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RESUME

Dans cet article, nous étendons la définition des symboles introduits par Keune en 1981
pour les anneaux commutatifs au cas des anneaux non commutatifs, et nous étudions leurs
relations. Elles sont similaires a celles du cas commutatif.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let R be a ring with identity. We knew that, for a ring with stable range one R, there is an exact sequence:
1— K;(R) > Ur—G—1,

where Uy is a group defined by generators and relations (see [3]), its generators with the form (a, b, c,d) (1+ab + ad +
cd +abcd € U(R)), and G is a subgroup of unit group of R. If R is commutative ring, and a,b,c € R with a+c —abc =1,
Keune defined:

(a,b, ¢) = xij(—a)xji(b)x;;(—0)x;i (1 — ab)xij(—(1 — bc)) wi; (1)

in [1] and gave the presentation of K(R) for commutative rings with stable range one based on such kind of symbols
in [2]. In this paper, we give the definition of (a,b,c) for a general ring with identity along the direction of Keune, and
some relations of this symbols are discussed. These relations are similar to those of [1].

2. Some relations in the group K (R)

In the following, R is always a ring with identity 1, U(R) its unit group, ¢ means the homomorphism St,(R) —
En(R), x;j(r) = ejj(r) for n > 3. If i, j are different positive integrals, for a,b,u € R with u, 8 =1 — ba € U(R), defini-
tions of wiyj(u), hij(u), Hjj(a, b), a Steinberg symbol {u, v} :h”(u)h]j(v)h]j(vu)‘l, and a Dennis-Stein symbol (a, b); =
Hqj(a, b)hl_j1 (B) are as usual (see [3]).
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By a simple computation, we have: if u =a+ c —abc € U(R), then v=a+c — cha € U(R).

Definition 2.1. Let a,b,c € R, put u =a+c —abc, v=a+c —cha. If u € U(R), define:

Wij(a, b, ¢) = xij(—a)xji (b)xij (—C)Xji (zf1 (1 —ab))x;j(—v(1 — bo)),
(a,b,c)i = Wijj(a, b, cyw;j(v).

{a, b, c); is called a Keune symbol. Let Wy (R) be the subgroup of St;(R) generated by all elements W;;j(a, b, ¢), and let K(R)
be the subgroup of St,(R) generated by all Keune symbols (a, b, c)1.

The following lemma is frequently used, but its proof is similar to that of Lemma 9.2 of [4].
Lemma 2.2. Conjugation by an element of W, (R) carries each generator x;j(r) of St;(R) into some generator x;;(s) of Sty (R).

Note that (a, b, c); is independent of the choice of j by Lemma 2.2. It is easy to see w;;(u), Hjj(a,b) € Wy (R).
Properties of W,(R) are described in the following proposition. Its proof uses Lemma 2.2 and is similar to the proof of
Theorem 1.5 of [1], though (iii) is much more complicated.

Proposition 2.3. The followings hold in W, (R).

(i) W' (@ b, 0) = Wij(—c, —b, —a).
(ii) Wu(a b,c) = Wﬂ( (1 —=boyu=1, —a, —b), Wij(a, b, ¢c) = Wji(=b, —c, —u~' (1 — ab)).
(iii) W 1(a, be, d)W]k (b, ca, e)W,;l(c, ab, f) =wji(v), where f = s 1r=1(1 = (db+re)c),r =a+d(1—bca), s =b+e(1—cab),
v_b+(1 — bca)e.
(iv) Wji(a, b, (1 —ac)d)Wy;(av=1, ve,d(1 — ba)v—1) = w (1) Wyi(a, b + ¢ — bac, d), where v =a + (1 — ac)d(1 — ba) € U(R).

In order to discuss relations for Keune’s symbols, we introduce first the following lemma.

Lemma 24. Leta,b,d € R withu=a+d —abd € U(R), v=a+d — dba. Then:

(a,b,d) =Wiji(a,b, )ywii(—u)wij (=) wyi(v) = Wji(—a, —b, —d) Wy (=) wij (1) Wi; (v)
= Wji(—a, —=b, =d)wy; W) wij (=) wi(—Vv).

Proof. By Definition 2.1, we have ij(avfl,O,d(l —bayv 1 = wyj(—=1). Let ¢ =0 in Proposition 2.3(iv), Wy;(a,b,d) =
Wiji(a, b, dywyi(—uw)wyj(—1). So {a,b,d)i = Wji(a, b, ) wii () wi; (=) wi; (v).

