
C. R. Acad. Sci. Paris, Ser. I 351 (2013) 657–661
Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. I

www.sciencedirect.com

Group theory

Locally normal subgroups of simple locally compact groups

Sous-groupes localement normaux des groupes localement compacts
simples

Pierre-Emmanuel Caprace a,1, Colin D. Reid b,2, George A. Willis b,3

a Université catholique de Louvain, IRMP, chemin du Cyclotron, 2, bte L7.01.02, B-1348 Louvain-la-Neuve, Belgium
b Department of Mathematics, University of Newcastle, Callaghan, NSW 2308, Australia

a r t i c l e i n f o a b s t r a c t

Article history:
Received 26 February 2013
Accepted after revision 17 September 2013
Available online 15 October 2013

Presented by the Editorial Board

We announce various results concerning the structure of compactly generated simple
locally compact groups. We introduce a local invariant, called the structure lattice, which
consists of commensurability classes of compact subgroups with open normaliser, and
show that its properties reflect the global structure of the ambient group.
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r é s u m é

On annonce divers résultats concernant la structure de groupes localement compacts,
simples et compactement engendrés. Un invariant local de ces groupes, appelé treillis
structurel, est introduit ; il consiste en des classes de commensurabilité de sous-groupes
compacts à normalisateur ouvert. Les propriétés de ce treillis refètent la structure globale
du groupe ambiant.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Le but de cette note est d’introduire de nouveaux outils destinés à l’étude de la classe S des groupes localement
compacts, totalement discontinus, compactement engendrés, non discrets et topologiquement simples. Nous introduisons
des invariants de nature locale associés à un élément G ∈ S , et montrons que leurs propriétés refètent la structure globale
de G . Le premier de ces invariants est appelé treillis structurel d’un groupe G ∈ S , noté LN (G). Il est constitué des classes
de commensurabilité de sous-groupes localement normaux compacts, c’est-à-dire de sous-groupes compacts à normaliseur
ouvert dans G . Comme les sous-groupes non compacts à normalisateur ouvert ne jouent aucun rôle dans notre discussion,
on parlera simplement de sous-groupe localement normal, en omettant le qualificatif compact, par souci de briéveté. On vérifie
que LN (G), muni de la relation d’ordre partiel induite par l’inclusion de sous-groupes localement normaux, forme un treillis
modulaire. C’est un objet local, au sens où tout voisinage de l’identité dans G détermine entièrement LN (G). Ce treillis
possède un unique minimum global 0, correspondant à la classe du sous-groupe trivial, et un unique maximum global ∞,
correspondant à celle des sous-groupes compacts ouverts. On a LN (G) = {0,∞} si et seulement si chaque sous-groupe
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compact ouvert de G est héréditairement juste-infini. C’est en particulier le cas lorsque G est un groupe algébrique simple
sur un corps local ; en revanche, le treillis structurel de la plupart des autres exemples connus de groupes dans S contient
des éléments non triviaux.

Notre premier résultat (Théorème 1 ci-dessous) décrit la structure algébrique des sous-groupes localement normaux :
ce sont tous des groupes virtuellement pro-η pour un ensemble fini de premiers η = η(G). En outre, un sous-groupe
localement normal non trivial n’est jamais virtuellement résoluble, et ne peut pas être virtuellement pro-π si π est un
sous-ensemble strict de η.

On étudie ensuite l’action canonique de G sur le treillis structurel, induite par la conjugaison. Un point fixe de G dans
LN (G) correspond donc à un sous-groupe localement normal commensuré par G . On montre, en fait, que toute classe
de commensurabilité de sous-groupes compacts de G commensurés par G possède un représentant localement normal,
de sorte que l’ensemble des points fixes LN (G)G correspond exactement aux sous-groupes compacts commensurés. Notre
deuxième résultat (Théorème 2 ci-dessous) montre notamment que toute G-orbite dans le treillis structurel contient des
sous-ensembles finis dont le suprémum est fixé par G . Toutefois, on s’attend à ce que l’ensemble des points fixes LN (G)G

de G soit restreint : en effet, LN (G)G est réduit à {0,∞} dès que G est abstraitement simple.
La dynamique de l’action de G sur le treillis structurel devient particulièrement riche lorsque G contient deux sous-

