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In this Note, we deal with the Robin parametric elliptic equation driven by a nonhomo-
geneous differential operator and with a reaction that exhibits competing terms (concave–
convex nonlinearities). Without employing the Ambrosetti–Rabinowitz condition, we prove 
a bifurcation theorem for small positive values of the real parameter.
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r é s u m é

Dans cette Note, nous étudions le problème elliptique paramétrique de Robin pour 
un opérateur différentiel non homogène et avec une réaction qui présente des termes 
concurrents (du type concave–convexe). Sans utiliser la condition d’Ambrosetti–Rabinowitz, 
nous prouvons un théorème de bifurcation pour de petites valeurs positives du paramètre 
réel.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Soit p > 1 et supposons que Ω ⊂ R
N soit un domaine borné et régulier. Soit β ∈ C1,α(∂Ω) tel que β ≥ 0 sur ∂Ω et 

supposons que a : RN →R
N soit continue, strictement monotone et satisfasse les hypothèses suivantes :

H(a) : a(y) = a0(‖y‖)y pour tout y ∈R
N , avec a0 > 0 sur (0, ∞) et

(i) a0 ∈ C1(0, ∞), t �−→ a0(t)t est strictement croissante sur (0, ∞), a0(t)t → 0 si t → 0+ et

lim
t→0+

a′
0(t)t

a0(t)
> −1;

(ii) il existe c1 > 0 tel que |∇a(y)| ≤ c1
η(|y|)

|y| pour tout y ∈R
N\{0} ;
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(iii) η(|y|)
|y| |ξ |2 ≤ (∇a(y)ξ, ξ)RN pour tout y ∈R

N\{0} et ξ ∈R
N ;

(iv) si G0(t) =
∫ t

0 a0(s)s ds pour t ≥ 0, alors pG0(t) − a0(t) t2 ≥ −ξ̂ pour tout t ≥ 0, où ξ̂ > 0 ;

(v) il existe τ ∈ (1, p) tel que t �−→ G0(t1/τ ) soit convexe sur (0, ∞), limt→0+ G0(t)
tτ = 0 et il existe c̃ > 0 tel que a0(t)t2 −

τ G0(t) ≥ c̃t p pour tout t > 0.

Dans H(a)(ii)–(iii) nous supposons que η ∈ C1(0, ∞) tel que pour c1, c2 > 0 et 1 < p < ∞

0 < ĉ ≤ tη′(t)
η(t)

≤ c0 et c1t p−1 ≤ η(t) ≤ c2
(
1 + t p−1) pour tout t > 0.

Supposons que f : Ω ×R × (0, ∞) →R soit une fonction qui satisfasse les conditions suivantes :

H( f ) :

(i) pour tout (x, λ) ∈ R × (0, ∞), la fonction z �−→ f (z, x, λ) est mesurable et pour presque tout z ∈ Ω , l’application 
(x, λ) �−→ f (z, x, λ) est continue ;

(ii) | f (z, x, λ)| ≤ aλ(z)(1 + xr−1) p.p. z ∈ Ω , pour tout x ≥ 0 et tout λ > 0, où aλ ∈ L∞(Ω), λ �−→ ‖aλ‖∞ est borné sur les 
ensembles bornés de (0, ∞) et p < r < p∗ ;

(iii) si F (z, x, λ) = ∫ x
0 f (z, s, λ) ds, alors limx→+∞ F (z,x,λ)

xp = +∞ uniformément p.p. pour z ∈ Ω ;
(iv) il existe ϑ = ϑ(λ) ∈ ((r − p) max{ N

p , 1}, p∗) tel que

0 < γ0 ≤ lim inf
x→+∞

f (z, x, λ)x − pF (z, x, λ)

xϑ
uniformément p.p. pour z ∈ Ω;

(v) il existe 1 < μ = μ(λ) < q = q(λ) < τ et γ = γ (λ) > μ, δ0 = δ0(λ) ∈ (0, 1) tels que

c3xq ≤ f (z, x, λ)x ≤ qF (z, x, λ) ≤ ξλ(z)xμ + τ xγ p.p. z ∈ Ω, pour tout 0 ≤ x ≤ δ0,

avec c3 = c3(λ) > 0, c3(λ) → +∞ si λ → +∞, c = c(λ) > 0, ξλ ∈ L∞(Ω)+ où ‖ξλ‖∞ → 0 si λ → 0+ ;
(vi) pour tout ρ > 0, il existe ξρ = ξρ(λ) > 0 tel que pour p.p. z ∈ Ω , l’application x �−→ f (z, x, λ) + ξρxp−1 soit croissante 

sur [0, ρ] ;
(vii) pour chaque intervalle K = [x0, ̂x] avec x0 > 0 et pour tout λ > λ′ > 0, il existe dK (x0, λ) croissante par rapport à λ et 

telle que dK (x0, λ) → +∞ si λ → +∞, et il existe d̂K (x0, λ, λ′) tel que

f (z, x, λ) ≥ dK (x0, λ) p.p. z ∈ Ω, pour tout x ∈ K

f (z, x, λ) − f
(
z, x, λ′) ≥ d̂K

(
x0, λ,λ′) p.p. z ∈ Ω, pour tout x ∈ K .

