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We study the existence of local and global solutions for the Davey–Stewartson system
with initial data in Lorentz spaces, including weak-Lp spaces. In particular, we prove the
existence of self-similar solutions. We also derive new results about scattering theory and
asymptotic stability.
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r é s u m é

On étude l’existence des solutions locales et globales du système de Davey–Stewartson
avec des donnés initiales dans les spaces de Lorentz, y comprenant les spaces Lp-faibles. En
particulier, on prouve l’existence des solutions auto-similaires. On dérive aussi des nouveux
résultats sur la théorie de scattering et sur la stabilité asymptotique.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

On considère le système de Davey–Stewartson. On analyse l’existence de solutions locales et globales, ainsi que le com-
portement asymptotique des solutions globales en dehors du contexte des espaces L2. Concrètement, les résultats qu’on
prouve sont les suivants :

Théorème 0.1 (Solutions locales en temps). On suppose ρ > 1 tel que 1 > (ρ + 1)β et 1 � d � ∞. Si u0 ∈ L(
ρ+2
ρ+1 ,d) , alors il existe

un temps 0 < T < ∞ tel que (1) a une solution « mild » u ∈ X T
β,d. La solution u est unique dans une boule de X T

β,d et l’application

donnée-solution u0 �→ u de L(
ρ+2
ρ+1 ,d) dans X T

β,d est localement Lipschitz. Si u0 ∈ Hs, s > 0, ρ + 2 � 2n
n−2s (= ∞ si n � 2s), alors u

appartient à C([−T0, T0]; Hs) pour un certain T0 � T .

Théorème 0.2 (Solutions globales en temps). On suppose ρ > 1 tel que 1 > (ρ + 1)α, 1 > β . (i) Il existe ε > 0 tel que si
‖S(t)u0‖α,∞ < ε/2, alors le problème à données initiales (1) a une unique solution globale en temps u ∈ Xα,∞ satisfaisant
‖u‖α,∞ � ε . De plus, l’application donnée-solution u0 �→ u est localement Lipschitz. (ii) Si la donnée initiale u0 est une fonction
homogène suffisamment petite de degré −2/ρ , alors la solution u est auto-similaire. (iii) Si aux hypothèses d’existence on ajoute que
‖S(t)u0‖α+h,d < ∞ pour 0 � h < 1 − α(ρ + 1) et un certain 1 � d � ∞, alors il existe un ε0 tel que si ‖S(t)u0‖α,d < ε0 , alors la
solution globale u appartient à Xα+h,d.
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Théorème 0.3 (Scattering). On suppose que 0 � h(ρ + 1) < 1 − α(ρ + 1) et soit u la solution de (1) obtenue dans le Théorème 0.2
à donnée u0 . Si u0 est comme dans (iii) du Théorème 0.2 avec d = ∞, alors il existe u±

0 avec ‖S(t)u±
0 ‖α,∞ < ∞ tel que ‖u(t) −

u±(t)‖(ρ+2,∞) = O (t−α−h(ρ+1)), as t → ±∞, où u+(t), u−(t) denotent les uniques solutions « mild » globales du problème linéaire
associé à (1) avec donnée initiales u+

0 et u−
0 , respectivement.

Dans le théorème suivant on construit an opérateur d’ondes pour le système DS avec des profils f arbitraires dans le
cadre des espaces L p-faibles.

Théorème 0.4 (Scattering inverse). On suppose α, β , ρ comme dans le Théorème 0.2. Soit θ ∈ (α,β]. Pour f ∈ L(
ρ+2
ρ+1 ,∞) quelconque

il existe un T0 = T0( f ) > 0 et une solution u de (3) sur [T0,∞) avec ‖u‖ET0,θ
≡ supt�T0

tθ‖u‖(ρ+2,∞) < ∞ et limt→∞ tθ‖u(t) −
S(t) f ‖(ρ+2,∞) = 0.

