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1. Introduction

After the discovery of the Bergman kernel, many mathematicians tried to find a complex domain with explicit Bergman
kernel. However, except for some special cases, it is hard to express the Bergman kernel of a given domain in explicit form.
Thus it is fundamental and important to find a domain with explicit Bergman kernel. In this note, we consider the Bergman
kernel of the Hartogs domain:

2={z¢eDxC"|¢|* <p@}

Here p is a positive continuous function on D and the domain D c C" is called the base domain of the Hartogs domain 2.
If the base domain D is an irreducible bounded symmetric domain or C", then there is an explicit formula of the Bergman
kernel for a certain p (see [5] and [6]). The main result of this note gives us a new example of the Hartogs domain with
explicit Bergman kernel.

Let F(t) be a non-increasing continuous function from an interval (0, B] into (0, +o¢]. Further we assume that F extends
to a meromorphic function on BD = {z € C; |z| < B}. In this note we consider the domain of the form

2ppm={z0) €D xC™ ¢ < (F(1z11%) — 122%)°),

where s > 0 and the domain Dr is defined by Df = {z € C2; |z1]? < B, |22]? < F(1z1]?)}.
Put

o " tF"\'
a(z,7') = F(212,) — 222}, G(t):_(T>’
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In the following, we assume that there exists a real number y such that

Ztk/ck(F“) =(@+14+p)F{t)"“G(), foranya eR.p. (1)
k=0

Throughout this note we also assume the following condition:

a(z,2)a(z,7) < |a(z,2) 2, forall z,Z € Df. (2)

The weighted Bergman kernel K, of Lg(Dp, a(z, z2)% dz) was computed by M. Engli$ [2, Corollary 4.14].

Theorem 1.1. Let F be such that Df is a complete Reinhardt domain and assume that the condition (1) holds. Then the weighted
Bergman kernel K, is given by

Ko(z.Z) =@+ D[(@+2)+y (1 —w(z,2))]a(z. z’)_ag(z, ),
where w(z,7) = zzz_’z/F(Zﬂ_/]).

In the next section, we will see that this theorem and the Forelli-Rudin construction allow us to compute the Bergman
kernel of the domain £2p, m.

2. Bergman kernel

Since our formula is expressed in terms of the polylogarithm, we briefly review this function.

For s € C, the polylogarithm function Lis is defined by Lis(z) := ) 32, k=Szk. It converges for |z| < 1. If s is a negative
integer, say s = —n, then the polylogarithm function is a rational function in z and called the polypseudologarithm. The
following formula is a simple consequence of Eq. (2.10c) in [1]:

d"Li_g(t) MY o(=D"Tm+1);S(A+n, 14 (1~ 0"
drm - (1 — tyn+m+1 :

Here S(-,-) denotes the Stirling number of the second kind.
Now we state our main result.

(3)

Theorem 2.1. Under the conditions (1), (2), the Bergman kernel of £2p m is given by

gz 2)a(z.Z) d &

I<((Z7 ;)7 (2/7 C/)) TW ZCnLi_n(t)
n=0

where co =2+ y(1 —w), c; = (co+ 1)s and c; = s°.

)

t=a(z,2')7%(¢,¢’)

Proof. The proof starts with the Forelli-Rudin construction, which is a series representation formula of the Hartogs domain
(see [3] and [4]):

/o = I +1 m / 14
K((Z, ;)7 (Z 7§ )) = Z (<7_[7m)1<5(k+m) (27 4 )<§7§ >k’ (4)

k=0
where (X);, is the Pochhammer symbol. By (4) and Theorem 1.1, we know

_ 8@z ZNa(z, 2y~

I<((Z7 ;)7 (2/7 C/)) THS(](+TH)((Z! ;)7 (2/7 ;/))
Here we put
He((z.0).(Z.¢) = Z(k + D+ D[c+2)+y(1 —w)][a(z. z’)_c<{, {’)]k, forc > 0.
k=0

Then it is enough to show that

: (5)
t=a(z.2)=*(5.¢")

dm &
Hsterm) (@ 0). (2.¢) = 3 D calioa(®)
n=0
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After a straightforward computation, we know that

2 o0
Higeom) (2.0, (2.6)) =Y cn 3k + Dl +m)"[a(z.2) *(z.¢')]" (6)

n=0 k=0

From the definition of the polylogarithm it is easy to see that the m-th derivative of the polylogarithm function has the
following series representation for |z| < 1.

d" . _ - n_k
dz—mLz,n(z) _g(k—i—l)m(k-i—m) z~. (7)

Let (z,¢), (2, ¢’) be elements of £2p, . Then the Cauchy-Schwarz inequality and (2) imply that

(&, ¢\ <1ei]¢'|* < az 2%a(Z, ) < Ja(z, 2)|*.

Consequently, we know that |a(z,Z)%(¢,¢')| < 1 for all (z,¢), (2, ¢’) € 2p; m. Combining (6) and (7), we obtain the for-
mula (5). Thus we have completed the proof of this theorem. O

Remark 1. In an analogous way, we can obtain explicit formulas of the Bergman kernels of the following Hartogs domains:
Dy ={z ) eC x C™; ¢|> <e 1),
D2 ={(z,£) e D xC™ ||¢]* < N(z,2)*}.

Here D is an irreducible bounded symmetric domain and N the generic norm of D. The domain Di (resp. D;) is called the
Fock-Bargmann-Hartogs domain (resp. the Cartan-Hartogs domain). It is known that the Bergman kernels of these domains
are expressed in terms of the polylogarithm function. For further information, see [5] and [6].

We conclude this note with some examples which satisfy the conditions (1) and (2).
Example 1. F(t) = (1 —t)?, p > 0; B=1. Then
Dr={zeC%|z11> < 1,12 < (1 - 1z21*)"}.
2, ={@0)eDr xCi 1c* < ((1- 121" = 1221%)°}.

A straightforward computation shows that the functions F,a satisfy the conditions (1) and (2) with y = % — 1. In this case
{c,-}iz:O is given by
_14+p+(=1+pw _1+2p+(—1+pw 5

Co , C1 s, Ccy =5s".
p p

Example 2. F(t) =e~¢, B = +oc. Then
Dr={ze Tz <e a1},
2ppm=1{@0) €Dr xC; [t < (771 —|z2?)°).

A straightforward computation shows that the functions F,a satisfy the conditions (1) and (2) with y = —1. In this case

{ci}?_, is given by co=1+w, c; =52+ w), c; =52,

For the details of these examples, see [2, Section 4]. It would be interesting to find more examples.
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