Dans cette Note, nous étudions le problème de Robin non linéaire suivant :⎧⎪⎨
⎪⎩

−div a
(

Du(z)
) = f

(
z, u(z), λ

)
dans Ω,

∂u

∂na
(z) + β(z)u(z)p−1 = 0 sur ∂Ω,

u > 0.

(P)

Soit C+ = {u ∈ C1(Ω) : u(z) ≥ 0 pour tout z ∈ Ω} et int C+ = {u ∈ C+ : u(z) > 0 pour tout z ∈ Ω}.
Le résultat principal de cette Note est le suivant.

Théorème 0.1. Supposons que les hypothèses H(a) et H( f ) soient satisfaites. Alors il existe λ∗ > 0 tel que

(a) pour tout λ ∈ (0, λ∗), le problème (P) a au moins deux solutions u0, ̂u ∈ int C+, u0 ≤ û, u0 = û ;
(b) si λ = λ∗ , le problème (P) admet au moins une solution u∗ ∈ int C+ ;
(c) pour tout λ > λ∗ , le problème (P) n’a pas de solutions.

Full English version

Let p > 1 be a real number and let Ω ⊂ R
N be a bounded domain with C2-boundary ∂Ω . In this Note, we study the 

following nonlinear, nonhomogeneous parametric Robin problem:⎧⎪⎨
⎪⎩

−div a
(

Du(z)
) = f

(
z, u(z), λ

)
in Ω,

∂u

∂na
(z) + β(z)u(z)p−1 = 0 on ∂Ω, (P)
u > 0.
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Let η ∈ C1(0, ∞) and assume that for some c1, c2 > 0 and 1 < p < ∞

0 < ĉ ≤ tη′(t)
η(t)

≤ c0 and c1t p−1 ≤ η(t) ≤ c2
(
1 + t p−1) for all t > 0.

We assume that a : RN →R
N is a continuous and strictly monotone map, which satisfies the following hypotheses:

H(a): a(y) = a0(‖y‖)y for all y ∈ R
N , with a0(t) > 0 for all t > 0 and

(i) a0 ∈ C1(0, ∞), t �−→ a0(t)t is strictly increasing on (0, ∞), a0(t)t → 0 as t → 0+ and

lim
t→0+

a′
0(t)t

a0(t)
> −1;

(ii) |∇a(y)| ≤ c1
η(|y|)

|y| for some c1 > 0, all y ∈ R
N\{0};

(iii) η(|y|)
|y| |ξ |2 ≤ (∇a(y)ξ, ξ)RN for all y ∈ R

N\{0}, all ξ ∈R
N ;

(iv) if G0(t) =
∫ t

0 a0(s)s ds for all t ≥ 0, then pG0(t) − a0(t) t2 ≥ −ξ̂ for all t ≥ 0, some ξ̂ > 0;

(v) there exists τ ∈ (1, p) such that t �−→ G0(t1/τ ) is convex on (0, ∞), limt→0+ G0(t)
tτ = 0 and

a0(t)t
2 − τ G0(t) ≥ c̃t p for some c̃ > 0, all t > 0.

These conditions on a(·) are motivated by the regularity results of Lieberman [5] and the nonlinear maximum principle of 
Pucci and Serrin [7]. According to the above conditions, the potential function G0(·) is strictly convex and strictly increasing. 
We set G(y) = G0(|y|) for all y ∈ R

N . Then G is convex and differentiable, ∇G(0) = 0, and

∇G(y) = G ′
0

(|y|) y

|y| = a0
(|y|)y = a(y) for all y ∈R

N\{0}.
So, G(·) is the primitive of the map a(·). Because G(0) = 0 and y �−→ G(y) is convex, from the properties of convex 
functions, we have G(y) ≤ (a(y), y)RN for all y ∈ R

N . By direct computation, we deduce that hypotheses H(a)(i), (ii), (iii) 
imply the following properties of a(·):

(a) y �−→ a(y) is continuous and strictly monotone, hence maximal monotone too;
(b) |a(y)| ≤ c2(1 + |y|p−1) for some c2 > 0, all y ∈ R

N ;
(c) (a(y), y)RN ≥ c

p−1 |y|p for all y ∈R
N .

