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with smooth boundary and function f is assumed to generalize the logistic source:

fwy=au—bu?, u>0, witha>0, b>0.

Moreover, x (s) and g(s) are nonnegative smooth functions and satisfy:

X(S)gﬁ’ s> 0, withsomep >0, ¥ >0andk > 1,
s
g(s)gm, $>0, withhg>0, h >0, §>0.

We prove that for all positive values of o, a and b, classical solutions to the above system
are uniformly-in-time bounded. This result extends a recent result by C. Mu, L. Wang,
P. Zheng and Q. Zhang (2013) [13], which asserts the global existence and boundedness
of classical solutions on condition that 0 < a < 2b and g be sufficiently small.
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RESUM E

On considére le systéme de la chimiotaxie :
:uf:Au —V-(uxw)Vv)+ f(u), xe£2,t>0,
ve=Av —v —ugu), xe 2, t>0,
avec conditions de Neumann homogénes dans un domaine borné 2 Cc R", n > 1, de

frontiére réguliére ; on suppose que f est une généralisation d’'une source logistique :

f(u):au—buz, u>0, aveca>0,b>0.
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De plus, x(s) et g(s) sont des fonctions positives ou nulles réguliéres vérifiant :

Q
S) < , §=0, avec 0,9 >0,k>1,
x(s) At os)F 0> > >
h
g(s)\(l_i_(;l)s, s>0, avechg >0, h>0,5 >0.

On démontre que, pour toute valeur positive de o, a et b, les solutions classiques du
systéme ci-dessus sont uniformément bornées en temps. Ce résultat étend un résultat
récent de C. Mu, L. Wang, P. Zheng et Q. Zhang (2013) [13], qui établit I'existence globale
et des bornes des solutions classiques sous les conditions 0 < a < 2b et o assez petit.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In this paper, we investigate the global existence and boundedness of solutions to the parabolic system:

ur=Au—V-@uxwv)vv)+ f(u), xe£,t>0,

Ve =Av —v+4ug(u), xef2, t>0,

u dv (1.1)
—=—=0, Xx€082, t>0,

v v

u(x,0)=up, Vv(x,0)=vo, X€ L,

in a smooth bounded domain £2 C R", n > 1, where v denotes the unit outward normal vector to 352 and ug and vg are
given nonnegative functions. Moreover, the functions x (s), f(s) and g(s) are smooth and yx (s) and g(s) are nonnegative for
s> 0.

In mathematical biology, systems like (1.1) are used to describe the movement of cells towards higher concentration
of a chemical signal substance produced by the cells themselves. Such a movement is called chemotaxis. Here, u = u(x, t)
denotes the cell density and v = v(x,t) is the concentration of the chemical substance. While the function x(v) is the
chemotactic sensitivity function, f(u) is the growth of u and ug(u) is the production of v [5,11,12].

Several types of functions have been proposed for x(v), f(u) and g(u) (see [5,17,18,25]). For f =0 and x and g
constants: it is known that when n =1, the blow-up never can occur [19]. For n = 2, it has been shown in [16] that
if fluollprey < ;—7;, then all solutions of (1.1) are global and bounded. The same result holds for radial solutions when

luollpi ey < i—’; [16]. While for luollpr ey > ;‘(—7;, solutions blow up either in finite or infinite time [8], moreover, the authors
in [3] constructed radial solutions to (1.1) which blow up in finite time provided that [[ugll;1 (o) > i—’;. For n > 3, Winkler

[27] proved that, for each q > % and p > n, there exists €p > 0 such that, if ||ug|la(2) <€ and [|[Vvgllrr() < € for € < €p,
then solutions of (1.1) are global and bounded. Also, when £2 is a ball in R", n > 3, the same author in [29] showed that,
under some conditions on initial data and provided that |lugl| 1) > 0, there exist radial solutions that blow up in finite
time.

In [18], the authors proved the global existence of solutions of (1.1) for n = 2, g =constant, x a smooth bounded function
and:

fu)=au—bu?, u>0, with—oco<a<oo, b>0and f(0)=0.

