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RESUME

Dans cette Note, nous considérons une sous-classe générale de fonctions analytiques bi-
univalentes, pour lesquelles nous établissons des estimations du coefficient général de
Taylor-Maclaurin. Nous utilisons a cet effet des développements en polyndmes de Faber.
Dans certains cas, nos estimations améliorent des bornes existantes sur les coefficients de
ces fonctions.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let A denote the class of all functions of the form
o0
f@=z+) 2" (1.1)
n=2

which are analytic in the open unit disk U= {z:z e C and |z| < 1}. We also denote by S the class of all functions in the
normalized analytic function class .A which are univalent in U.

It is well known that every function f € S has an inverse f~!, which is defined by f~!(f(2)) =z (z € U) and
FUTw) =w (Iw| <ro(f); ro(f) = §). In fact, the inverse function g = f~1 is given by
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gw) = fT1(w) =w —ayw? + (2a% — as)w> — (5a3 — 5a2a3 + az)w? + - -

o0
= w+ Yy Aw. (12)
n=2

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let X denote the class of
bi-univalent functions in U given by (1.1). The class of analytic bi-univalent functions was first introduced and studied
by Lewin [21], where it was proved that |az| < 1.51. Brannan and Clunie [4] improved Lewin’s result to |ap| < +/2 and
later Netanyahu [23] proved that |a;| < 4/3. Brannan and Taha [5] and Taha [28] also investigated certain subclasses of
bi-univalent functions and found non-sharp estimates on the first two Taylor-Maclaurin coefficients |a;| and |as|. For a brief
history and interesting examples of functions in the class X, see [27] (see also [5]). In fact, the aforecited work of Srivastava
et al. [27] essentially revived the investigation of various subclasses of the bi-univalent function class X' in recent years; it
was followed by such works as those by Frasin and Aouf [13], Xu et al. [30,31], Hayami and Owa [18], and others (see, for
example, [2,6-9,14,22,24,26]).

Not much is known about the bounds on the general coefficient |a,| for n > 3. This is because the bi-univalency re-
quirement makes the behavior of the coefficients of the function f and f~! unpredictable. Here, in this paper, we use the
Faber polynomial expansions for a general subclass of analytic bi-univalent functions to determine estimates for the general
coefficient bounds |ay|.

The Faber polynomials introduced by Faber [12] play an important role in various areas of mathematical sciences, es-
pecially in geometric function theory. The recent publications [15] and [17] applying the Faber polynomial expansions to
meromorphic bi-univalent functions motivated us to apply this technique to classes of analytic bi-univalent functions.

In the literature, there are only a few works determining the general coefficient bounds |a,| for the analytic bi-univalent
functions given by (1.1) using Faber polynomial expansions [16,19,20]. Hamidi and Jahangiri [16] considered the class of
analytic bi-close-to-convex functions. Jahangiri and Hamidi [19] considered the class defined by Frasin and Aouf [13], and
Jahangiri et al. [20] considered the class of analytic bi-univalent functions with positive real-part derivatives.

2. The class N} (¢, 1)

Firstly, we consider a comprehensive class of analytic bi-univalent functions defined by Caglar et al. [10].

Definition 1. (See [10].) For A > 1 and u >0, a function f € X given by (1.1) is said to be in the class /\/'*E‘(oz,)») if the
following conditions are satisfied:

2z n—1
Re((l —A)(@) +Af’(z)<¥) > > (2.1)
and
% n—1
Re((l — k)(w> + kg’(w)<w> ) > (2.2)
w w

where 0 <o <1 and z,w e U and g = f~! is defined by (1.2).

Remark 1. In the following special cases of Definition 1, we show how the class of analytic bi-univalent functions N)’:‘ (o, 1)
for suitable choices of A and u lead to certain new as well as known classes of analytic bi-univalent functions studied
earlier in the literature.

(i) For =1, we obtain the bi-univalent function class N} (o, A) = By (a, 1) introduced by Frasin and Aouf [13]. This
class consists of functions f € X satisfying Re((1 — A)@ +Af'(2)) > o and Re((1 — A)% +1g'(w)) >a where 0 <a < 1
and z,w e U and g = f~! is defined by (1.2).

(ii) For w =1 and A =1, we have the bi-univalent function class /\/} (¢,1) = Hy () introduced by Srivastava et al.
[27]. This class consists of functions f € X satisfying Re(f’(z)) > o and Re(g’(w)) > @ where 0 <« <1 and z,w € U and
g=f~1is defined by (1.2).