Théorème 0.5 (Stabilité asymptotique). On suppose 0 � h < 1 − α(ρ + 1), et soient u, v ∈ Xα,∞ deux solutions globales de (1)
données par le Théorème 0.2, avec données u0 , v0 , respectivement.

Si lim|t|→∞ |t|α+h‖S(t)(u0 − v0)‖(ρ+2,∞) = 0, alors lim|t|→∞ |t|α+h‖u(t) − v(t)‖(ρ+2,∞) = 0.

1. Introduction

In this paper we study the existence of local and global solutions, as well as, asymptotic behavior for the following
n-dimensional Davey–Stewartson (DS) system with general nonlinearities:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

i∂t u + δ∂2
x1

u +
n∑

j=2

∂2
x j

u = χu|u|ρ + γ u∂x1 v, x ∈Rn, t ∈R,

∂2
x1

v + m∂2
x2

v +
n∑

j=3

∂2
x j

v = ∂x1

(|u|ρ)
, x ∈Rn, t ∈R,

u(x,0) = u0(x), x ∈Rn,

(1)

where δ, m, γ and χ are real parameters which can assume both signs, n � 2. The DS system describes free surface waves
subject to the effects for both gravity and capillarity (see [4]). The unknowns u and v denote the (complex) amplitude of
the wave and the (real) mean velocity potential, respectively. We consider the elliptic–elliptic and hyperbolic–elliptic cases,
that is, as the sign of (δ,m) is (+,+) and (−,+) respectively. In both cases system (1) can be reduced to a single equation
for u; we begin expressing v in terms of u by solving the Poisson-like equation (1)2 and we set ∂x1 v = N(|u|ρ), where N is

defined by N̂(φ)(ξ) = ξ2
1 [ξ2

1 + mξ2
2 + ∑n

j=3 ξ2
j ]−1φ̂(ξ), ξ = (ξ1, . . . , ξn), φ ∈ S ′(Rn). Then we have

⎧⎪⎨
⎪⎩

i∂t u + δ∂2
x1

u +
n∑

j=2

∂2
x j

u = χu|u|ρ + γ uN
(|u|ρ)

, x ∈ Rn, t ∈R,

u(x,0) = u0(x).

(2)

In recent years, in the context of finite energy spaces Hs , the Cauchy problem of (1) has been extensively studied (cf.
[6,7] and the references therein). The purpose of this paper is to study the existence of solutions for DS system outside the
context of finite L2-mass. We obtain the existence of local and global mild solutions for DS system for initial data in Lorentz
spaces (L(r,d),‖ · ‖(r,d)), including weak-Lr spaces, also denoted by L(r,∞) (see [2]). We are able to obtain a persistence result
if we consider initial data in Hs , which shows that the constructed data-solution map in weak-Lr recovers Hs-regularity.
About asymptotic behavior we prove results of scattering and inverse scattering for DS system in the framework of weak-
Lr spaces, as well as, a result of stability. Weak-Lr are natural extensions of Lebesgue spaces Lr , which contain singular
functions with infinite L2-mass such as homogeneous functions of degree −n/r. Moreover, L(r,d1) ⊂ Lr = L(r,r) ⊂ L(r,d2) ⊂
L(r,∞) for 1 � d1 � r � d2 � ∞. Observe that if u is a classical solution for (1) then uλ := λ2/ρu(λx, λ2t) also verifies (1).
Solutions invariant by the scaling u �→ uλ are called self-similar solutions. Notice that making t → 0+ , in order u to be self-
similar, the initial data u0 should be homogeneous functions of degree −2/ρ . This fact motivates us to look for existence of
solutions with initial data in weak-Lr spaces. From Duhamel’s principle, Eq. (2) is formally equivalent to:

u(t) = S(t)u0 + i

t∫
0

S(t − s)
[
χu(s)