groupes localement normaux qui commutent. Pour formaliser cette situation, on introduit un autre treillis, noté LC(G) et
appelé treillis des centralisateurs, dont les éléments non triviaux sont les classes de commensurabilité des sous-groupes
localement normaux dont le centralisateur dans G n’est pas réduit au neutre. On montre que LC(G) est canoniquement
muni d’une structure de treillis booléen (Théorème 3 ci-dessous). D’après le théorème de Stone, ce treillis est donc cano-
niquement isomorphe au treillis des parties compactes ouvertes d’un espace compact totalement discontinu, qu’on notera
Ω = Ω(G). L’action de G sur LC(G) induit une G-action continue par homéomorphismes sur Ω . L’espace Ω est réduit à
un singleton si et seulement si LC(G) = {0,∞}. Dès que ce n’est pas le cas, on montre (Théorème 4 ci-dessous) que la
G-action sur Ω est fidèle, minimale (toutes les orbites sont denses), et fortement proximale (c’est-à-dire que l’adhérence
de la G-orbite d’une mesure de probabilité quelconque sur Ω contient des mesures de Dirac). En particulier, Ω ne porte
aucune mesure de probabilité G-invariante, ce qui empêche dès lors G d’être moyennable. Ceci suggère que les exemples
récents de groupes infinis simples moyennables de type fini de [3] ne possèdent probablement pas d’analogues parmi les
groupes non discrets.

On introduit enfin un troisième treillis, noté LD(G) et appelé treillis de décomposition. Il est constitué des classes
de commensurabilité des facteurs directs des sous-groupes compacts ouverts de G . Le treillis de décomposition est un
sous-treillis du treillis structurel et du treillis des centralisateurs ; c’est lui-même un treillis booléen. On montre que, si
LD(G) �= {0,∞}, (c’est-à-dire s’il existe un sous-groupe compact ouvert qui se scinde en produit direct), alors G est abstrai-
tement simple (Théorème 10 ci-dessous).

Nos résultats suggèrent une partition de la classe S en cinq familles disjointes, correspondant à des comportements
distincts des treillis introduits ici (Théorème 11 ci-dessous). Les exemples connus de groupes dans S se répartissent en
fait dans seulement quatre de ces familles, et il n’est pas clair que la cinquième, constituée des groupes dits de type
atomique, soit effectivement non vide. Cette dernière famille correspond au cas où le treillis structurel est non trivial, mais
fixé ponctuellement par tout élément de G . Dans ce cas, le groupe G ne peut pas être abstraitement simple.

1. Introduction

This note concerns the class of compactly generated locally compact groups that are topologically simple and non-
discrete. Since the connected component of the identity is always a closed normal subgroup in any topological group, the
members of that class are either connected or totally disconnected. The connected ones are known to coincide with the
simple Lie groups, as a consequence of the solution to the Hilbert fifth problem. We shall therefore concentrate on the
totally disconnected ones. For the sake of brevity, we denote by S the class of compactly generated locally compact groups
that are totally disconnected, topologically simple, and non-discrete.

Our goal is to present new tools to investigate the structure of members of S . Although these tools are of local nature,
i.e. depend only on arbitrarily small identity neighbourhoods, they interact with the global structure of the ambient group.
The present study was inspired by earlier work due to J. Wilson [4] on just-infinite groups, and work by Barnea, Ershov
and Weigel [1] on abstract commensurators of profinite groups. Further considerations and detailed proofs will appear in a
series of papers, see [2].

2. Locally normal subgroups

The central concept in our considerations is that of a locally normal subgroup, which is defined as a closed subgroup
whose normaliser is open. Since we focus on the local structure, we shall only need to consider locally normal subgroups
that are compact; we therefore adopt the convention that compactness is part of the definition of locally normal subgroups.
Obvious examples of locally normal subgroups are provided by the trivial subgroup, or by compact open subgroups. When G
is a simple Lie group or a simple algebraic group over a local field, every locally normal subgroup is of this form. However,
in all other known examples of groups in S , it has been observed, or is suspected, that there exist non-trivial locally normal
subgroups that are not open. Our first result describes the algebraic structure of locally normal subgroups.
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Theorem 1. Let G ∈ S . Then:

(i) There is a finite set of primes η = η(G) such that every locally normal subgroup of G is a virtually pro-η group. In particular the
open pro-η subgroups of G form a basis of identity neighbourhoods.

(ii) For every p ∈ η, every locally normal subgroup L �= {e} has an infinite pro-p subgroup.
(iii) If some non-trivial locally normal subgroup is virtually pro-soluble, then so is every compact open subgroup.
(iv) The only virtually soluble locally normal subgroup is the trivial subgroup {e}.

3. The structure lattice

We next consider the set LN (G) of all locally normal subgroups, modulo the equivalence relation defined by commen-
surability. We endow LN (G) with the partial order � induced by inclusion of locally normal subgroups. One verifies that
LN (G) is a modular lattice, endowed with a canonical G-action by automorphisms, induced by the conjugation action. The
join and meet operations in LN (G) are denoted by ∨ and ∧ respectively. We call LN (G) the structure lattice of G . It
possesses a global minimum 0, corresponding to the class of the trivial subgroup, and a global maximum ∞, corresponding
to the class of open compact subgroups. By [1, Theorem 4.8] (or as a consequence of Theorem 1(iv) above), the only finite
locally normal subgroup is the trivial one. It follows that LN (G) = {0,∞} if and only if all compact open subgroups of G
are hereditarily just-infinite. This is automatically the case when G is a simple algebraic group over a local field.