(iii) For w =0 and A =1, we get the well-known class Ng (a, 1) = 8§ (a) of bi-starlike functions of order «. This class

consists of functions f € X satisfying Re(zﬁg)) >« and Re(ng(/‘fv”)V)) >o where 0<a <1and zzweUand g= f!is
defined by (1.2).

(iv) For A =1, we have the bi-Bazilevi¢ function class /\/"E‘ (¢, 1) =Px(a, 1) studied by Prema and Keerthi [25]. This class
21 f(2) wl™ig' (w)
(f@)t-+ (gw))1=#

consists of functions f € X satisfying Re( y>a where 0<a <1and zzweU and g= f~!

is defined by (1.2).

) > o and Re(
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3. Coefficient estimates

Using the Faber polynomial expansion of functions f € A of the form (1.1), the coefficients of its inverse map g = f~!
may be expressed as [1]:

o
1
-1 —
gw)=fTwy=w+) K@, 0, W, (31)
n=2
where
—n)! n)! —n)!
K" = = 3_1 + Sk ay” a3 + ) ag_4a4
(=2n+1Dln—-1)! Q2(=n+1)!(n—-3)! (—2n+3)!(n —4)!
(=n)! n->5 2 (—n)!
a a —n+2)a a 2n 4+ 5)asa
G nm o s+ 2Bl o g e (220 + S)asad]
+Y dy vy, (3.2)
j=7
such that V] with 7 < j <n is a homogeneous polynomial in the variables ay,as,...,a, [3]. In particular, the first three

terms of K, ", are
Ki?=-2a, K;°=3(2a3-a3), K3*=-4(50 —5aza3 +as). (3.3)

In general, for any p € N:={1,2,3,...}, an expansion of K} is as, [1],

pp—1 p! 3 p!
KP = pa D D3 4...4 ———DI 34
n =Pt Ot g T s ym (34)
where D! = Dl(az,as3,...), and by [29], D™ (a1, az,...,an) = Y ey e In,al ...a" while a; = 1, and the sum is taken
over all non-negative integers iy, ..., i, satisfying i1 +iz +--- + iy =m, iy + 2ip +--- +niy =n. It is clear that D} (as, az,
., ap) =dj.
Consequently, for functions f € ./\/if (a, A) of the form (1.1), we can write:
f@ f( ) . _
( —A)( +/\f( 2) =14) Fpi(aas,....a2" ", (35)
n=2
where
-1 -1
= (u+May, (,u—i—Z)»)[ 5% +a3] F3=(M+3A)[(M;¢ a3 + (n — 1)azas +a4]
In general,
Fuo1(az,a3,....ap) = [0+ (n— DA] x [(u — D!]
iy i in—1
a,a;...a
x [ > 23 1 , ] (3.6)
inli!. . ipllp — (11 +iy 4 F i)

i1+2ip++m—1)ip_1=n-1

is a Faber polynomial of degree (n — 1).
Our first theorem introduces an upper bound for the coefficients |a,| of analytic bi-univalent functions in the class

N, ).

Theorem 1. For . > 1, © > 0and 0 < o < 1, let the function f ENS(O(,)\) begiven by (1.1). Ifa, =0 (2 <k <n — 1), then

PRI Cll-) B
n4+m—1x

Proof. For the function f € Ng (or, A) of the form (1.1), we have the expansion (3.5) and for the inverse map g = f~1,

considering (1.2), we obtain

o0

(1—x)<g( )> + g (w )(g( )> =1+ Fuo1(A2 As, ..., Apw™™, (3.7)

n=2
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with
1 -n
Ap = E1<n_1(a2,a3,...,an). (3.8)

On the other hand, since f e/\/}‘ (a,2) and g = 1 e/\/’g(a, A), by definition, there exist two positive real-part functions
p@ =142 cnz" € Aand g(w) =1+ Z,ﬂ’il d,w" € A, where Re{p(2)} > 0 and Re{qg(w)} > 0 in U so that

a —k)(f( )) +Af'(z )(f( )> =a+(1-0p@=1+1-a)) Kic1.Ca.....C0)2" (3.9)

n=1

and

(1—x)(g( )> + g (w )(g( )) =a+1—a)qw)=1+1-a) Y Kid.da.....d)w". (3.10)

n=1

Note that, by the Caratheodory lemma (e.g., [11]), |cp] <2 and |d,| <2 (n € N). Comparing the corresponding coefficients of
(3.5) and (3.9), for any n > 2, yields

Fno1(a2,a3,...,a0) = (1 —a)Kp_1(c1,Ca, ., Cnt), (3.11)
and similarly, from (3.7) and (3.10) we find

Fn1(A2,A3,...,Apn) =(1 —ot)K,%_l(dez, ceesdn_q). (3.12)

Note that for gy =0 (2 <k <n—1), we have A, = —a, and so [u + (n — DAla, = (1 — a)cp—1, —[t + (n — DAlay =
(1 — a)dy—1. Taking the absolute values of the above equalities, we obtain

(1 —)ep—1] (1 —a)|dp—1] . 2(-o

w+m—Dr pu+@—-—Dr " u+m—1r

which completes the proof of Theorem 1. O

lan| =

The following corollary is an immediate consequence of the above theorem.