∣∣u(s)
∣∣ρ + γ u(s)N

(∣∣u(s)
∣∣ρ)]

ds ≡ S(t)u0 + L(u), (3)

where S(t) is the group defined by Ŝ(t)u0 = e−itψ(ξ)û0, ψ(ξ) = 4π2δξ2
1 + 4π2 ∑n

j=2 ξ2
j . A function u satisfying (3) such

that u(t) ⇀ u0 when t → 0 in the sense of distributions, is called a mild solution for (1) (or (2)). Let 1 � d � ∞ and
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ρ > 1. Consider the Banach spaces Xα,d and X T
β,d , 0 < T < ∞, of all measurable functions u : (−∞,∞) → L(ρ+2,d) and

u : (−T , T ) → L(ρ+2,d) with respective norms:

‖u‖α,d = sup
−∞<t<∞

|t|α∥∥u(t)
∥∥

(ρ+2,d)
, ‖u‖β,d,T = sup

−T <t<T
|t|β∥∥u(t)

∥∥
(ρ+2,d)

, β = nρ/
(
2(ρ + 2)

)
, (4)

where α = 1
ρ − n

2(ρ+2)
is the unique one such that ‖ · ‖α,∞ becomes invariant by the scaling u �→ uλ .

We have the following results of existence and asymptotic behavior of solutions for the DS system.

Theorem 1.1 (Local-in-time solutions). Assume ρ > 1 such that 1 > (ρ + 1)β and 1 � d � ∞. If u0 ∈ L(
ρ+2
ρ+1 ,d) , then there exists

0 < T < ∞ such that (1) has a mild solution u ∈ X T
β,d. The solution u is unique in a ball of X T

β,d and the data-solution map u0 �→ u

from L(
ρ+2
ρ+1 ,d) into X T

β,d is locally Lipschitz. If in addition, u0 ∈ Hs, s > 0, ρ + 2 � 2n
n−2s (= ∞ if n � 2s), the mild solution belongs to

C([−T0, T0]; Hs) for some T0 � T .

Theorem 1.2 (Global-in-time solutions). Assume ρ > 1 such that 1 > (ρ + 1)α, 1 > β . (i) There exists ε > 0 such that if
‖S(t)u0‖α,∞ < ε/2, then the initial value problem (1) has a unique global-in-time solution u ∈ Xα,∞ satisfying ‖u‖α,∞ � ε . More-
over, the data-solution map u0 �→ u is locally Lipschitz. (ii) If the initial data u0 is a sufficiently small homogeneous function of degree
−2/ρ , then the solution u is self-similar. (iii) If in addition to the existence hypotheses we assume that ‖S(t)u0‖α+h,d < ∞ for
0 � h < 1 − α(ρ + 1) and some 1 � d � ∞, then there is ε0 such that if ‖S(t)u0‖α,d < ε0 , then the global solution u ∈Xα+h,d. Here
we do not need to assume a smallness hypothesis on ‖S(t)u0‖α+h,d.

Theorem 1.3 (Scattering). Assume that 0 � h(ρ +1) < 1−α(ρ +1) and let u be the solution of (1) given in Theorem 1.2 with data u0 .
If u0 is as in item (iii) of Theorem 1.2 with d = ∞, then there is u±

0 with ‖S(t)u±
0 ‖α,∞ < ∞ such that ‖u(t) − u±(t)‖(ρ+2,∞) =

O (t−α−h(ρ+1)), as t → ±∞, where u+(t), u−(t) are the unique global mild solutions of the linear problem associated to (1) with
initial data u+

0 and u−
0 , respectively.

Theorem 1.4 (Inverse scattering). Suppose α, β , ρ as in Theorem 1.2. Let θ be such that θ ∈ (α,β]. For any f ∈ L(
ρ+2
ρ+1 ,∞) there

exist T0 = T0( f ) > 0 and a solution u of (3) on [T0,∞) with ‖u‖ET0,θ
≡ supt�T0

tθ‖u‖(ρ+2,∞) < ∞ and limt→∞ tθ‖u(t) −
S(t) f ‖(ρ+2,∞) = 0.

