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We prove that a closed differential form of bidimension (p, p) on a projective manifold
is cohomologous to an algebraic cycle with complex coefficients if and only if it is a
weak limit of such cycles. This allows us to approach the problem of the algebraicity of
cohomology classes. Using the characterization of currents associated with algebraic cycles
by the Chow transform, the obstructions are reduced to an orthogonality condition with
certain smooth functions on the Grassmannian, which are in general merely images of
distributions by a suitable explicitly defined linear differential operator. These distributions
are of order less than k. This forces a convergence in the space of Ck functions, which
is achieved, when the cohomology class is rational, thanks to the constructibility of the
Bernstein polynomial.
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r é s u m é

On montre qu’une forme différentielle fermée de bidimension (p, p) dans une variété
projective est cohomologue à un cycle algébrique à coefficients complexes si et seulement
si elle est limite faible de tels cycles. Cela permet d’approcher le problème de l’algébricité
des classes de cohomologie. En utilisant la caractérisation des courants associés aux cycles
algébriques par la transformation de Chow, les obstructions sont réduites à une condition
d’orthogonalité avec certaines fonctions C∞ sur la grassmannienne, qui sont en général
images seulement de distributions par un opérateur différentiel linéaire explicite. Ces
distributions sont d’ordres inférieurs ou égaux à k. Cela force une convergence dans l’espace
des fonctions Ck , qui est réalisée lorsque la classe de cohomologie est rationnelle, grâce à
la constructibilité du polynôme de Bernstein.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Pour X �⊂ s, montrons l’existence de limm P j(Um)(s). Avec les notations de [10], on a P j(Um)(s) = ∫
X T ∧P j(γs,m|X ) avec

P j(γs,m) = C0P j(1)ωp + log(ρs + 1
m )θ j,s,0 + ∑

1�l�d j

θ j,s,l

(ρs+ 1
m )l . On montre alors l’existence de

lim
m

∑
1�l�d j

∫
X

T ∧ θ j,s,l

(ρs + 1
m )l

= lim
m

∑
1�l�d j

∫
(ρs|X )∗(T ∧ θ j,s,l)

(t + 1
m )l

= lim
ε→0+

∑
1�l�d j

∫
ρs|X >ε

T ∧ θ j,s,l

(ρs|X )l
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en introduisant la constante E j,s,l ∈C telle que
T ∧θ j,s,l

(ρs|X )l − E j,s,lω
dX est un courant exact dans X . On pose :

h j(s) = lim
m

(P j(Um)(s)

ψ j(s)
− deg T

)

qui est continue sur A0 \ A1, A1 \ A2, . . . . Alors, puisque
∑

j

∫
GN−p−1,N

ψ jβ j = 0, on a :∫
GN−p−1,N

U
∑

j

(tP j
)
(β j) = lim

m

∫
GN−p−1,N

∑
j

P j(Um)β j =
∑

j

∫
GN−p−1,N

h jψ jβ j.

Proposition A. Si {T } est algébrique, alors, pour toutes les formes β j sur GN−p−1,N vérifiant
∑

j

∫
GN−p−1,N

ψ jβ j = 0, on

a
∫
GN−p−1,N

U
∑

j(
tP j)(β j) = 0.

Démonstration. On note Rε(U ) une régularisation de U avec ε → 0+ . Alors :∫
U

∑
j

(tP j
)
(β j) = lim

ε→0+

∫
Rε(U )

∑
j

(tP j
)
(β j)

= lim
ε→0+ lim

i

∫
Rε

(∑
ν

ai,ν log‖ f Zi,ν ‖
)∑

j

(tP j
)
(β j)

= lim
i

∫ ∑
j

P j

(∑
ν

ai,ν log‖ f Zi,ν ‖
)

β j

= (deg T )
∑

j

∫
ψ jβ j = 0.

Ici, le produit P j(log ‖ f Zi,ν ‖)β j est bien défini par le théorème de division de Hörmander–Lojasiewicz. �
Donc, si {T } est algébrique, alors, pour tout j, on a h j(s) = 0 si X �⊂ s.
Cela s’exprime aussi par

∫
X T ∧ Θ j,s = 0, où {Θ j,s} ∈ H p,p(X).