If I #k, 1, j, by Lemma 2.2, we have (a,b,d), =hj(—1){a, b,d)khﬂ(—l)*1 = Wiji(—a, =b, —d)wy; (—u) Wy (1) Wy (v). Sim-
ilarly, we can also get (a, b, d)y = Wji(—a, —b, —d)wyi (W) wij (=D wy(—v). O

In the following, (ua, bu—', uc); is denoted by “(a, b, c);.
Now we begin to discuss the relations of Keune symbols; these relations are similar to those of [1].

Theorem 2.5. Let R be a ring. Then the following equations hold in K(R):

(i) for h € Sty(R) with @(h) = diag(a1, ..., o), h{a, b, c)1h~1 =%1(a, b, c);.

(ii) (@b, c)1 = (c,b,a);".

(iii) (a,b,c)q = (ub, cu*l (1 —ab));.

(iv) (a,b +c —bac,d); = {a,b, (1 —ac)d)y - {a, c,d(1 — ba));.

(v) {a,b, c]—(ay y~'b.cy) fory e U(R).
i) x

x(a,b,c)1x~1 =" {(a, b, c)q forall x e K(R), where = ¢(x).

(v
Proof. (i), (v) and (vi) From Lemma 2.2, h{a, b, c)1h~' = hW1yj(a, b, )w1;(v)h ™! = (aqaa;
mula, (vi) is obvious.

If 1 #1, j, we have (a, b, c)1 :hlj(y)(a,b,c)m,;](y). hjj(y) take the place of h, we have (a,b,c)1 = (ay, vy~ 1b,cy)1. So
(v) has been proved. From (v), we get (i).

(ii) Put u=a+c—abc € U(R), v=a+ c — cba. Noting that wq;(v) = W1_i1 (—v) and wq;(u)~ ! = wji; (u™1), by Lemma 2.4
and Lemma 2.2, we have:

i ,oc,bot1 ,omcoc ) By this for-
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(a,b, )7 = wii(=v)w1j(DWji(—c, =b, —a) = Wji(—c, —b, —a)wqj (vu~ w1 (v)wy (1)
= (c,b, @)1 w1y w1 (Dwii (=) wij(vu~ ) wii(V)wij(=1) = (c, b, a).
(iii) If £ 1, and u =a + ¢ — abc € U(R), then by Lemma 2.2, Lemma 2.4, Proposition 2.3(ii), we have:
(a,b, )1 =ha(u)(a, b, c)1hy@) ™" = ha(W ji(@, b, Ow1i(=w)w1;(=Hw1;(Why W)~
= ha(WWyj(=b, —c,u™' (1 = ab)) wri(=w)w1; (=D w1 (Vhy(w) ™!
= Wij(—ub, —cu™', —(1 — ab)) w1 (=D w1 j(—=Dwy;(vu™")
=(ub,cu™", (1 —ab)), w1;(DHwii(Dwrj(—uv ) wii(=Dwy;(—Dwyi(vu")
:(ub,cu’l, (1 —ab)),.
(iv) By Definition 2.1, Proposition 2.3(iv), Lemma 2.4, we have:
{(a,b+c —bac,d)1 = Wyi(a,b + c — bac, d)ywq;(w)
=Wiji(a,b, 1 — ao)d)wii(—w)Wqj(av=", ve,d(1 — bayv ") wii(w)
=(a,b, (1 — ac)d), wii(—v)w1;(DHWyj(av™", ve,d(1 — ba)v ™" ) wii(w)
=(a,b, (1 —ac)d), Wji(—a, —c, —d(1 — ba)) w1i(—v)w1;(1)w1;(w)
={a,b,(1— ac)d)1 a, c,d(1 —ba))l. O

Proposition 2.6. (iv) is equivalent to the following under (ii), (iii), (v), (vi) in Theorem 2.5,

. u=a+ (1 —abc)d, [ v=>b+ (1—bca)e, 11
(vii) Leta,b,c,d,eeR,put{r:a_'_d(l_bca), s=b+e(1— cab). Ifu,veU(R),and f =s'r~'(1 — (db + re)c), then

{(a,bc,d)q -"(b, ca, e); = (ab, c,dv +ae)q, or {a, bc,d) - " (b, ca, e); - "*{(c,ab, f); =

