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We show that conformal blocks divisors of type Br and Dr at level one are effective sums
of boundary divisors of M0,n . We also prove that the conformal blocks divisor of type Br

at level one with weights (ω1, . . . ,ω1) scales linearly with the level.
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r é s u m é

Nous montrons que les diviseurs des blocs conformes de type Br et Cr en niveau un sont
des sommes effectives de diviseurs de bord de M0,n . Nous démontrons également que le
diviseur des blocs conformes de type Br en niveau 1, et avec poids (ω1, . . . ,ω1), croît
linéairement avec le niveau.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let g be a simple Lie algebra, h a Cartan subalgebra and P�(g), the set of dominant integral weights of g at level �.
Consider an n-tuple Λ = (Λ1, . . . ,Λn), where Λi ∈ P�(g). Corresponding to this data, consider conformal blocks bundles
VΛ(g, �) on M0,n . The first Chern classes of the bundles VΛ(g, �) are denoted by D(Λ,g, �). We refer the reader to C.
Sorger [7] for a detailed description of conformal blocks bundles. Thanks to the work of N. Fakhruddin [2], conformal blocks
divisors play a central role in the birational geometry of M0,n .

In this note, we focus on level-one conformal blocks divisors of type Br and Dr . N. Fakhruddin has shown that conformal
blocks divisors at level one are often extremal in the Nef cone of M0,n . Further, it follows directly from Chern class formulas
of Fakhruddin (cf. [2]) that conformal blocks divisors at level one for A1, A2, E6, E7, E8, G2 and F4 are effective sums of
boundary divisors. We refer the reader to Sections 5.2.5–5.2.8 in [2] for more details. It was recently proved in [3] that
level-one conformal blocks divisors of type Ar are effective combinations of boundary divisors. We prove the following:

Theorem 1.1. Conformal blocks divisors of type Br and Dr at level one are effective combinations of boundary divisors.

We do not know whether conformal blocks divisors of type Cr at level one are effective combinations of boundary
divisors. We believe that this is closely related to the same question about conformal blocks of A1 at level r due to rank-level
duality. Further it will be very interesting to find a non-boundary conformal blocks divisor on M0,n .
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Remark 1. Inspired by Theorem 1.1, it is natural to look for a section of the conformal block bundles of type Br and Dr at
level one which vanishes only on the boundary of M0,n . Explicit construction of such a section might help in answering the
above questions.

We now discuss the behavior of certain conformal blocks for type Br at level one under scaling.

Theorem 1.2. Let n be an even integer and Λ be the n-tuple of weights (ω1, . . . ,ω1) of Br at level one. Then we have the following
equality in Pic(M0,n):

D(NΛ, Br, N) = N ·D(Λ, Br,1),

where N is a positive integer and NΛ is the n-tuple of level-N weights (Nω1, . . . , Nω1).

Remark 2. It is interesting and challenging to classify the images of morphisms induced by conformal blocks divisors. We
hope that the weight functions constructed in the proof of Theorem 1.1 may be used to identify the image of M0,n as
“Veronese quotients” and shed light on the cone of conformal blocks divisors in type Br and Dr .

2. Proof of Theorem 1.1

Consider the complete graph Γ [n] on n-vertices. Let Γ [S] denote the set of edges of Γ [n] and assume that the vertices
of Γ [n] are labeled by the set [n] = {1, . . . ,n}. To every edge s of Γ [n], we assign a rational number w(s). We denote by
w(i), the total weight of all the edges passing through the vertex i. For a partition I, J of [n] with |I|, | J | � 2, consider the
set V (I| J ) of all vertices that start at I and end in J . We denote the total weight of the edges in V (I| J ) by w(I| J ).

Any divisor D on M0,n can be written in the form
∑n

i=1 aiψi − ∑
I, J cI, J D I, J , where ψi is the i-th ψ class and D I, J is

the boundary divisor corresponding to a partition I, J of [n]. The following lemma is well known. We refer the reader to
[3] for a proof.

Lemma 2.1. A divisor D is Q-equivalent to an effective combination of boundary divisors on M0,n if and only if there exists a Q-valued
weight function w : Γ [S] → Q such that w(i) = ai and w(I| J ) is at least cI, J for all partitions I, J of [n] with |I|, | J | � 2.

Let Λ ∈ P�(g). We define the trace anomaly �Λ(g, �) of Λ to be the following:

�Λ(g, �) := (Λ,Λ + 2ρ)

2(g∗ + �)
,

where g∗ is the dual Coxeter number of g, ρ is the half sum of positive roots of g and (, ) is the Cartan Killing form
normalized such that (θ, θ) = 2 for the longest root θ .