The following maps satisfy hypotheses H(a):

(a) a(y) = |y|p−2 y with 1 < p < ∞. This map corresponds to the p-Laplacian operator defined by

�pu = div
(|Du|p−2 Du

)
for all u ∈ W 1,p(Ω);

(b) a(y) = |y|p−2 y + μ|y|q−2 y with 1 < q < p < ∞ and μ > 0. This map corresponds to the (p, q)-differential operator 
defined by

�pu + μ�qu for all u ∈ W 1,p(Ω);
(c) a(y) = (1 + |y|2) p−2

2 y with 1 < p < ∞. This map corresponds to the generalized p-mean curvature differential operator 
defined by

div
[(

1 + |Du|2) p−2
2 Du

]
for all u ∈ W 1,p(Ω);

(d) a(y) = |y|p−2 y + |y|p−2 y
1+|y|p with 1 < p < ∞.

We denote by ∂u
∂na

the conormal derivative, that is, ∂u
∂na

= (a(Du), n)RN with n(z) being the outward unit normal at 
z ∈ ∂Ω .

Throughout this paper, we assume that the boundary weight map β ∈ C1,α(∂Ω) (for some α ∈ (0, 1)) satisfies β(z) ≥ 0
for all z ∈ ∂Ω .

The reaction term f (z, x, λ) is a parametric function with λ > 0 being the parameter and (z, x) �−→ f (z, x, λ) is 
Carathéodory (that is, for all x ∈ R the mapping z �−→ f (z, x, λ) is measurable and for a.a. z ∈ Ω the map x �−→ f (z, x, λ)

is continuous). We assume that f (z, ·, λ) exhibits competing nonlinearities, namely near the origin, it has a “concave” 
term (that is, a strictly (p − 1)-sublinear term), while near +∞, the reaction is “convex” (that is, x �−→ f (z, x, λ) is 
(p − 1)-superlinear). More precisely, the hypotheses on f are the following:

H( f ): f : Ω ×R × (0, ∞) → R is a function such that for a.a. z ∈ Ω and all λ > 0, f (z, 0, λ) = 0 and
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(i) for all (x, λ) ∈ R × (0, ∞), z �−→ f (z, x, λ) is measurable, while for a.a. z ∈ Ω , (x, λ) �−→ f (z, x, λ) is continuous;
(ii) | f (z, x, λ)| ≤ aλ(z)(1 + xr−1) for a.a. z ∈ Ω , all x ≥ 0, all λ > 0, with aλ ∈ L∞(Ω), λ �−→ ‖aλ‖∞ bounded on bounded 

sets in (0, ∞) and p < r < p∗;
(iii) if F (z, x, λ) = ∫ x

0 f (z, s, λ) ds, then limx→+∞ F (z,x,λ)
xp = +∞ uniformly for a.a. z ∈ Ω;

(iv) there exists ϑ = ϑ(λ) ∈ ((r − p) max{ N
p , 1}, p∗) such that

0 < γ0 ≤ lim inf
x→+∞

f (z, x, λ)x − pF (z, x, λ)

xϑ
uniformly for a.a. z ∈ Ω;

(v) there exists 1 < μ = μ(λ) < q = q(λ) < τ (see hypothesis H(a)(v)) and γ = γ (λ) > μ, δ0 = δ0(λ) ∈ (0, 1) such that

c3xq ≤ f (z, x, λ)x ≤ qF (z, x, λ) ≤ ξλ(z)xμ + τ xγ for a.a. z ∈ Ω, all 0 ≤ x ≤ δ0

with c3 = c3(λ) > 0, c3(λ) → +∞ as λ → +∞, c = c(λ) > 0, ξλ ∈ L∞(Ω)+ with ‖ξλ‖∞ → 0 as λ → 0+;
(vi) for every ρ > 0, there exists ξρ = ξρ(λ) > 0 such that for a.a. z ∈ Ω , x �−→ f (z, x, λ) + ξρxp−1 is nondecreasing on 

[0, ρ];
(vii) for every interval K = [x0, ̂x] with x0 > 0 and every λ > λ′ > 0, there exists dK (x0, λ) nondecreasing in λ with 

dK (x0, λ) → +∞ as λ → +∞ and d̂K (x0, λ, λ′) such that

f (z, x, λ) ≥ dK (x0, λ) for a.a. z ∈ Ω, all x ∈ K

f (z, x, λ) − f
(
z, x, λ′) ≥ d̂K

(
x0, λ,λ′) for a.a. z ∈ Ω, all x ∈ K .