Our next result provides information on the set of fixed points of G in the structure lattice, which we denote by LN (G)G .

Theorem 2. Let G ∈ S . Then:

(i) For each α ∈LN (G), there exist g1, . . . , gn ∈ G such that g1α ∨ · · · ∨ gnα ∈LN (G)G .
(ii) If LN (G)G = {0,∞}, then every compact subgroup of G commensurated by G is either finite or open.

(iii) If G is abstractly simple, then LN (G)G = {0,∞}.

All known examples of groups in S have been proved to be abstractly simple, and it is tempting to believe that this is
always the case. This would imply that the only fixed points of G in the structure lattice are the trivial ones, and that the
only infinite commensurated compact subgroups are open.

4. The centraliser lattice

We next introduce an operator ⊥ on LN (G) related to centralisers. Let G ∈ S and let α ∈ LN (G). We may find a
representative K of α that is a closed normal subgroup of some compact open subgroup U of G . The centraliser CU (K ) is
then also a closed normal subgroup of U , and is thus itself a locally normal subgroup of G . Moreover, it can be deduced
from Theorem 1(iv) that the group CU (K ) does not depend on the choice of the representative K of α. Therefore the
commensurability class of CU (K ) depends only on α; we denote it by α⊥ . Clearly 0⊥ = ∞ and ∞⊥ = 0. We set LC(G) =
{α⊥ | α ∈ LN (G)} and call it the centraliser lattice. It follows from Theorem 1(iv) that for each α ∈ LN (G), we have
α ∧ α⊥ = 0. It is however not true in general that α ∨ α⊥ = ∞. In other words, it is not necessarily true that α and α⊥
admit two representatives whose product is an open subgroup of G . To remedy this fact, we introduce an abstract operator
∨′ defined by α ∨′ β = (α⊥ ∧ β⊥)⊥ . The interest of that definition is revealed by the following:

Theorem 3. Let G ∈ S . Then the centraliser lattice LC(G) endowed with the operators ∨′ , ∧ and ⊥, is a Boolean lattice on which G
acts by automorphisms.

Just as the structure lattice is a local object, so is the centraliser lattice: it can be entirely reconstructed from any identity
neighbourhood in G . By the Stone representation theorem, any Boolean lattice is canonically isomorphic to the lattice of
clopen sets of a compact totally disconnected space, called the Stone space of that lattice. In particular the automorphism
group of the lattice is canonically isomorphic to the homeomorphism group of the Stone space. We shall denote the Stone
space of LC(G) by Ω(G). Notice that Ω(G) reduces to a singleton if and only if LC(G) = {0,∞}. Our next result shows
that, as soon as this is not the case, the dynamics of the G-action on Ω(G) is quite rich.

Theorem 4. Let G ∈ S . Assume that LC(G) �= {0,∞} and set Ω = Ω(G). Then:

(i) Ω has no isolated point.
(ii) The G-action on Ω is continuous and faithful.

(iii) The G-action on Ω is minimal, i.e. every G-orbit is dense.
(iv) The G-action on Ω is strongly proximal, i.e. the closure of every G-orbit in the space of probability measures on Ω , endowed

with the weak-∗ topology, contains a Dirac mass.
(v) Every point of Ω has a compressible neighbourhood.
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A subset V of Ω is called compressible if there is a sequence (gn) in G such that gn.V converges to a singleton in
the space of closed subsets of Ω . The existence of a non-trivial strongly proximal actions is clearly a strong obstruction to
amenability. In fact, using Furstenberg’s boundary theory, we deduce the following:

Corollary 5. Let G ∈ S . Any closed cocompact amenable subgroup of G fixes a point in Ω . In particular, if LC(G) �= {0,∞}, then G is
not amenable, and if G contains a closed cocompact amenable subgroup, then the G-action on Ω is transitive.

This result contrasts with the recent groundbreaking work by Juschenko and Monod [3], who obtained the first examples
of finitely generated infinite simple groups that are amenable. It is not known whether non-discrete analogues of such
groups exist or, more precisely, whether a group G ∈ S can be amenable. Corollary 5 provides some evidence that this
might not be the case.

Let us also point out the following fact about the topology of G in case the centraliser lattice is non-trivial:

Theorem 6. Let G ∈ S . If LC(G) �= {0,∞}, then the topology of G is the unique σ -compact locally compact group topology on G.
In particular every automorphism of G is continuous.