The author in [6] rewrote Fakhruddin’s formula for D(Λ,g, �) and expressed it as
∑n

i=1 aiψi − ∑
I, J cI, J D I, J , where:

ai = �Λi (g, �) · rkVΛ(g, �) and cI, J =
∑

Λ∈P�(g)

�Λ(g, �) · rkVΛI ,Λ(g, �) · rkVΛ J ,Λ
∗(g, �),

and ΛI ⊂ Λ denotes the set of weights Λi such that i ∈ I . To complete the proof of Theorem 1.1, it is enough to construct
a Q-valued weight function w on Γ [S] satisfying the hypothesis of Lemma 2.1. In the next two sections, we give explicit
constructions of the weight functions w for type Br and Dr , respectively.

3. Weight function for Br at level one

The level-one weights of Br are ω0, ω1 and ωr . We ignore ω0 completely due to “propagation of vacua”. The trace
anomaly of the level-one weights are �ω0 = 0, �ω1 = 1/2 and �ωr = (2r + 1)/16.

Let n1, n2 be the number of ω1’s, ωr ’s in Λ respectively. If either n1 or n2 is zero, then the conformal blocks divisor is
symmetric. Hence, by a theorem of [5], it is an effective combination of boundary divisors. If n2 is odd, then the conformal
blocks is zero-dimensional. Hence we assume that n1 > 0 and n2 = 2m is a positive even number. The dimension of the
corresponding conformal blocks at level one is 2m−1.

Remark 3. Let I, J be a partition of [n] and let the number of ωr ’s in I be even, then the conformal blocks decompose as
the direct sum VΛI ,ω0 (Br,1) ⊗VΛ J ,ω0(Br,1) ⊕VΛI ,ω1 (Br,1) ⊗VΛ J ,ω1(Br,1) each of dimension 2m−2. On the other hand, if
the number of ωr ’s is odd, then it is isomorphic to VΛI ,ωr (Br,1) ⊗VΛ J ,ωr (Br,1).

We now describe the weight function w(s) for type Br associated with the complete graph Γ [n], whose vertices are
marked by Λi .
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(i) w(s) = �ω1 2m−1

n1−1 − 2m−1

n1(n1−1)
, where s is an edge joining two vertices labeled by ω1.

(ii) w(s) = �ωr 2m−1

n2−1 − 2m−1

n2(n2−1)
, where s is an edge joining two vertices labeled by ωr .

(iii) w(s) = 2m−1

n1n2
, otherwise.

It is clear that the flow through every vertex is 2m−1�Λi (Br,1). Let I, J be a partition of the set [n] = {1, . . . ,n} and suppose
a1,b1 are the numbers of ω1’s in I and J respectively. Further let a2 = |I| − a1 and b2 = | J | − b1. The total flow w(I| J )
through the partition I, J is given by the following:

a1b1

n1 − 1

(
�ω1 2m−1 − 2m−1

n1

)
+ (a1b2 + a2b1)2m−1

n1n2
+ a2b2

n2 − 1

(
�ωr 2m−1 − 2m−1

n2

)
. (1)

By direct computation, we get the following:

Lemma 3.1.

a1b2 + a2b1

n1
− a2b2

n2 − 1
= a1b2(b2 − 1) + b1a2(a2 − 1)

n1(n2 − 1)
,

a2b2

n2 − 1
− 1 = (a2 − 1)(b2 − 1)

n2 − 1
,

where a1,a2,b1,b2,n1,n2 are as above.

The following proposition and Remark 3 tell us that the function w(s) satisfies the hypothesis of Lemma 2.1.

Proposition 3.1. The total flow w(I| J ) satisfies the following:

(i) w(I| J ) � �ωr 2m−1 , when a2,b2 are odd.
(ii) w(I| J ) � �ω1 2m−2 , when a2,b2 are even.

Proof. The proof of the proposition is a case by case analysis. We give the details below for completeness.

(i) Let us assume that a2 and b2 are both positive odd integers. First we observe that �ω1 2m−1 − 2m−1

n1
� 0, if n1 > 1. By

the definition of w(I| J ), we get the following:

w(I| J ) − �ωr 2m−1

= a1b1

n1 − 1

(
�ω1 2m−1 − 2m−1

n1

)
+

(
a1b2 + a2b1

n1
− a2b2

n2 − 1

)
2m−1

n2
+

(
a2b2

n2 − 1
− 1

)
�ωr 2m−1.