Lorsque j varie et s est fixé, les {Θ j,s} engendrent un sous-espace vectoriel de H p,p(X) qui possède une base formée
d’éléments envoyant HdX −p,dX −p(X) ∩ H2(dX −p)(X,Q) dans Q. En remplaçant {Θ j,s} par

∑
k tkj(s){Θk,s}, où tkj(s) ∈ C et∑

k tkj(s) = 1, on peut donc supposer {Θ j,s} envoyant HdX −p,dX −p(X) ∩ H2(dX −p)(X,Q) dans Q et continue par rapport à s
dans A0 \ A1, A1 \ A2, . . . .

Par conséquent, si {T } est rationnelle, h j est constante sur K , composante connexe de dim � 1 de A1 \ A2 =
{s ∈ GN−p−1,N ,dim(X ∩ s) = dX − p}. Cela entraîne h j = 0 sur K puisque M j(log ‖ f (s)‖) = d( f ) dans K implique
M j(log ‖ f (s)‖) = d( f ) dans GN−p−1,N , c’est-à-dire [ f ] ∈ C p(X).

Proposition B. On suppose que X ⊂ Pn ⊂ PN et que f est la forme de Chow de Z ⊂ X de dimension p. Alors Z = {Z ∩ s où s ∈ f −1(0)

vérifie dim(X ∩ s) = dX − p}.

Démonstration. Pour s générique dans f −1(0), l’ensemble Z ∩ s est un point d’après [7]. L’ensemble des points obtenus
est Z . On obtient le même ensemble en prenant s ∈ f −1(0) non transverse à X . �

Pour un tel s, l’intersection de Z et de X ∩ s est transverse dans X .

1. Approximation by algebraic cycles

Let X be a connected projective complex manifold with dim X = dX and let T be a closed smooth differential form of
type (dX − p,dX − p) on X . We describe a new technique showing that T can be written as a weak limit of algebraic
cycles Zi of dimension p with complex coefficients on X if and only if T is cohomologous to an algebraic cycle. This
generalizes a result of Demailly (see [1]) when p = dX − 1, and reproves in a more effective way the result stated in [3]
(this “qualitative” result was actually known since the beginning of the nineties).

Let C p(X) be the space of algebraic cycles on X of dimension p and let I : {continuous differential forms of type (p, p)

on X} → {continuous functions on C p(X)} be the integral transformation defined by

I(θ)(Z) =
∫
Z

θ = 〈[Z ], θ 〉 = 〈
δZ ,I(θ)

〉 = 〈(tI
)
(δZ ), θ

〉 ⇔ [Z ] = (tI
)
(δZ )

where δZ denotes the Dirac measure at point Z ∈ C p(X).
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Then T belongs to the closure of {algebraic p-cycles} if and only if T ∈ Im(tI) = (KerI)⊥ .
If I(θ) = 0, then 0 = ∂∂I(θ) = I1(∂∂θ) where I1 denotes the operator I1 : {currents of type (p + 1, p + 1) on X} →

{currents of type (1,1) on C p(X)} obtained by integration on the algebraic cycles. As I1 is injective (see [6,7]), we get
∂∂θ = 0, thus by standard results of Kähler geometry, we have θ = h + ∂u + ∂v with h harmonic and orthogonal to algebraic
cycles. By biduality, the condition is that {T } be algebraic.

Remark 1. As pointed out by Demailly, the formula [Z ] = (tI)(δZ ) gives a natural way to approximate closed positive
currents (see [1,2,4,5]). Let M be the connected component of Z in C p(X) and let χ j be a sequence of nonnegative smooth
functions on C p(X), with support in M and weakly converging on C p(X) to the Dirac mass δZ . We decompose χ j = δ j − α j

on M , where (tI)(δ j) = T j is C1 on X and where α j → 0 weakly. Then T j is a closed C1 differential form that converges
weakly to [Z ] on X . Moreover, with α = inf j α j , we have T j � θ , where θ = (tI)(α). If the point Z is a pole of α, then this
regularization is of Dinh–Sibony type. Let u be a measure on M such that

∫
ϕu = 0 for all ϕ such that (tI)(ϕ) is C1. We

obtain the condition lim j
∫

χ ju = 0 on the χ j , for the uniform convergence of α j to 0.

