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RESUME

Dans cette Note, nous introduisons des espaces de Hilbert de séries entiéres de Dirichlet
(a fréquences réelles) et considérons des opérateurs de composition sur ces espaces. Nous
donnons des conditions nécessaires et suffisantes sur de telles séries pour avoir un ordre de
Ritt égal a zéro, ainsi qu'un ordre logarithmique fini. Nous obtenons des critéres d’action,
de continuité, de compacité pour de tels opérateurs ou leurs différences.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

1.1. Basic notation and definitions

Let 0 < (An) 1 0o be a given sequence of real positive numbers satisfying condition L = limsup,,_, o, lok% < 00. As is well
known, a Dirichlet series
o
Zane’)‘"z, an,z€C, (1)
n=1

represents an entire function in C if and only if D =limsup,,_, o, k’g)\% = —o00.
In [2], for the class H2(E) :={f(z) = p ame~*Z: D = —oo} of entire Dirichlet series, it was showed that H2(E) is
a normed space whose norm is defined by the inner product (f, g):=> oo, anbn, where f(z) = e, ane™ and g(z) =
Yo, bn,e~*n%, Different properties of composition operators on this class, such as action, boundedness, were considered.
The important note is that the space #2(E) is never complete with respect to the norm above. Then a natural question
to ask is: what subspace of #2(E) can be a Hilbert space?
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We identify the space H2(E) with the sequence space
loglan|

n

E:= {(an): limsup —o0, or lim|a,|'/*" = 0}.

To each sequence of real positive numbers 8 = (8;) we associate the following sequence space

0 1/2
Xp = {az (@n): llall = (Z |an|2ﬁ§> < oo},

n=1

which is a Hilbert (sequence) space with the inner product

(a,b) = anbnBy, V¥(an), (by) € Xg (2)

n=1

(see, e.g., [8]).
1.2. The main goal

Let H be a space of holomorphic functions on a set G C C. If an analytic function ¢ maps G into itself, the composition
operator Cy, is a linear operator defined by the rule

Cof)@)=fow(2), z€G, feH.

Composition operators have been investigated on various spaces of holomorphic functions of one variable, as well as in
higher dimensions. We refer the reader to the excellent monographs [1,7] for detailed information. In particular, an extensive
study of composition operators was carried out on spaces of classical Dirichlet series.

The aim of this Note is to study composition operators on some Hilbert spaces of entire Dirichlet series whose coefficients
are from Xg, under some natural assumptions on the sequence (8y). It should be noted that we make use of Pélya’s result
on composition of entire functions [4], and therefore, the three notions of order for Dirichlet series (ordinary, Ritt and
logarithmic orders) play an important role in our approach. It seems this topic has never been treated before.

2. Preliminaries and auxiliary results

First we prove the following elementary result (partially stated earlier in [3]), which is used very often in our discussion.

Lemma 2.1. Let 0 < (Ay) 1 oo be given. The following conditions are equivalent: (a) limsup,_, o, 13% =L <o0; (b) Vr > L:

Yol ieT™n < o00;(c)Ip > 0: 300 e P < oo; (d) limsup,_, o % <p.

Put

lo lo
liminf g = By, lim sup g—'B" = B*.
n—oo  Ap N— 00 An
In [3] under the condition L = 0 (with complex frequencies (A,) C C) there was given the characterization of the relationship
between Xg and E in terms of 8, and $*. By a similar method with an appropriate modification, we can prove that such a

characterization is true in a general case 0 < L < 400 for entire Dirichlet series (1).
Proposition 2.2. There are three alternative possibilities:

(1) Xg C E, which is equivalent to B, = co.
(2) E C Xg, which is equivalent to B* < oo.
(3) Xg \ E#@and E\ Xg # @, which is equivalent to B, < B* = oo, and therefore, these spaces never coincide.

By Proposition 2.2, in the sequel the condition B, = oo is always supposed to hold. That is, a sequence of positive real
numbers (8;) satisfies the condition

1 1
liminfiﬂ" =00, orthesame, lim % = 00. (E)
n—oo n n—o0o0 Ap

In this case we always have Xg C E, and by H2(E, B) we denote the space of entire Dirichlet series with coefficients
from Xg, that is

HYE ) :={f@) =) ae™": (an) € xﬂ}. (3)
n=1

This is a Hilbert space with the inner product (2) above.
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3. Ritt order and logarithmic orders
3.1. Different notions of orders for Dirichlet series

Let f(z) be an entire function in C. The ordinary order p of f is defined as the greatest lower bound of values of
such that M¢(r) < e™ for all sufficiently large r, where M f(r) = maxz—r | f(2)|, r > 0, is its maximum modulus (function).

This order can be computed by p =limsup,_, loglog M (1)

logr
For an entire Dirichlet series f(z) =) o, ape*n%, there exists the so-called Ritt order, which is determined, in particular,
in terms of coefficients of the series as follows (see [6]): pr =limsup,_, _, logkf# =limsup,_, o *lg;o—gf”.
Tan]

For entire Dirichlet series with Ritt order 0, Reddy defined, in particular, the following logarithmic order (see [5]):
=i _ loghy
pc(L) =limsupp_, log(ﬁlogwlﬁ).