Theorem 1.5 (Asymptotic stability). Suppose 0 � h < 1 − α(ρ + 1), and let u, v ∈ Xα,∞ be two global solutions of (1) given by
Theorem 1.2, with respective initial data u0 , v0 .

If lim|t|→∞ |t|α+h‖S(t)(u0 − v0)‖(ρ+2,∞) = 0, then lim|t|→∞ |t|α+h‖u(t) − v(t)‖(ρ+2,∞) = 0.

2. Sketch of the proofs of theorems

Lemma 2.1. Let 1 � d � ∞ and 1 < r � 2, and let r′ be such that 1
r + 1

r′ = 1. Then, there exists a positive constant C1 := C1(n, r) such

that ‖S(t) f ‖(r′,d) � C1|t|− n
2 ( 2

r −1)‖ f ‖(r,d) , f ∈ L(r,d) .

Proof. From [6] one has the corresponding Lr − Lr′
estimate. Then, through real interpolation the proof can be finished. �

Lemma 2.2. Let 1 < r < ∞, 1 � d � ∞. Then ‖N(φ)‖(r,d) � C‖φ‖(r,d) .

Proof. The symbol ξ2
1 [ξ2

1 + mξ2
2 + ∑n

j=3 ξ2
j ]−1 of N belongs to multiplier space Mp . Thus, ‖N(φ)‖r � C‖φ‖r . Then, through

real interpolation the proof can be completed. �
Lemma 2.3. Let ρ > 1. If nρ(ρ + 1) < 2(ρ + 2), then there exists a positive constant Kβ such that∥∥L(u) − L(v)

∥∥
β,d,T � Kβ T 1−β(ρ+1)‖u − v‖β,d,T

(‖u‖ρ
β,d,T + ‖v‖ρ

β,d,T

)
, u, v ∈ X T

β,d. (5)

If 2(ρ + 2) < nρ(ρ + 1), nρ < 2(ρ + 2), then there exists a positive constant Kα such that∥∥L(u) − L(v)
∥∥
α,d � Kα‖u − v‖α,d

(‖u‖ρ
α,d + ‖v‖ρ

α,d

)
, u, v ∈ Xα,d. (6)

Proof. First note that if nρ
2 <

ρ+2
ρ+1 < ρ + 2, then 1 > β and 1 > (ρ + 1)β . By using Lemmas 2.1, 2.2, the Hölder inequality

and the continuous embedding L(ρ+2,d) ⊂ L(ρ+2,ρd) , we can obtain
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∥∥L(u) − L(v)
∥∥

(ρ+2,d)

� C

t∫
0

(t − s)−β
[∥∥(|u − v|)(|u|ρ + |v|ρ)∥∥

(
ρ+2
ρ+1 ,d)

+ ∥∥N
(|u|ρ)

u − N
(|v|ρ)

v
∥∥

(
ρ+2
ρ+1 ,d)

]
ds

� C

t∫
0

(t − s)−β
[∥∥(|u − v|)(|u|ρ + |v|ρ)∥∥

(
ρ+2
ρ+1 ,d)

+ ∥∥N
(|u|ρ)

(u − v)
∥∥

(
ρ+2
ρ+1 ,d)

+ ∥∥N
(|u|ρ − |v|ρ)

v
∥∥

(
ρ+2
ρ+1 ,d)

]
ds

� C
(

sup
0<t<T

tβ‖u − v‖(ρ+2,d) sup
0<t<T

(
tβρ‖u‖ρ

(ρ+2,ρd)
+ tβρ‖v‖ρ

(ρ+2,ρd)