Since we are interested to find positive solutions and the above hypotheses concern the positive semiaxis R+ = [0, +∞), 
without any loss of generality we may assume that f (z, x, λ) = 0 for a.a. z ∈ Ω , all x ≤ 0 and all λ > 0. Note that hypotheses 
H( f )(ii), (iii) imply that

lim
x→+∞

f (z, x, λ)

xp−1
= +∞ uniformly for a.a. z ∈ Ω.

Therefore, f (z, · , λ) is (p − 1)-superlinear near +∞. However, we do not employ the Ambrosetti–Rabinowitz condition 
(unilateral version). We recall (see [1]), that f (z, · , λ) satisfies the (unilateral) Ambrosetti–Rabinowitz condition, if there 
exist η = η(λ) > p and M = M(λ) > 0 such that

(a) 0 < ηF (z, x, λ) ≤ f (z, x, λ)x for a.a. z ∈ Ω, all x ≥ M,

(b) ess infΩ F (· , M, λ) > 0.
(1)

Integrating (1a) and using (1b), we obtain a weaker condition, namely

c4xη ≤ F (z, x, λ) for a.a. z ∈ Ω, all z ≥ M and some c4 > 0. (2)

Relation (2) implies the much weaker hypothesis H( f )(iii). Next, by direct computation, we deduce that the Ambrosetti–
Rabinowitz condition implies hypothesis H( f )(iv). This weaker “superlinearity” condition incorporates in our setting 
(p − 1)-superlinear nonlinearities with “slower” growth near +∞, which fail to satisfy the Ambrosetti–Rabinowitz con-
dition. Finally, we notice that hypothesis H( f )(v) implies the presence of a concave nonlinearity near zero.

The following functions satisfy hypotheses H( f ). For the sake of simplicity, we drop the z-dependence:

f1(x, λ) = λxq−1 + xr−1 for all x ≥ 0, with 1 < q < p < r < p∗;

f2(x, λ) =
⎧⎨
⎩

λxq−1 − xη−1 if x ∈ [0,1]
xp−1

(
ln x + 1

p

)
+

(
λ − 1

p

)
xν−1 if x > 1

with q, ν ∈ (1, p) and η > p;
f3(x, λ) =

{
xq−1 if x ∈ [0,ρ(λ)]
xr−1 + η(λ) if ρ(λ) < x

with 1 < q < p < r < p∗, η(λ) = ρ(λ)p−1 − ρ(λ)r−1 and ρ(λ) → 0 as λ → 0+.

Note that f2(·, λ) does not satisfy the Ambrosetti–Rabinowitz condition.
In the analysis of problem (P), in addition to the Sobolev space W 1,p(Ω), we will also use the Banach space C1(Ω). This 

is an ordered Banach space, with positive cone

C+ = {
u ∈ C1(Ω) : u(z) ≥ 0 for all z ∈ Ω

}
.
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This cone has a nonempty interior given by

int C+ = {
u ∈ C+ : u(z) > 0 for all z ∈ Ω

}
.

In the Sobolev space W 1,p(Ω), we use the norm ‖u‖ = [‖u‖p
p + ‖Du‖p

p]1/p for all u ∈ W 1,p(Ω). To distinguish, we use 
| · | to denote the norm of RN .

We point out that the first work concerning positive solutions for problems with concave and convex nonlinearities is 
due to Ambrosetti, Brezis and Cerami [2]. We also refer to the books by Brezis [3] and Ciarlet [4] for related results and 
complements.

The main result in this Note is the following bifurcation property.

Theorem 0.1. Assume that hypotheses H(a) and H( f ) are fulfilled. Then there exists λ∗ > 0 such that

(a) for all λ ∈ (0, λ∗), problem (P) has at least two positive solutions u0, ̂u ∈ int C+ , u0 ≤ û, u0 = û;
(b) for λ = λ∗ problem (P) has at least one positive solution u∗ ∈ int C+;
(c) for all λ > λ∗ problem (P) has no positive solution.

Sketch of the proof. We introduce the following Carathéodory function:

f̂ (z, x, λ) = f (z, x, λ) + (
x+)p−1

for all (z, x, λ) ∈ Ω ×R× (0,+∞).

Let F̂ (z, x, λ) = ∫ x
0 f̂ (z, s, λ) ds and consider the C1-functional ϕ̂λ : W 1,p(Ω) → R defined by

ϕ̂λ(u) =
∫
Ω

G(Du)dz + 1

p
‖u‖p

p + 1

p

∫
∂Ω

β(z)
(
u+)p

dσ −
∫
Ω

F̂ (z, u, λ)dz.