The authors in [17] proved the global existence of solutions of (1.1) in the two-dimensional case under the assumptions that
X is a positive constant and the functions f(u) and g(u) are smooth, and:

fay<1-bu*, u>0,b>0, a>1,
O<hw)<@w+1P,  o<hw<Bpu+1"", u=o0 g=>o0,

where h(u) = ug(u). These results depend on the values of @ and S. For boundedness of solutions, they showed that:

||u(t)||L2(_Q) + Hv(t)”HZ(Q) <Y (luoll2@) + IVollm2(e)), t=0,

with some increasing function .
For n > 3, Winkler in [25] proved that if x € R constant, g =1, £2 a bounded convex domain of R" with smooth
boundary and:

fu)<a—bu?, u>0, witha>0, b>0and f(0)>0,

then problem (1.1) admits a unique global classical solution, which is bounded in §2 x (0, co) provided that b is sufficiently
large.
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There are much more works related to chemotaxis system in the literature; we refer the interested readers to [1,2,4,6,7,
9,10,14,15,20-24,28,30] and the references therein.
Throughout this paper we assume that y (v), f(u) and g(u) satisfy the following conditions:

x(v) < ﬁ v>0, andsome o >0, ¥ >0andk > 1, (12)
v
fu)<au—bu?, u>0, witha>0, b>0and f(0)=0, (13)
h
g(u)gm, u>0, withhg >0, h >0, § >0. (14)

Winkler in [26] proved that if f =0, g =1 and x satisfies the condition (1.2), then problem (1.1) has a unique global
classical solution, which is uniformly bounded.

In [13], the authors showed that the solutions of problem (1.1) with (1.2), (1.3) and (1.4) are global and bounded provided
that o and a are sufficiently small. They left open the question of whether there exists a blow-up solution to problem (1.1),
when the parameter a is sufficiently large. We answer this question and prove that solutions of problem (1.1) are global and
bounded for all positive values of g, a and b. This means that the blow-up never can occur for all positive values of g, a
and b.

2. Global existence

Let us state the standard well-posedness and classical solvability result.

Lemma 2.1. Let the nonnegative functions ug and vy satisfy ug € C°(£2) and vo € W149(82) for some q > n. Then problem (1.1) has a
unique local-in-time nonnegative classical solution:

ueC%($2 x [0, Tmax)) N C3'(82 x (0, Tmax)),
v e CO(82 x [0, Tmax)) N C*1(82 x (0, Tmax)) N Ly ([0, Tmax); W1(£2)),

where Tmax denotes the maximal existence time. In addition, if Tmax < +00, then:
||u(.,t)HLoo(_Q) + Hv(.,t)”wl,q(m — 00 ast /' Tmax.
The proof follows from the general theory of parabolic systems. For details of the proof, we refer the reader to [9,26].

Lemma 2.2. Suppose that f satisfies (1.3) with some a, b > 0. Then we have:
max({|$2], [luoll 1)}

min{1, 2}

Juc.o HLl((z) S (2.1)

Proof. We integrate the first equation in (1.1) over £2 and using (1.3) to see that:

%/u(x,t)dx:/f(u)dxgafudx—b/uzdx, fort > 0.
2 2 2 2

From the Holder inequality, we obtain (f,, u dx)? < |82 Jo u2dx, and hence y(t) = Jo u(x, ) dx satisfies:

y'(t) <ay(t) —b|2|"1y*(t), fort>0.