2. Chow divisors

The integration of T on the algebraic cycles c of X of dimension dX − p − 1 yields a closed current of type (1,1) on
CdX −p−1(X).

We embed X ↪→ Pn ↪→ PN with N = (e0+n
n

) − 1, by using the Veronese embedding of degree e0.
Then we take c = X ∩ s with s generic in the Grassmannian GN−p−1,N of projective subspaces s ⊂ PN of codimension

p + 1.
The Chow transform C(T ) is a closed current of type (1,1) on GN−p−1,N , which can be written C(T ) = (deg T )Ω +ddc U ,

where deg T is the volume of T , Ω the fundamental (1,1)-form on GN−p−1,N and U a distribution on GN−p−1,N .
If e0 � 2 and C(T ) is a divisor of GN−p−1,N , we prove in [8] that T is an algebraic cycle, as conjectured by Demailly.
The Chow divisor or incidence divisor in GN−p−1,N of Z is C(Z) = {s ∈GN−p−1,N , Z ∩ s �= Ø} for Z irreducible.
For Z with positive integers coefficients, we use the Poincaré–Lelong equation C(Z) = (deg Z)Ω + ddc log ‖ f Z ‖, where

f Z is the Chow form of Z , which is an invariant homogeneous polynomial in the homogeneous coordinates on GN−p−1,N

of degree (N − p)deg Z . Then

{T } algebraic ⇔ C(T ) = weak limit of C(Zi)

⇔ U = weak limit of
∑
ν

ai,ν log ‖ f Zi,ν ‖

⇔
∫

GN−p−1,N

ϕU = 0 for all ϕ ∈ C∞(GN−p−1,N) such that

∫
GN−p−1,N

ϕ log‖ f Z ‖ = 0 for all Z ∈ C p(X).

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(1)

We construct in [9] a finite set of linear differential operators P j with smooth coefficients and a finite set of
smooth functions ψ j satisfying the following property: a distribution U is such that P j(U ) = tψ j on GN−p−1,N for all
j ⇔ there is T such that tΩ + ddc U = C(T ).

Let Dν ⊂GN−p−1,N be an irreducible algebraic hypersurface defined by fν of degree (N − p)dν . If e0 � 2, then
∑

ν aν Dν

is the Chow divisor of an algebraic cycle of X ⇔ P j(
∑

ν aν log ‖ fν‖) = (
∑

ν aνdν)ψ j on GN−p−1,N for all j.
Consequently, if

∫
GN−p−1,N

ϕ log ‖ f Z ‖ = 0 for all Z ∈ C p(X), then we can write ϕ = ∑
j(

tP j)(β j) with distributions β j on

GN−p−1,N such that
∑

j

∫
GN−p−1,N

β jψ j = 0. These β j are of order � k.

Thus {T } algebraic ⇔ there is a sequence Um ∈ C∞(GN−p−1,N ) converging weakly to U on GN−p−1,N such that
P j(Um) → (deg T )ψ j for the Ck topology on GN−p−1,N for all j. This because∫

GN−p−1,N

ϕU = lim
∫

GN−p−1,N

ϕUm = lim
∑

j

∫
GN−p−1,N

β jP j(Um).

3. Hodge cohomology classes

In view of studying the convergence of P j(Um)(s) at any point s ∈ GN−p−1,N , we set:

h j(s) = lim
(
ψ j(s)−1P j(Um)(s) − deg T

)
.