Proof. (iv) = (vii) It is obvious that (a, bc,d) - " (b, ca,e); = (ab,c,dv + ae);1 is equivalent to (b, ca,e)q ~”71(a,bc, d); =
utab, c,dv +ae); from (i). By a simple computation, we have u=!(1 — abc) = (1 — bcayr—!, 1 — (1 — bea)ev—! = bv~1,
1—r'd1=bca)=r"la, r 'd+ev-' —r-1d(1 —bca)ev-! =r~1(dv+ae)v_!, u='(1 —abc) + vc —u~1(1 —abc)(dv +ae)c =
u=land 1 —u~'(1 —abc)(dv +ae)v-! =u~labv—1. By (ii), we have:

(b, ca,e)q ot (a,bc,d); =(vea, ev11— bca)1 (be. d, u 1 - abc))1

(vea, ev11— bca) - (ber, r~1d,1 - bca)1

= ((1=bca,r~'d,bv=" - ver), - (1 —bca,ev™", vcr~r‘1a>1)7l
(1—bca,r'd+ev ! —rld1 —bca)ev_],vcr)1)_1
(1 —bca,r"'(dv +ae)v!, vcr)l)_] = (((1 = beayr™, (dv +ae)v 1, vc)l)_1
= ([u™"@dv +ae)v!, veu, u’]abv’l)l)_1 = ([u™"dv +ae), cu, u’lab)l)_l
-1
=" (ab,c,dv +ae);.
(vii)= (iv) Let p=a+ (1 —ab)(1 —ac)d,q=a+ (1 —ac)d(1 — ba), w =a + d(1 — ba)(1 — ca). Then by (iii) we have:

(a.b, (1 —ac)d), - (a,c,d(1 — ba)), = (pb, (1 — acydp™', 1 — ab), - (qc, d(1 — bayg~!,1 —ac),
-1

(1—ac,d(1 —bayg™", qc), - (1 —ab, (1 —ac)dp™", pb),)

1—ab, (1 —ac)dp™", pb), pq_1<1 —ac,dp~'(1 —ab), qc>1)7]
1

<

(1 —aby( —ac),dp™", pb+ (1 - ab)qc),)”
[dp~", p(b +c —bac), 1 — (1 —ab)(1 —ac)dp™),) ™"
(d,b+c—bac,a)1)" '— @ b+c—bac,d;. O

(
(
(
(
=

Let S(R) be the subgroup of St,(R) generated by all Steinberg symbols {«, 8}; of R, and D(R) be the subgroup generated
by all Dennis-Stein symbols (a, b); of R.

The following proposition shows that Steinberg symbols and Dennis-Stein symbols are special Keune symbols.
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Proposition 2.7. Let R be a ring.

(i) Ifa, B € UR), then {ar, B} = (o — a0~V a + B — 1)1.
(ii) Ifa,b € Rwith1 —abe U(R), B =1 —ba, then (a,b); =(a—1,—-1,b — 1);.

Proof. (i) By definition of {«, 8}1, we have:

{a, Bl =wrj(@wrj(=Dwqj(B)wrj(—Ba)
=xj1 (a7 2)x1j(—a?) wij(@)x1 (=)W (BYW1j(—Bar)
x1j(—a?)waj(@)x1(=Dwr(B)yw1j(—Ba)xji (e pa ™1 p7T)
xu( 2Ywij(e)xij(—Dwij(B)x1j(—p%)wj(—Be)
=x1j(—a? + a)xj1 (—a )x1j(@ + B — Dxji (=B~ )x1j(=B% + B)wij(—po)

2 2

=’ —a,—a " 1—a-B),=la—a’ o a+p-1),.

(ii) By definition of (a, b);, we have:

(a,b)1 =x1j(—a)xj1 (b)x1j (e a)xj1 (—BbYw1 (D) w1j(—p)
= x1j(—@)w1(Dx1j(—b)xj1 (—a ' a)x1 j(Bb) w1 (—B)
=x1j(—(@—D)wj1(=Dx1j(—(b — D)xj1(—a " a)x1j(Bb)W1(—B)
=(a—1,-1,b—1).
So S(R)SD(R)CK(R). O

Remark 2.8. In [1], an example is given of a ring R for which S(R) & D(R) and also one for which D(R) & K(R).
Ifa,b,ceR,and u=a+c—abc e U(R), v=a+ c — cha. Put:

Hjj(a,b,c) = Wjj(a, b, c)w;j(1).