The condition that the centraliser lattice is not {0,∞} is equivalent to the condition that some locally normal subgroup
of G splits non-trivially as the direct product of two locally normal subgroups; in fact the elements of LC(G) account for
direct factors of locally normal subgroups in such direct decompositions. Theorem 4 can also be used to derive another
algebraic characterisation of those groups whose centraliser lattice is non-trivial:

Proposition 7. Let G ∈ S . Then LC(G) �= {0,∞} if and only if there is a continuous isomorphism of the unrestricted wreath product
H = (

∏
Z K )� Z onto a closed subgroup of G, mapping K to a non-trivial locally normal subgroup of G.

The ‘if’ part is clear, since any two distinct conjugates of K in H provide two commuting locally normal subgroups
of G , thereby ensuring the non-triviality of the centraliser lattice. The converse part of the proposition has the following
noteworthy consequence:

Corollary 8. Let G ∈ S . If LC(G) �= {0,∞}, then the contraction group of some element of G is not closed.

Recall that the contraction group of g is defined by con(g) = {x ∈ G | limn→∞ gnxg−n = e}. In simple Lie groups or in
simple algebraic groups over local fields, the contraction group of every element is known to coincide with the unipotent
radical of some parabolic subgroup, and is thus always closed, while for many non-linear examples of groups in S , the
existence of non-closed contraction group has been observed by means of a case-by-case analysis. Corollary 8 provides
strong evidence that this phenomenon should have a more conceptual explanation.

Another consequence of Theorem 4 concerns abstract simplicity. Indeed, the converse of Theorem 2(iii) holds as soon
as the centraliser lattice is non-trivial or, alternatively, if some non-trivial locally normal subgroup of G ∈ S is finitely
generated:

Corollary 9. Let G ∈ S . Assume that some non-trivial locally normal subgroup is finitely generated, or that LC(G) �= {0,∞}. Then G
is abstractly simple if and only if LN (G)G = {0,∞}.

5. The decomposition lattice

There is a situation where the conclusion of Corollary 9 can be further improved. In order to describe it, we introduce yet
another lattice related to LN (G), defined as follows: LD(G) = {α ∈LN (G) | α ∨α⊥ = ∞}. One verifies that for α ∈LD(G)

one has (α⊥)⊥ = α; in particular LD(G) is contained in LC(G). The lattice LD(G) is called the decomposition lattice.
By definition, the restriction to LD(G) of the operator ∨′ introduced above coincides with ∨. Therefore, it follows from
Theorem 3 that LD(G), endowed with the operators ∨, ∧ and ⊥, is itself a Boolean lattice. Its elements account for direct
factors of compact open subgroups of G . In particular LD(G) = {0,∞} if and only if no open subgroup of G admits a
decomposition as a direct product of two non-trivial closed factors.

Theorem 10. Let G ∈ S be such that some open subgroup of G admits a decomposition as a direct product of two non-trivial closed
factors. Then G is abstractly simple.

6. Five types of simple groups

We finally describe how the properties of the structure lattice and the other lattices introduced above may be used to
partition the class S into five distinct types. We use the term atom in a lattice to qualify a non-zero element which is not
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minorized by any other non-zero element. Accordingly, a lattice is called non-atomic if it does not contain any atom; in the
case of a Boolean lattice, this is equivalent to the statement that the associated Stone space does not have isolated points.

Theorem 11. Let G ∈ S . Then exactly one of the following holds:

(a) LN (G) = {0,∞}, and every compact open subgroup of G is hereditarily just-infinite.
(b) LN (G) is infinite, non-atomic, and LC(G) = {0,∞}.
(c) LC(G) is infinite, non-atomic, and LD(G) = {0,∞}.
(d) LD(G) is infinite and non-atomic.
(e) LN (G) �= {0,∞} is atomic, LC(G) = {0,∞} and the G-action on LN (G) is trivial.

In case (a) (resp. (b), (c), (d), and (e)), we say that G is of h.j.i. type (resp. non-principal filter type, weakly branch type,
branch type, and atomic type). In case G is of atomic type, the atom in LN (G) is necessarily unique. Moreover Theorem 2
implies that a group of atomic type cannot be abstractly simple. We do not know whether groups of atomic type exist. On
the other hand, the other four classes are non-empty: groups of non-principal filter type may be found among complete
Kac–Moody groups over finite fields, groups of weakly branch type among automorphism groups of right-angled buildings,
and groups of branch type among automorphism groups of trees. We point out a last consequence of our results on the
algebraic structure of locally normal subgroups, which supplements Theorem 1:

Corollary 12. Let G ∈ S . Any hereditarily just-infinite locally normal subgroup is commensurated by G. Moreover, if G contains such
a subgroup, then G is either of h.j.i. type or of atomic type.
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