We prove in [10] that h j(s) = ∫
T ∧ � j,s with � j,s a (p, p)-current ddc-closed on X with support in X ∩ s.
X
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We define the algebraic subset Al = {s ∈GN−p−1,N , dim(X ∩ s) � dX − p − 1 + l}; in particular, A0 = GN−p−1,N . Then h j
is continuous on A0 \ A1, A1 \ A2 . . . .

We write � j,s = Θ j,s + ∂u j,s + ∂v j,s with Θ j,s a harmonic (p, p)-form on X .
We can assume that {Θ j,s} sends the Hodge cohomology HdX −p,dX −p(X) ∩ H2(dX −p)(X,Q) in Q.
Conclusion: {T } rational ⇒ h j(s) constant when s ∈ K , for K connected component of dimension � 1 of Al \ Al+1.

Proposition 1. If for all j, the function h j(s) is constant when s ∈ K , then for all j, we have h j(s) = 0 when s ∈ K .

Proof. As every Dolbeault cohomology class of type (1,1) on GN−p−1,N is algebraic, we can write:

C(T ) =
∫

H∈Div(GN−p−1,N )

λ(H)[H]

where Div(GN−p−1,N ) is the space of divisors of GN−p−1,N and λ is a measure on Div(GN−p−1,N ), which is not uniquely
determined.

Then up to a constant, we have U (s) = ∫
[ f ]∈Div(GN−p−1,N )

λ([ f ]) log(
‖ f (s)‖
‖ f ‖0

), where ‖ f ‖0 is the norm of the form f . We

take Um(s) = 1
2

∫
[ f ]∈Div(GN−p−1,N )

λ([ f ]) log(
‖ f (s)‖2

‖ f ‖2
0

+ 1
m ) which is smooth on GN−p−1,N and converges weakly to U (s) up to

a constant. Let M j be the linear differential operator ψ j(s)−1P j , then:

h j(s) = lim
∫

[ f ]∈Div(GN−p−1,N )

λ([ f ])
2

M j

(
log

(‖ f (s)‖2

‖ f ‖2
0

+ 1

m

))
− deg T .

We prove in [10] that the h j are ≡ 0 ⇔ the h j are continuous ⇔ there is a choice of λ such that the decomposition
λ = λ0 + ν holds, where λ0 is L1

loc on Div(GN−p−1,N ) and ν is a measure with support in C p(X) ⊂ Div(GN−p−1,N ).
Now we write the Lebesgue–Nikodym decomposition for λ: we assume λ = λ0 + ν with suppν = C ⊂ Div(GN−p−1,N )

negligible.
Up to a constant h j(s) = h0, j(s) + h1, j(s) where, on the one hand:

h0, j(s) = lim
∫

[ f ]∈Div(GN−p−1,N )

λ0([ f ])
2

M j

(
log

(‖ f (s)‖2

‖ f ‖2
0

+ 1

m

))
=

∫
[ f ]∈Div(GN−p−1,N )

λ0
([ f ])M j

(
log

∥∥ f (s)
∥∥)

is continuous with respect to s, and where, on the other hand:

h1, j(s) = lim
∫

[ f ]∈Div(GN−p−1,N )

ν([ f ])
2

M j

(
log

(‖ f (s)‖2

‖ f ‖2
0

+ 1

m

))
.

If (N − p)d( f ) denotes the degree of the polynomial f , the distribution M j(log ‖ f (s)‖)−d( f ) is with support in f −1(0).
For s generic, we have h1, j(s) = ∫

f (s)�=0 ν([ f ])M j(log ‖ f (s)‖) = ∫
ν([ f ])d( f ), therefore h1, j(s) is generically constant. As

h j(s) = 0 generically, h0, j(s) is generically constant, therefore constant. Thanks to the hypothesis, h1, j(s) also is constant for
s ∈ K .