)) t∫
0

(t − s)−β s−(ρ+1)β ds

� Kβt−βt1−(ρ+1)β‖u − v‖β,d,T
(‖u‖ρ

β,d,T + ‖v‖ρ
β,d,T

)
,

which proves (5). On the other hand, if ρ+2
ρ+1 <

nρ
2 < ρ + 2, then 1 > α(ρ + 1) and 1 > β . Using Lemmas 2.1, 2.2, the Hölder

inequality and the continuous embedding L(ρ+2,d) ⊂ L(ρ+2,ρd) , we get

∥∥L(u) − L(v)
∥∥

(ρ+2,d)
� C

t∫
0

(t − s)−β
[∥∥(|u − v|)(|u|ρ + |v|ρ)∥∥

(
ρ+2
ρ+1 ,d)

+ ∥∥N
(|u|ρ)

u − N
(|v|ρ)

v
∥∥

(
ρ+2
ρ+1 ,d)

]
ds

� C
(

sup
t>0

tα‖u − v‖(ρ+2,d) sup
t>0

(
tαρ‖u‖ρ

(ρ+2,ρd)
+ tαρ‖v‖ρ

(ρ+2,ρd)

)) t∫
0

(t − s)−β s−α(ρ+1) ds

� Kαt−α‖u − v‖α,d
(‖u‖ρ

α,d + ‖v‖ρ
α,d

)
,

which proves the inequality (6). �
Proof of Theorem 1.1. Consider the ball Bε = {u ∈ X T

β,d: ‖u‖β,d,T � ε} endowed with the complete metric k(·,·), defined by
k(u, ũ) = ‖u − ũ‖β,d,T . The aim is to show that, for some ε > 0, the map Φ(u) = S(t)u0 + L(u) is a contraction on (Bε,k).
From Lemma 2.1 we have ‖S(t)u0‖β,d,T � C‖u0‖(

ρ+2
ρ+1 ,d)

< ∞. Take ε = 2C‖u0‖(
ρ+2
ρ+1 ,d)

and T such that Kβ T 1−(ρ+1)βερ+1 <

ε/2. Then, from Lemma 2.3 (with v = 0) we get∥∥Φ(u)
∥∥

β,d,T � C‖u0‖(
ρ+2
ρ+1 ,d)

+ Kβ T 1−(ρ+1)β‖u‖ρ+1
β,d,T � ε/2 + Kβ T 1−(ρ+1)βερ+1 < ε/2 + ε/2,

for all u ∈ Bε . Consequently Φ(Bε) ⊂ Bε . Using Lemma 2.3 we also have that the map Φ is a contraction in Bε and then
the Banach fixed point theorem assures the existence of a unique solution u ∈ X T

β,d for (3). Moreover, through standard
arguments one can prove that u(t) ⇀ u0 as t → 0, in the sense of distributions [5,3]. A similar argument shows the lo-
cal Lipschitz continuity of data-solution map. Theorem 1.1 covers initial data u0 ∈ Hs,p for p � 1, p < (ρ + 2) � np

n−sp (=
∞ if n � sp), due the embedding Hs,p ⊂ L(ρ+2,∞) . Finally, from Hs-theory (s > 0), there is T0 > 0 and a mild solution
ũ ∈ C([−T0, T0]; Hs) for data u0 ∈ Hs (see [6]). We also have a mild solution u ∈X T0

β,∞ given by Theorem 1.1. From Sobolev

embedding, ‖ũ‖β,∞,T0 � C T β

0 sup−T0<t<T0
‖ũ(t)‖Hs . Then, by uniqueness, for T0 small enough, u = ũ on [−T0, T0]. �

Proof of Theorem 1.2. Let Bε = {u ∈ Xα,∞: ‖u‖α,∞ � ε}. From Lemma 2.3 and the assumption on the data we

get ‖Φ(u)‖α,∞ � ‖S(t)(u0)‖α,∞ + ‖L(u)‖α,∞ � ε/2 + Kα‖u‖ρ+1
α,∞ � ε/2 + Kαερ+1 < ε , provided that 2Kαερ < 1. Thus