Now, we set y(t) := y(t)"!, thus we obtain:

Y ©) +ay@®) =b|2|7",
which yields:

y(©) =e "y (0) + §|9|—1(1 —e™ ).
Therefore,
b -1
y(® < (y(O)’]e*‘” + a|g|*1 = e—at)) _

This inequality yields:
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max{|£2], y(0)}
min{1, g} '

y() <

So, the proof is complete. O

The main step towards the global existence of solutions is to establish a uniform bound of u(., t) in the space L2tD(2).
This is accomplished by estimating some associated weighted integral fQ w2+ D (v) dx with a weight function ¢(v), which
is uniformly bounded from above and below by positive constants. This approach was developed by Winkler in [26] for

studying the chemotaxis system (1.1) with f =0, g=1 and y from (1.2).
Lemma 2.3. There exists a constant ¢ > 0 such that:
||u(-st)“]_2(n+1)(9) <C, fOra”t € (Oa Tmax)-

Proof. Set p=2(n+ 1), and fix « > 0 small such that:

-1

K<min{p ,2k—2},

where k > 1 is the constant from (1.2). Then we pick > 0 large enough fulfilling:

n >max{g [@,ﬁ}’

and define:
@(s) =e1t7 " fors>0.
By differentiation, using (1.1) and integration by parts, we obtain:

1d 1
o up(p(v)dx:/up’lut(p(v)dx—i-E/up(p/(v)vtdx
2 2 2

=—(p— 1)/.up’2(p(v)|Vu|2dx—/up’lq)’(v)Vu -Vvdx
2 2

+(p—1)/up’1<p(V)x(v)Vu-Vvdx+/u"<p’(V)x(V)|VVI2dx
2 2

+ / uP () f () dx — f uP~lg/ (v)Vu - Vv dx
Q 2

1 1 1
— E/u‘%p”(v)lelzdx— E/upvga/(v)dx—i— Efu”“cp’(v)g(u)dx.
2 2 2

By using (1.3), x(s) >0, g(s) >0 and ¢'(s) <0 for all s >0, we get:

1d 1
Ea/u’%p(v)dx—l—(p—1)/up’2<p(v)|Vu|2dx+ Eful’ @" (v)|Vv[*dx
2 2

< —Z/up_1g0’(v)Vu -Vvdx+ (p — 1)/up_1¢(v)x(v)Vu -Vvdx
2 2

1
— —/upwp’(v) dx+a/up(p(v)dx.
P 2 2
Here, since
—s¢/(s) = kns(1+1s) e e 9™ = kg (s),

for all s > 0, we obtain:

(2.2)

(2.4)
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1 K
——/upvgo/(v)dxg —/upw(v) dx. (2.6)
p b
Q Q
We now make use of Young’s inequality to the first and second terms on the right-hand side of (2.5) as follows:

1 p—1 -2 2 4 P2V
—Z/up o' (v)Vu - Vvdx < —fup )| Vu?dx + uP [Vv|?dx, (2.7)
Ju a ) ®-0J)" oW
and

(p—1)/u1’*1¢<v)x(v)w.wdx
2

< %/u”w(vwmzdw(p—l)/u"go(v)xz(v)Wdex
2 2

-1
< p4 '/up_zgo(v)|Vu|2dx+(p_1)QZ/UP§D(V)(1+19V)_2k|VV|2dX, (28)
£ Q2

By inserting (2.6)-(2.8) into (2.5), we obtain:

1d -1 1
o ulf’<p(v)c|x+pT/ul’*z<p(v)|Vu|2d><Jr E/upgo”(v)wwzdx
2 2 2

12
4 /ul"p (v)|Vv|2dx+(p—1)Q2/up¢(v)(l +ov) XV Pdx + <%+a>fup<p(v)dx. (2.9)
2 2

Tp-1 o(v)
2

In the next step, we show that the terms on the right-hand side containing |Vv|? are dominated by %fg uP@” (v)|Vv|?dx.
In order to do this, we compute:

4 @) 4
p—=1 @) p-1
I:=0%(p— D1 +95)* ¢(s) =0*(p — (1 +v5) KT,

I := k202 (1 4 sy 224970

1 1 « 1 —«
I3:= B(p”(s) = EUZK(K +1)(1 4 ns)* 20T 4 Elcznz(l + ns) 22419

for s > 0. Hence,

4 2.2 —2K—2 5 (141s) ¥
I —k“n°(1+1ns) e 8pK 8
1—1< 1p 1 == P (1+ns)7" < PE <1, (2.10)
23 0Pk + 1)(1 +ns) K 2e409) (p—-Dk+1 p—1
holds for s > 0 due to (2.3) and the fact that k > 0. We also have:
I 2(p — 1)(1 4 vs5)~2ke(+n19™" 20%p(p—1
]_2 <~ Q2 (p —1)( ) _ __ QZP(P )(1 +95) (1 4 ps)<+2.
213 0Pk (K +1)(1 4 ns) K~ 2ed+ns) nok (K +1)

Now, we define:

Y(s) = (1+0s) 2K + ns)<*2.

Since k¥ + 2 < 2k by (2.3) and n > ¥, the function v satisfies v’(s) <0 for all s > 0. Thus ¥ (s) < ¥ (0) =1 for all s > 0.
Therefore, in view of (2.4), we obtain:

_ 2
I < 2p(p— Do

— < <1, fors>0. 211
s o (2.11)

From (2.10) and (2.11), we find that:

p—1 o) p

1 p‘/’lz(‘/) 2 2 [ .p —2k 2 1 D 2
u [Vv|cdx+ (p — 1)o uPo(v)A+ov) ™ |Vv|cdx < — | uPo"(v)|Vv|©dx.
Q2 o} 2
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Hence by (2.9), we get:

d —2(p—1
a/u"w(v)dxg (p—)/]Vup/2|2go(v)dx+ (k +ap)/upgo(v)dx. (2.12)
Q P Q Q
Now, adding 2("%) fg uPp(v)dx in both sides of (2.12) gives:

d 2(p—1)

—_ p F= P

dt/u o(v)dx + » fu o(v)dx
Q Q

< :zﬁgfill‘/|Vup/ﬂ2¢(v)dx+-(gﬁgéllz—%x-+ap>(/‘up¢(v)dx. (213)
Q Q

Next, we need the following known Gagliardo-Nirenberg inequality (see [9], for instance):

lolls@) < Conlllyy o Illirg), (2.14)
where
n_n
re©0.q, 6=—->"-¢e(0,1).
1-5+3%

We set g = (@ + k +ap) and applying the interpolation inequality (2.14) with w =uP/2, q=2, r = % and 6 =n(p —
1)/(2 —n+np), also using Young's inequality and (2.1), we obtain:

ao [ o) dx < ave [ P dr=ane|u?’ [} g, < aneCilu? iy o, 47 51
2 2
p—1 2 2 p—1 2 p—1 2
< R ””p/z I wl) +a ””p/z I 12/p(2) = 7 H”p/z I wl2) +a ||U||f1(9) < ' H”p/z I wle) +c2, (2.15)

where ¢ = (%)% (aoeCéN)ﬁ (1—0) and ¢z = (max{|£2/, luoll 1)} (min{1, g})*l)Pq. By inserting the last inequality in
(2.13) and noting that ¢(s) > 1 for all s > 0, we get:

d -1
a/u"w(v)dvaprup(p(v)dxgcz.
2 2

Finally Gronwall’s inequality yields:

f uPp(v)dx <c,
2

where c is some positive constant. This inequality along with ¢(s) > 1 for all s > 0, yields (2.2). O
Lemma 2.4. There exists a constant ¢ > 0 such that the solution (u, v) of problem (1.1) satisfies:
JuC O] ooy + IV O oy <€ forallt € (0, Tmax). (2.16)
This lemma is shown in [13, Lemma 3.2].
Theorem 2.5. The solution of (u, v) of the system (1.1) is global and bounded.

Proof. First of all from the estimate (3.28) in [13], we have:

[V O] yrag <c@), forallt e (z, Tmax). (217)

where g >n and t € (0, min{1, Tax}).
By considering the extensibility criterion provided by Lemma 2.1, the proof is a consequence of Lemma 2.4 and estimate
(217). O
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