Then h1, j(s) = ∫
ν([ f ])M j(log ‖ f (s)‖) and the distribution ν([ f ])M j(log ‖ f (s)‖) can be defined by the Hörmander–

Lojasiewicz division theorem.
We differentiate h1, j(s) with respect to s ∈ K and we obtain:

M j
(
log

∥∥ f (s)
∥∥) = a j,[ f ] + lim

l

ql∑
k=1

w j,k,l
([ f ])c j,k,l(s)

where
∫

ν([ f ])w j,k,l([ f ]) = 0. Such a decomposition when s ∈ K implies M j(log ‖ f (s)‖) = a j,[ f ] .
Therefore there exists b j,[ f ] such that ν([ f ])M j(log ‖ f (s)‖) = b j,[ f ] for [ f ] ∈ C and s ∈ K .
When K �⊂ f −1(0), taking s ∈ K verifying moreover f (s) �= 0, we get b j,[ f ] = ν([ f ])d( f ).
We conclude that h1, j is a constant equal to

∫
ν([ f ])d( f ). �

The previous proof implies ν([ f ])(M j(log ‖ f (s)‖) − d( f )) = 0 for [ f ] ∈ C and s ∈ K . Thus, when [ f ] ∈ C , we have
M j(log ‖ f (s)‖) = d( f ) for s ∈ K . The following result yields directly the fact that C ⊂ C p(X).

Proposition 2. If K �⊂ f −1(0) and for all j, we have M j(log ‖ f (s)‖) = d( f ) when s ∈ K , then for all j, we have M j(log ‖ f (s)‖) =
d( f ) when s ∈ GN−p−1,N , in other words [ f ] ∈ C p(X).
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Proof. Assuming f irreducible, we have M j(log ‖ f ‖)|K = d( f ) ⇔ R j(log | f |)|τ−1 K = 0 with τ : (CN+1)N−p → GN−p−1,N

defined by τ (z1, . . . , zN−p) = Vect(z1, . . . , zN−p) and with R j a linear differential operator such that R j(log | f |) =∑
l,m B j,l,m( f ) ∂l+mδ

∂tl∂tm ◦ f where δ(t) is the Dirac mass at 0 in C (see [9]). Thus the functions B j,l,m( f ) and their partial

derivatives verify some relations over f −1(0) ∩ K .
Among the R j there are the linear differential operators characterizing the Chow forms of algebraic cycles of PN of

dimension p. In particular we get the relations (∂k
i f )(∂k′

i′ f ) − (∂k
i′ f )(∂k′

i f ) = 0 over f −1(0) ∩ K , for 1 � k,k′ � N − p and
0 � i, i′ � N , with ∂k

i f the partial derivative of f with respect to the coordinate zk
i .

Under the identification GN−p−1,N = G(N − p,CN+1) � G(p + 1, (CN+1)∗), the polynomial f corresponds to a polyno-
mial g and these relations are equivalent to (∂ i

k g)(ξ)(∂ i′
k′ g)(ξ) − (∂ i′

k g)(ξ)(∂ i
k′ g)(ξ) = 0 for 1 � k,k′ � p + 1 and 0 � i, i′ � N ,

if ξ = (ξ1, . . . , ξp+1) ∈ g−1(0) and s defined by the linear equations ξ1 = 0, . . . , ξp+1 = 0 belongs to K . Here ∂ i
k g represents

the partial derivative of g with respect to the coordinate ξ i
k .

Now let [x(ξ)] be the point of PN associated with the vector ((∂ i
k g)(ξ))0�i�N . We have the homogeneity relation∑

0�i�N ξ i
k(∂

i
k g)(ξ) = d(g)g(ξ) = 0 for each k, therefore [x(ξ)] ∈ s.

Let Z be the set of [x(ξ)] for ξ ∈ g−1(0) such that (∂ i
k g)(ξ)(∂ i′

k′ g)(ξ) − (∂ i′
k g)(ξ)(∂ i

k′ g)(ξ) = 0 for 1 � k,k′ � p + 1 and
0 � i, i′ � N . Then Z is an algebraic subset of PN and [x] ∈ Z ⇔ there exists s ∈ g−1(0) with s � [x] and Ts{s′ ∈ GN−p−1,N ,

s′ � [x]} ⊂ Ts g−1(0). So Z is equal to {[x] ∈ PN verifying s′ � [x] ⇒ s′ ∈ g−1(0)}. Thus dim Z � p and dim Z = p if and only
if f is the Chow form of an algebraic cycle of PN of dimension p (see [8]).