Φ(Bε) ⊂ Bε . Next, take u, ũ ∈ Bε; then again, by Lemma 2.3 we get that the map Φ is a contraction in Bε and
consequently we have a unique fixed point in Bε , which is the unique solution u of the integral equation (3)
satisfying ‖u‖α,∞ � ε . In order to obtain the existence of a self-similar solution, if u0(x) is a homogeneous of

degree − 2
ρ , then S(t)u0(x) satisfies the self-similar property u(x, t) = λ

2
ρ u(λx, λ2t). Thus, tα‖S(t)u0(x)‖(ρ+2,∞) =

tαt
n

2(ρ+2)
− 1

ρ ‖S(1)u0(x)‖(ρ+2,∞) = ‖S(1)u0(x)‖(ρ+2,∞) . Moreover, ‖S(1)u0(x)‖Lρ+2 is finite. Since Lρ+2 ↪→ L(ρ+2,∞) , one has
‖S(1)u0(x)‖(ρ+2,∞) � ‖S(1)u0(x)‖Lρ+2 < ∞. Therefore, if ‖S(1)u0(x)‖(ρ+2,∞) is small enough, then the solution u(x, t) ob-
tained is self-similar, since it is the limit in Xα,∞ of the self-similar Picard sequence u1 = S(t)(u0), uk = u1 + L(uk−1),
k � 2. This part generalizes the main result of [8]. The proof of (iii) follows the same spirit of the proof of (i). Recently,
in [1], a result of existence and uniqueness for small data in Lρ(n+2)/2(Rn+1) was established. However, this result is based
on Strichartz estimates for the Schrödinger equation and there is not a direct comparison to Theorem 1.2 (see Theorem 1
in [1]). �
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Proof of Theorem 1.3. We only consider the case t → ∞. The case t → −∞ can be proved analogously. The proof follows
by considering u+

0 and u+ defined by:

u+
0 = u0 + i

∞∫
0

S(−s)
[
χ

∣∣u(s)
∣∣ρu(s) + γ N

(∣∣u(s)
∣∣ρ)

u(s)
]

ds, u+ = S(t)u+
0 .

Since u ∈Xα,∞ and ‖S(t)u0‖α,∞ < ∞, we can show that ‖S(t)u+
0 ‖α,∞ < ∞. Notice that

u+(t) = S(t)u0 + i
∫ ∞

0 S(t − s)
[
χ

∣∣u(s)
∣∣ρu(s) + γ N

(∣∣u(s)
∣∣ρ)

u(s)
]

ds.

Taking the ‖ · ‖(ρ+2,∞)-norm of the difference u − u+ , working as in the proof of Lemma 2.3 we get

∥∥u − u+∥∥
(ρ+2,∞)

=
∥∥∥∥∥

∞∫
t

S(t − s)
[
χ

∣∣u(s)
∣∣ρu(s) + γ N

(∣∣u(s)
∣∣ρ)

u(s)
]

ds

∥∥∥∥∥
(ρ+2,∞)

� C‖u‖ρ+1
α+h,∞

∞∫
t

(t − s)−β s−(α+h)(ρ+1) ds � Kt−α−h(ρ+1)

which concludes the proof of the theorem. �
Proof of Theorem 1.4. For T > 0 we consider the set ET ,θ of w : [T ,∞) → L(ρ+2,∞) such that ‖w‖ET ,θ

≡
supt�T tθ‖w‖(ρ+2,∞) < ∞. Let R > 0 and denote by BT (0, R) the closed ball of radius R in ET ,θ . Define the mapping
Υ : BT (0, R) → BT (0, R) by

Υ (w) = i

∞∫
t

S(t − s)
(
χ

∣∣S(s) f − w
∣∣ρ(

S(s) f − w
) + γ N

(∣∣S(s) f − w
∣∣ρ)(

S(s) f − w
))

ds.