As noted in [2], for an entire Dirichlet series, if pgr > 0, then p.(£) = oo, and hence there is not much information we

can get from logarithmic orders. Perhaps that is why only entire Dirichlet series of the zero Ritt order are in considera-

tion.
3.2. Ritt order for series from H2(E, B)

We are interested in the following question: when does each series from 72(E, ) have Ritt order zero? The complete
answer to this question is given by the following characterization.

Theorem 3.1. Every function f € H2(E, B) has Ritt order zero if and only if the following condition (R) is satisfied:
lo
liminf ——— = o0. (R)

Remark 3.2. Condition (R) is obviously stronger than condition (E). Moreover, the example 8, = Aﬁ" n=1,2,...), shows
that the inverse implication is not true.

3.3. Logarithmic orders for series from H?(E, 8)

Theorem 3.1 allows us to study the logarithmic orders of series from #2(E, B). A question to ask is: under what condition
all these series have a finite logarithmic order?
We have the following characterization.

Theorem 3.3. Every function from H2(E, B) has a finite logarithmic order if and only if the following condition (S) is satisfied

lo
lim inf %'ﬂ”'
n—oo0 )Ln+a

=400, forsomea > 0. (S)

Remark 3.4. We can easily see that condition (S) is stronger than condition (R), and by the example g, = Aﬁ" log2n n=

1,2,...), the inverse implication is not true.

4. Composition operators
4.1. Composition operators on the space H2(E, B)

An analytic mapping ¢ : C — C induces the composition operator C, acting, in particular, on the space H2(E, B):
Co(fN@) =fop2),zeC.

In [2] we considered the composition operators on the classes of entire Dirichlet series whose Ritt order is zero and
logarithmic order is finite. The criteria for an action and boundedness are obtained.

The results obtained in the previous sections on Ritt order and logarithmic order of the series from H2(E, 8) allow us
to consider composition operators in the later space. As the space H2(E, 8) is a Hilbert space, we can work also on other
problems, such as compactness, compact difference, which we cannot have in [2].

By Theorems 3.1 and 3.3, in what follows, condition (S) is supposed to hold, that is

liminf 128 P!

n—00 )L,11+CV

=400, forsomew > 0. (S)
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4.2. Criterion for the action

We note that series from #2(E, 8) have Ritt order zero and finite logarithmic orders. By [2, Theorem 3.2], the ordinary
orders of these series are finite. This allows us to apply the Polya’s result mentioned above, following the scheme in [2].

The first and also the most important issue to study is the action of C, on the space H2(E, B). We consider a problem:
for which ¢ does f in H2(E, 8) imply that f o is also in H2(E, 8)?

It turns out that the symbol ¢ can be only a translation. Namely, we have the following criterion.

Theorem 4.1. Let ¢(z) be an entire function on C. Let further, (B,) satisfy condition (S). The composition operator C,(f) = f o ¢
maps H?(E, B) into itself if and only if ¢(z) is of the form

@(z)=z+Db, withReb>0. (4)

The sufficiency is quite straightforward. The most difficult part is necessity. For proving this, we pass several steps,
each of which in turn requires some auxiliary results. First, we show that if the composition operator Cy(f) = f o ¢ maps
H2(E, B) into itself, then ¢(z) =az + b, where a > 1 satisfies the condition

A
Vk e NIN(k) suchthat a= z—(k)
k

Next we prove that for the symbol ¢(z) in the formula above, the coefficient a must equal to 1, that is ¢(z) =z+b, b € C.
Finally, we show that ¢(z) =z + b, the real part of b must be non-negative.

4.3. Criteria for boundedness, compactness and compact difference

4.3.1. Boundedness
From the proof of Theorem 4.1, it follows that when C, acts from H2(E, B) into itself, this composition operator is
automatically bounded on H2(E, 8). That is, we have the following result.

Theorem 4.2. Let ¢(z) be an entire function on C. Let further, (8,) satisfy condition (S). The composition operator C,(f) = fo @ is
bounded on H2(E, B) if and only if ¢(z) is of the form (4), that is

@(z)=z+Db, withReb>0.
4.3.2. Compactness

Theorem 4.3. Let ¢(2) be an entire function on C. Let further, (8,) satisfy condition (S). The composition operator Cy,(f) = fo @ is
compact on H?(E, B) if and only if

@(z)=2z+Db, with Reb > 0.

4.3.3. Compact difference of composition operators
Finally, we study a compact difference of composition operators.

Theorem 4.4. Suppose that ¢1 = z+ b1, ¢2 =z + by with Reby > 0, Reby > 0 (that is composition operators Cy, and Cy, act from
H2(E, B) into itself). Then the difference Cy, — Cy, is compact on H2(E, B) if and only if either of the following conditions is satisfied:

(1) Both Cy, and Cy, are compact on H2(E, B) (that is Reb; > 0, Reby > 0).
(2) Reby =Reby =0 and limp_, o cos[A,(Imby — Imby)] =1.
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