We apply Lemma 3.1 to conclude that w(I| J ) � 0. If n1 = 1, then either a1 or b1 is zero. The proof in this case follows
similarly from Lemma 3.1.

(ii) Let us assume that a2 and b2 are both even integers. The proof in this case is further divided into the following two
cases.
(a) Let a2 = 0. If b1 is zero, then the proof follows directly by an easy calculation. Thus we can assume that both a1

and b1 are non-zero. We consider the following:

w(I| J ) − �ω1 2m−2 =
(

a1b1

n1 − 1
− 1

2

)
�ω1 2m−1 + a1

n1

(
1 − b1

n1 − 1

)
2m−1.

We apply Lemma 3.1 to conclude that w(I| J ) � 0. The case when b2 = 0 is similar.
(b) We are reduced to the case when a2 and b2 are both positive even integers. We observe that for r � 2, the trace

anomaly �ωr � 1/4. We consider the following:

w(I| J ) − �ω1 2m−2 � a1b1

n1 − 1

(
�ω1 2m−1 − 2m−1

n1

)

+
(

a1b2 + a2b1

n1
− a2b2

n2 − 1

)
2m−1

n2
+

(
a2b2

n2 − 1
− 1

)
�ωr 2m−1.

Now the proof follows directly from Lemma 3.1. �
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4. Weight function for Dr at level one

The level-one weights of Dr are ω0, ω1, ωr−1 and ωr . The trace anomalies of the weights are given as �ω1 = 1/2,
�ωr−1 = �ωr = r/8 and �ω0 = 0. We ignore ω0 due to “propagation of vacua”.

First we observe that conformal blocks divisors of D3 at level one are up to scaling same as conformal blocks divisors of
A3 at level one. These are all boundary divisors by [3]. Hence we assume that r > 3. Let n1 be the number of ω1’s in Λ and
n2 = n − n1. As before, we can assume that n1 �= 0 and n2 > 1. The case when n1 = 0 follows from an obvious modification
of the weight function. It follows from [2] that level-one conformal blocks of type Dr with weights Λ are one-dimensional
if and only if

∑n
i=1 Λi is in the root lattice of Dr and zero otherwise. We now describe the weight function w(s) for type

Dr associated with the complete graph Γ [n], whose vertices are marked by Λi .

(i) w(s) = �ω1
n1−1 − 1

n1(n1−1)
, where s is an edge joining two vertices labeled by ω1.

(ii) w(s) = �ωr
n2−1 − 1

n2(n2−1)
, where s is an edge joining two vertices labeled either by ωr−1 or ωr .

(iii) w(s) = 1
n1n2

, otherwise.

It is clear that the flow through every vertex is �Λi . Let I, J be a partition of the set [n] = {1, . . . ,n} and suppose a1,b1 are
the numbers of ω1’s in I and J respectively. Further let a2 = |I| − a1 and b2 = | J | − b1. The total flow w(I| J ) through the
partition I, J is given by the following:

a1b1

n1 − 1

(
�ω1 − 1

n1

)
+ a2b2

n2 − 1

(
�ωr − 1

n2

)
+ a1b2 + a2b1

n1n2
. (2)

Since the rank of the bundle VΛ(Dr,1) is one, it follows that for a partition I, J of [n], there is exactly one Λ ∈ P1(g) such
that VΛI ,Λ(Dr,1) and VΛ J ,Λ

∗ (Dr,1) are both of rank one. It is easy to see that w(s) satisfies the hypothesis of Lemma 2.1
from the following proposition:

Proposition 4.1. The total flow across a partition satisfies the following properties:

(i) w(I| J ) � �ω1 , if a2 or b2 is zero.
(ii) w(I| J ) � �ωr , otherwise.

The proof follows by a direct computation and Lemma 3.1. We skip the details.

5. Proof of Theorem 1.2

Let σ be the non-trivial affine Dynkin diagram automorphism of type Br . The automorphism σ sends Nω1 to Nω0,
where ω0 is the zero-th affine fundamental weight of Br . Since n is an even integer, it follows from a result of [4] and
“propagation of vacua” that the rank of the conformal blocks bundle VNΛ(Br, N) is one. One the other hand, it is well
known that the rank of the conformal blocks bundle VΛ(Br,1) is also one if n is even and zero otherwise. We refer the
reader to [2] for a proof. Now the proof of Theorem 1.2 follows directly from induction on N and applying Proposition 18.1
in [1].
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