The other R j yield that [x(ξ)] ∈ X when ξ corresponds to s ∈ f −1(0) ∩ K . Thus for s ∈ f −1(0) ∩ K , Z ∩ s ⊂ X and
consequently Z ∩ s = (X ∩ Z) ∩ (X ∩ s).

Now we assume that K is a connected component of dim � 1 of{
s ∈GN−p−1,N , dim(X ∩ s) = dX − p

} = A1 \ A2.

As the intersection (X ∩ Z)∩ (X ∩ s) is not empty and as we can assume the transversality in X , necessarily dim(X ∩ Z) � p
thus dim(X ∩ Z) = p. So dim Z = p and Z ⊂ X , that is to say [ f ] ∈ C p(X). �
Remark 2. There is a choice of the distribution λ considered in the proof of Proposition 1 such that λ([ f ]) = ∫

X T ∧K(. , [ f ])
with K an integral kernel on X × Div(GN−p−1,N ) in the form K(. , [ f ]) = MΓ0(. , [ f ]) where M is a linear differential opera-
tor in [ f ] and Γ0(. , [ f ]) a (p, p)-current on X depending continuously on [ f ]. Actually, with L = {(x, s) ∈ X ×GN−p−1,N , x ∈
X ∩ s} the incidence variety, we have C(T ) = ∫

X L1,1 ∧T , where L1,1 is the part of [L] which is of type (1,1) with respect to s.
Then Γ0(. , [ f ]) =J (L1,1(. , .))([ f ]) where J : {currents of type (1,1) on GN−p−1,N } → {distributions on Div(GN−p−1,N )} is
an integral transformation.

References

[1] J.-P. Demailly, Regularization of closed positive currents and intersection theory, J. Algebr. Geom. 1 (1992) 361–409.
[2] J.-P. Demailly, Regularization of closed positive currents of type (1,1) by the flow of a Chern connection, in: Contributions to Complex Analysis and

Analytic Geometry, Asp. Math., E 26 (1994) 105–126.
[3] J.-P. Demailly, Analytic Methods in Algebraic Geometry, Surv. Mod. Math. Ser., vol. 1, International Press, 2011.
[4] T.-C. Dinh, N. Sibony, Regularization of currents and entropy, Ann. Sci. Éc. Norm. Super. (4) 37 (6) (2004) 959–971.
[5] T.-C. Dinh, N. Sibony, Super-potentials of positive closed currents, intersection theory and dynamics, Acta Math. 203 (1) (2009) 1–82.
[6] M. Meo, Transformation de Chow des courants définis dans une variété projective, C. R. Acad. Sci. Paris, Ser. I 315 (1992) 1041–1044.
[7] M. Meo, Transformations intégrales pour les courants positifs fermés et théorie de l’intersection, Thèse, Université de Grenoble-1, Institut Fourier,

17 janvier 1996, 58 p.
[8] M. Meo, Caractérisation des courants associés aux cycles algébriques par leur transformé de Chow, J. Math. Pures Appl. (9) 79 (1) (2000) 21–56.
[9] M. Méo, Caractérisation fonctionnelle de la cohomologie algébrique d’une variété projective, C. R. Acad. Sci. Paris, Ser. I 346 (2008) 1159–1162.

[10] M. Méo, Réduction de la conjecture de Hodge à une continuité, C. R. Acad. Sci. Paris, Ser. I 348 (2010) 625–628.

http://refhub.elsevier.com/S1631-073X(14)00034-X/bib31s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib32s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib32s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib33s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib34s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib35s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib36s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib37s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib37s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib38s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib39s1
http://refhub.elsevier.com/S1631-073X(14)00034-X/bib3130s1

	Chow forms and Hodge cohomology classes
	Version française abrégée
	1 Approximation by algebraic cycles
	2 Chow divisors
	3 Hodge cohomology classes
	References