Corollary 1. (See [19].) For . > 1 and 0 < o < 1, let the function f € By («, 1) be givenby (1.1). Ifay =0 (2 <k <n — 1), then
21— o)

lan| < TTm—1n n>4).

Theorem 2. For A > 1, u > 0and 0 <« < 1, let the function f € N’EL (o, 1) be given by (1.1). Then one has the following

[40-0) g o KPR
20 DE = 2 1
(1420 (n+1) (+22) (u+1) (3.13)

laz| = 2(1—a) +21—22

—a 20—

TESRE g =a <1

s 4(1-a)? | 2(0—-w) 4(1—a)
@ < | MM GEr e g b 0= #t<t (3.14)

B = |
2(1 —
a3_M+305 < a-o
2 w4 2A

Proof. If we set n=2 and n=3 in (3.11) and (3.12), respectively, we get

(H+2)az =1 —-a)c, (3.15)
(u+2x)[“_]a§+a3]:(1—a)c2, (3.16)
—(U+Maz = (1—a)dy, (3.17)
(u+zx)[“+3a§—a3]:(1—a)dz. (318)

From (3.15) and (3.17), we find (by the Caratheodory lemma)
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A-aal _ A-oldi] _ 20 -a)

lax| = < . (3.19)
m+A nw+A m+A
Also from (3.16) and (3.18), we obtain
(U +2) (e + a3 = (1 — a)(cz +dy). (3.20)

Using the Caratheodory lemma, we get |az| <,/ %, and combining this with inequality (3.19), we obtain the desired
estimate on the coefficient |a;| as asserted in (3.13).
Next, in order to find the bound on the coefficient |a3|, we subtract (3.18) from (3.16). We thus get

(i +21) (=205 + 2a3) = (1 — @) (c2 — da)

or
1—a)(cy—d
as :ag + M (3.21)
2(u+21)
Upon substituting the value of a% from (3.15) into (3.21), it follows that
o Am?d (- —dy)
TR 20 +2%)
We thus find (by the Caratheodory lemma) that
41-a)? 21—«
las| < ( )2 ( ) . (3.22)
(H+2) (W +21)
On the other hand, upon substituting the value of a% from (3.20) into (3.21), it follows that
(1-a)
aB3=—"—" +3)c2+ (1 —da|.
3 2(M+2A)(M+1)[(M )e2 4+ (1 — pdz |
Consequently (by the Caratheodory lemma), we have
(1-0a)
las]| < —————[(L+3) + 1 — ul]. (3.23)
(M+2x)(u+1)[ ]

Combining (3.22) and (3.23), we get the desired estimate on the coefficient |a3| as asserted in (3.14).
Finally, from (3.18), we deduce (by the Caratheodory lemma) that

w+3
as — 5 a%

_ (-0l _2(0 -
TOonH2% T p+2n

This evidently completes the proof of Theorem 2. O

Remark 2. The above estimates for |a;| show that the inequality (3.13) is an improvement of the estimates obtained by
Caglar et al. [10, Theorem 3.2, Ineq. (19)].

By setting u =1 in Theorem 2, we obtain the following consequence.

Corollary 2. (See [19].) For A > 1 and 0 < « < 1, let the function f € Byx (c, A) be given by (1.1). Then one has the following

2(1—a) 1420—22
Vs 0=a <555

laz| <

21—a) 14+20—22
T 204z =a <1
21 — )
la3] < ———=
1424
2(1—a)
as — 2a2
jas — 2a3] < 1+21

By setting A =1 in Theorem 2, we obtain the following consequence.
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Corollary 3. For &t > 0 and 0 < @ < 1, let the function f € Px(a, 1) be given by (1.1). Then one has the following:

4(1—a) 1
a] < | V DG O=<o<ym

2(1—-a) 1

ES prz=a<l
s 41— | 2(0—) 4(1—a)
las| < min{ =57 + S5 G 0=u <1
— | 20—
e w1

Remark 3. The above estimates for |a| and |as| show that Corollary 3 is an improvement of the estimates obtained by
Prema and Keerthi [25, Theorem 3.2].
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