Let Hp(R) be the subgroup of St,(R) generated by all Hjj(a, b, c) where a,b,c e R witha+c—abceU(R).If a,b,ueR
with 1 —ab, u € U(R), we have h;j(u) = H;j(1 —u, 1), Hjj(a,b) = Hjj(a+1,1,b + 1) € Hu(R).

Proposition 2.9. Let R be a ring. Then any element h € H,(R) is uniquely written as h = xhq2(u3) - - - h1p(uy) where x € K(R),
Uz, us,...,up € U(R).

Proof. At first, the Steinberg symbol {&, 8}; and the Dennis-Stein symbol (a,b); belong to K(R). Secondly, by Defini-
tion 2.1, we have Hyj(a,b,¢) = (a,b,c)1hj1(v™1), and Hji(a, b, ¢) = (b, —c, —u=1(1 —ab))1hyj(—u~"). Thirdly, if a,b,c € R
with u =a+ ¢ —abc e URR), v=a+ c — cba. Then, by Lemma 2.4 and a simple computation, we have Hjj(a,b,c) =
(a,b, c)y1hqj(=v)hir (=whji(=1).

This shows that Hp(R) is generated by all elements (a,b,c); and h;j(u), where u € U(R). From Section 9 of [4],
we have hij(u) = h1jWhi1 (W), hi1(u) = hy;' @) = {u, ubhi@™"), h1ihi;(v) = {u, vihij(Vhi@), and hyiWhii(v) =
{u, v}1hyij(vu), so by Theorem 2.5(i), we get the result. O

The proof of the following proposition is similar to the proof of Theorem 4.2 in [1].

Proposition 2.10. Let R be a ring with stable range one. Then the structure of St,(R) is St,(R) = LULH (R), where L is the subgroup
generated by x;j(r) with 1 < j <i<n,reR,U is the subgroup generated by x;;(r) with1 <i< j<n,reR.

Corollary 2.11. Let R be a ring with stable range one. Then there is a short exact sequence:

1— K2(R)— K(R) = W =1,

where K (R) is the group generated by all elements (a, b, c); = W1j(a, b, c)wq;(v) and W is a subgroup of unit group of R generated
by all elements (a + ¢ — abc)(a + ¢ — cha)~ L.
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3. General Keune symbols
Let R be a ring. Put Ky to be the group with the following presentation:

Generators: {a,b, c), wherea, b,c € I witha+ c —abc € U(R);
Relations: (K1) {(a,b,c)” ! =(c,b,a),
(K2) (a,b,d) = (ub,du™", (1 — ab)),
(K3) (a,b+c —bac,d) = (a,b, (1 — ac)d) - (a, c,d(1 — ba)),
(K4) (a,b,c) =(ay ', yb,cy ") fory e U(R),
(K5) (A, B,C){a,b,c)(A, B, C)f] =*a,b,c),

where x=(A+C — ABC)(A+C — CBA)~! and ¥{(a, b, ¢) = (xa, bx~1, xc). (a, b, c) is called a general Keune symbol.
The groups Dg and Sy are defined by generators and relations (see [3]): generators of Dy are of the form (a,b) with
1 —ab € U(R), relations of Dy are:

(DT)
(D2)
(D3)
(D4)

a,b)~'=(b,a),

b+c —bac,a) =" (c a)- (b, a),

a, bc)(b, ca)(c,ab) =1,

a, by(c,d)(a,b)~' =7 (c,d), where w = (1 —ab)(1 —ba)~';

o~ e~~~

generators of Sg are of the form {u, v} with u, v € U(R), relations of Sy are:

(S1) {u,1—u}=1,

(S2) {u,—u}=1,

(83) {u,vw}={u,v}-Y{u, w},
(54) {uv, w}="{v, wHu, w},

where Ya =uau~1, “{v, w} = {Yv,"w}, Y“(a, b) = (“a, “b).

We call {(a, b) a general Dennis-Stein symbol and {u, v} a general Steinberg symbol.

A simple computation shows that (a, b, c) =1 if one of a, b, c is zero.

In the following, we discuss the relation between general Dennis-Stein symbols, general Steinberg symbols and general
Keune symbols.
Proposition 3.1. The maps:

Dg— Kg, (a,b)r>(a—1,-1,b—1) and Sg—Kg, {u,v}{u—v? u " u+v-1)

are group homomorphisms.
Proof. We do not distinguish between (a, b) and its image, and between {u, v} and its image. So put {(a,b) = (a — 1, —1,
b—1)and {u,v}=@u—u>u"u+v-1).

