}(A,B). Hence, the class is convex. Furthermore, for f €
ST(A,B), |zl <1, 0 <1 <1, we have

IF@I<r+ Y (ael + by ™ <r+ " (a lal + B lbil) <7+ (B — A). (11)

k=2 k=2

Thus, we conclude that the class S”T(A, B) is locally uniformly bounded. By Lemma 2, we only need to show that it is
closed, i.e. if fj e S}(A, B) (leN) and fj — f, then f € S}(A, B). Let f; and f be given by (10) and (1), respectively. Using

Theorem 2, we have ioj (o |ark| + Bk |bik|) <B—A (1€N). Since fi— f, we conclude that |aj| — |ax| and |by| — [bkl
k=2

as | — oo (ke N). This_gives condition (4), and, in consequence, f € S}(A, B), which completes the proof. O
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Theorem 4.
EST(A,B)={hc: ke N}U{g: ke(2,3,...}},

where

h@) =2z h((z)=z— ﬂzk, (@) =z+(=D" B—z" (zeU). (12)
oy Br

Proof. By using (4), we easily verify that the functions of the form (12) are the extreme pointsof the class S"T(A, B). Now,

suppose that f € ES%-(A, B) and f is not of the form (12). Then there exists m € {2, 3, ...} such that 0 < |an| < % or

o
B—A B—A |am|otm 1

0<|bm|<ﬂ_m‘ If 0 <lap| < O(m,then putting y = S, (p:m(f—yhm), we have 0 <y <1, hm,goeS’;-(A,B),

hm# @ and f =yhn+ (1 —y)@. Thus, f ¢ ES’-(A, B). Similarly, we get f ¢ ES-(A, B) if 0 < |bp| < B;—m*‘, and the proof is
completed. O

4. Applications

It is clear that if the class 7 ={f, € H : k € N} is locally uniformly bounded, then its closed convex hull is given by

co]—‘:{Zykfk: Zykzl,VkEO(keN)}. (13)
k=1

k=1

Thus, by Theorem 4 we have the following corollary.

Corollary 1. Let hy, gi be defined by (12). Then

o0 oo
Si(A.B) = [Z(ykhk+6kgk>: D +8)=1,861=01.8>0 (keN)}.
k=1 k=1

For each fixed value of k € N, z € U, the following real-valued functionals are continuous and convex on #:

T =lal, TN =bl, TH=1F @I TN =[Dhf@| (Fer, (14)
2 17y

T = %/‘f(reie)‘yde (feH, y=1,0<r<1). (15)
0

Therefore, by Lemma 1 and Theorem 4 we have the corollaries listed below.

Corollary 2. Let f € S”T(A, B) be a function of the form (8). Then

B—A B—A
lak| < , bkl < k=2,3,..)), (16)
o7 B

k

where oy, By are defined by (5). The result is sharp. The functions hy, gy of the form (12) are the extremal functions.

Corollary 3. Let f € ST-(A, B), |z| =r < 1. Then

R ek — Y P PP S ek S—
nm+1DA+2B—-A) — - n+1)A+2B-A)
(B - A) )LZ,m (B - A) kz,m 2

<[P f@|<r+

r— r“ (meN),
n+1)(1+4+2B-A) n+1)(1+4+2B-A)

where Ay 1 is defined by (2). The result is sharp. The function hy of the form (12) is the extremal function.
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Corollary 4. Let 0 <1 <1,y > 1.If f € ST-(A, B), then

1 2 1 2
oY 1Y
—f‘f(re‘0)| do < —/‘hz(re‘0)| de,
2 2
0 0
where h; is defined by (12).

Remark 1. By choosing parameters A, B, n in the defined classes of functions, we can obtain new and also well-known
results (see, for example, [3,4,6,7,14]).
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