Step 1. The functional ϕ̂λ satisfies the Cerami compactness condition.
Step 2. There exists λ+ > 0 such that for every λ ∈ (0, λ+) there is ρλ > 0 for which we have:

inf
[
ϕ̂λ(u) : ‖u‖ = ρλ

] = m̂λ > 0 = ϕ̂λ(0).

Step 3. If λ > 0 and u ∈ int C+ , then ϕλ(tu) → −∞ as t → ∞. This is a direct consequence of H( f )(iii).
Next, we introduce the following sets:

S = {
λ > 0 : problem (P) admits a positive solution

}
,

S(λ) = the set of positive solutions of (P).

Step 4. We have S = ∅ and for every λ ∈ S , ∅ = S(λ) ⊆ int C+ .
Step 5. If λ ∈ S , then (0, λ] ⊆ S .
Step 6. Let λ∗ = supS . Then λ∗ is finite.
Step 7. If λ ∈ (0, λ∗), then problem (P) admits at least two distinct positive solutions u0, û ∈ int C+ , with u0 ≤ û.
Next, we examine what happens in the critical case λ = λ∗ . To this end, note that hypotheses H( f )(ii), (v) imply that we 

can find M1, M2 > 0 such that

f (z, x, λ) ≥ M1xq−1 − M2xr−1 for a.a. z ∈ Ω, all z ≥ 0. (3)

This unilateral growth estimate on the reaction f (z, ·, λ) leads to the following auxiliary Robin problem:

⎧⎪⎨
⎪⎩

−div a
(

Du(z)
) = M1u(z)q−1 − M2u(z)r−1 in Ω,

∂u

∂n0
(z) + β(z)u(z)p−1 = 0 on ∂Ω,

u > 0.

(4)

Step 8. Problem (4) admits a unique positive solution ū ∈ int C+ .
Step 9. If λ ∈ S , then ū ≤ u for all u ∈ S(λ).
Step 10. We have λ∗ ∈ S and so S = (0, λ∗]. Indeed, let {λn}n≥1 ⊆ S be such that λn → (λ∗)− . Then we can find un ∈

S(λn) ⊆ int C+ and we can assume that ϕ̂λn (un) < 0 for all n ≥ 1. Therefore

∫
pG(Dun)dz +

∫
β(z)up

n dσ −
∫

pF (z, un, λn)dz < 0 for all n ≥ 1. (5)
Ω ∂Ω Ω
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We also have:

−〈
A(un), un

〉 −
∫

∂Ω

β(z)up
n dσ +

∫
Ω

f (z, un, λn)un dz = 0 for all n ≥ 1. (6)

Adding relations (5) and (6), we obtain∫
Ω

[
pG(Dun) − (

a(Dun), Dun
)
RN

]
dz +

∫
Ω

[
f (z, un, λn)un − pF (z, un, λn)

]
dz < 0.

Thus, by hypothesis H(a)(iv),∫
Ω

[
f (z, un, λn)un − pF (z, un, λn)

]
dz < c for all n ≥ 1, some c > 0. (7)

From (7) and using hypothesis H( f )(iv), we show that {un}n≥1 ⊆ W 1,p(Ω) is bounded. So, we may assume that

un
w→ u∗ in W 1,p(Ω) and un → u∗ in Lr(Ω) and in Lp(∂Ω) as n → ∞. (8)

Since un ∈ S(λ) for all n ≥ 1, we have:

〈
A(un),h

〉 +
∫

∂Ω

β(z)up−1
n h dσ −

∫
Ω

f (z, un, λn)h dz = 0 for all h ∈ W 1,p(Ω). (9)

Choosing h = un −u∗ ∈ W 1,p(Ω) in (9), passing to the limit as n → ∞ and using (8), we obtain limn→∞〈A(un), un −u∗〉 = 0, 
hence

un → u∗ in W 1,p(Ω). (10)

So, if in (9) we pass to the limit as n → ∞ and use (10), we obtain:

〈
A(u∗),h

〉 +
∫

∂Ω

β(z) up−1∗ h dσ =
∫
Ω

f (z, u∗, λ∗)h dz for all h ∈ W 1,p(Ω).

This shows that u∗ ≥ 0 is a solution of problem (P).
From Step 9, we have ū ≤ un for all n ≥ 1. Hence ū ≤ u∗ and so u∗ ∈ S(λ∗) ⊆ int C+ . Therefore λ∗ ∈ S and so S =

(0, λ∗]. �
We refer to Papageorgiou and Rădulescu [6] for more details, complete proofs, and related problems.
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