(DD @by '=@-1,-1,b—1)"'=(—-1,-1,a—1) = (b,a) by (K1).

(D3) Let u=1—cab, v=1—bca, w=1—abc. Thena=1—(1—a)u 'u,uv-'b=1—-u( —b)u~1. By (D1), (K2), (K3),
(K5), we have:

(<a,bc)<b,ca>)’1 = (ca, b)(bc,a) = (ca—1,—1,b—1){bc —1,—1,a — 1)
=(u, 1 =byu',ca)lv, (1 —ayv~!, be)=(u, A —ayu~', uv~"be)u, (1 —byu™"', ca)
=(u,(1 —abyu~',¢)=(c—1,-1,ab— 1) = (c, ab).
(D4) Let w = (1 —ab)(1 — ba)~'. Then by (K4), (K5) we get:
(@, by(c,d)a,by '=(@—-1,-1,b—1){c—1,-1,d—a—1,-1,b—1)""
=(rc—1, -7 w@d-D)=(rer ' =1, -1, wdr ' = 1) =" (c.d).
For the sake of proving (D2), we first prove the following lemma.

Lemma 3.2. Leta,b,u,v € R witha =1 —ab,u, v € U(R). Then

(1) (a,b)=(a,b, A —@)p~").
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() {w,vi= (1 —wyv Lvy= w1 vQa —u).
3) {u,vi{v,u}=1.

Proof. (1) Let « =1—ab, B =1—ba, m = (1 —ba)(1 —ab)~!. Then ca=ap and Bb = ba. From (K2), (K4), (K5), we have:

@by=(a—1,-1,b-1)=(ap (1 —ba ' apa~", aba~") = (a,b)(1 —b,ap™", pb)a,b) ™!
= (a,b){eap™", pba", (1 =)' )a,b) ' = (a,b){a,b, 1 — )8~ ')(a, b) "
={a,b, A =)~ )"a,"b)a,b) ' =(a,b, 1 —a)p~").
(2) From (K1), (K2) and (1), we get:

uvyT=u+v-1u u—vd)=(v,a-wyv ", d-vu)=v,Ad-wv ) ={0 -uyv !, v)_]

So we have {u, v} = ((1 —u)v~1, v). Similarly, {u, v} = (v=1,v(1 —u)).
(3)Note that 1 —v 'u+v—-D=vid—-u),1-@w+v—-"1u =0 —-vu !, v—v:=1—=v)uluv,and u —u? =
uvv=1(1 —u), by (K3), (K2), we have:
({u, v}{v, u})71 =u+v-1,v I v—v)u+v-1,u " u—u?
:<u~|—v—1,v_1 +u! —v_l(u~|—v—1)u_1,uv>
=u+v-1,viu T w)=(1,1-@u+v-1v ul0)=1
Now we prove (D2).Llet y =1—ab,§=1—ba, n=1—ac,0 =1—ca, « =1—a(b+c—bac)=yn, =1—(b+c—bac)a=
86. Then by Lemma 3.2, (K3), (K5) we have:
(b+c—bac,a)" =(a,b+c—bac, (1-a)p~"))=(a,b, 1 —ac)1 —a)p~")a,c, 1 —a)p~' (1 — ba))
=(a,b,(1 —ac)1 —a)p~')a,c, 1 =)0~ ") =(a,b, (1 —ac)(1 —a)B~')(a, c)
=(a,c)on ta,bno o' A —ac) (1 — )06 = (a,c) (6 'a,bno 01 — )05
= (a, c)(@r)”a, bn9_1> = (a@r)_1, n9_1b)(a, c) = ((c,a)<n0_1b,a917_1))_1.
SocINe have (b+c—bac,a) = (c,a)(nd~'h,adn=1). By (D3), we have (n9~'b,adn=") = (n6—'ba, on=1)(b,a) = {n6=1, 8}(b, a),
an
(c,a)=""(5cs1, 8as™") = (5cs~", 8as ") {omo 161, 571}
=(scs7",8a57)-* 0o, 67} =(scs", sas~1){8, no Y.
Now we get (b + ¢ — bac, a) = (1~P4¢, 1-bag) . (b, a).
The homomorphism Sg —> Dy is treated in [3] and Sg —> Ky is the composition of Sg —> Dg and Dg —> Kr. O
Remark 3.3. Recently, the authors have proved that for rings R with stable range one, the group K(R) is isomorphic to Kg.
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