Then, for w ∈ BT (0, R), t � T and using Lemma 2.1 we have

∥∥Υ
(

w(t)
)∥∥

(ρ+2,∞)
� C

∞∫
t

(t − s)−β s−θ(ρ+1)
(
sθ

∥∥w(s)
∥∥

(ρ+2,∞)
+ C1sθ−β‖ f ‖

(
ρ+2
ρ+1 ,∞)

)ρ+1
ds

� C
(

R + C1T θ−β‖ f ‖
(
ρ+2
ρ+1 ,∞)

)ρ+1
t1−β−θ(ρ+1)

∞∫
1

(1 − s)−β s−θ(ρ+1) ds.

Since θ ∈ (α,β] and 1−β −αρ = 0, then 1−β −θ(ρ +1) < 1−β −θρ < 0, and the last integral is finite. Thus ‖Υ (w)‖ET ,θ
�

C(R + C1T θ−β‖ f ‖
(
ρ+2
ρ+1 ,∞)

)ρ+1T 1−β−θρ → 0 as T → ∞. Analogously, if we consider w1, w2 ∈ BT (0, R), then ‖Υ (w1) −
Υ (w2)‖ET ,θ

� C(R + C1T θ−β‖ f ‖
(
ρ+2
ρ+1 ,∞)

)ρ T 1−β−θρ‖w1 − w2‖ET ,θ
and T 1−β−θρ → 0 as T → ∞. Thus, there is T0 > 0 such

that Υ is a contraction on BT (0, R). Now define u(t) = S(t) f − w(t) ∈ ET0,θ , where w is the fixed point of Υ . Using
properties of the group S(t), it is straightforward to prove that u(t) is a solution of the integral equation

u(t) = S(t − T0)u(T0) + i

t∫
T0

S(t − s)
[
χu|u|ρ + γ uN

(|u|ρ)]
ds, (7)

on [T0,∞). In order to prove the convergence, from

tθ
∥∥u(t) − S(t) f

∥∥
(ρ+2,∞)

= tθ
∥∥w(t)

∥∥
(ρ+2,∞)

= tθ
∥∥Υ

(
w(t)

)∥∥
(ρ+2,∞)

� Ct1−β−θρ,

and since 1 − β − θρ < 0, we conclude that tθ‖u(t) − S(t) f ‖(ρ+2,∞) → 0 as t → ∞. Finally, we remark that u is the unique
one such that ‖u‖ET ,θ

< ∞ for some T � T0. In fact, if u1 is another one satisfying this statement and we denote by
w1(t) = S(t) f − u1(t), then, for T � T0 we have ‖w − w1‖ET ,θ

� C(T )‖w − w1‖ET ,θ
(‖u‖ET ,θ

+ ‖u1‖ET ,θ
) with C(T ) → 0 as

T → ∞. Then w(t) = w1(t) on [T ,∞) for some T � T0 and therefore, u(t) = u1(t) on [T ,∞). �
Proof of Theorem 1.5. Assume only the case t > 0. Following the ideas of [3,5], taking the difference of the integral equations
satisfied by u and v , using that ‖u‖α,∞,‖v‖α,∞ � ε , after a change of variable we can obtain
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tα+h
∥∥u(t) − v(t)

∥∥
(ρ+2,∞)

� tα+h
∥∥S(t)(u0 − v0)

∥∥
(ρ+2,∞)

+ C2ερ

1∫
0

(1 − s)−β s−α(ρ+1)−h(ts)α+h
∥∥u(ts) − v(ts)

∥∥
(ρ+2,∞)

ds,

for all t > 0. Now, define Λ := lim supt→∞ tα+h‖u(t) − v(t)‖(ρ+2,∞) < ∞. Noting that

lim sup
t→∞

1∫
0

(1 − s)−β s−α(ρ+1)−h(ts)α+h
∥∥u(ts) − v(ts)

∥∥
(ρ+2,∞)

ds � Λ

1∫
0

(1 − s)−β s−α(ρ+1)−h ds.

So, taking lim supt→∞ we get Λ � (C2ερ
∫ 1

0 (1 − s)−β s−α(ρ+1)−h ds)Λ. Choosing ε > 0 small enough the value in brackets is
less that one, and then Λ = 0. �
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