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r é s u m é

On présente une réalisation symplectique et certaines symétries d’un système de type
Rikitake.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Le système de dynamo Rikitake deux disques est un modèle qui tente d’expliquer la polarité irrégulière de commutation
de champ magnétique terrestre.

Le cas particulier du système Rikitake nous considérons pour notre étude est écrite sous la forme (1), où β est un
paramètre réel.

Dans cette Note nous étudions certaines symétries du système considéré en utilisant, dans le cas β �= 0, la réalisation
symplectique de cette système.

1. Introduction

The Rikitake two-disk dynamo system is a mechanical model used to study the reversals of the Earth’s magnetic field [9].
This system has been widely investigated from different points of view. In a particular case, continuous symmetries were

given by W.H. Steeb [10].
In this paper, considering another particular case of Rikitake system, namely⎧⎨

⎩
ẋ = yz + β y,

ẏ = xz − βx,

ż = −xy,

(1)

where β ∈ R, some symmetries are given.
A similar study for Maxwell–Bloch equations was presented by P.A. Damianou and P.G. Paschali in [3].
Theoretical details about symmetries of differential equations can be found in [1,8,4,5,2].
For our purposes, a Hamilton–Poisson realization and a symplectic realization of system (1) are required.
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Symmetry and Hamiltonian systems are related in the topic “order in chaos”. Physical systems often exhibit “order”
simultaneous with symmetries. When the symmetry of a system is broken, Hamiltonian structures can be useful in detecting
chaos [7].

2. Bi-Hamiltonian structure and symmetries

In this section, we consider system (1) with β = 0, i.e.⎧⎨
⎩

ẋ = yz,

ẏ = xz,

ż = −xy.

(2)

A bi-Hamiltonian structure and some symmetries of system (2) are presented.
Let us consider the three-dimensional Lie group of rigid motions of the Minkowski plane

E(1,1) =
{

A ∈ GL(3,R)

∣∣∣ A =
[ 1 0 0

v1 cosh θ sinh θ

v2 sinh θ cosh θ

]
, v1, v2, θ ∈ R

}
.

The corresponding Lie algebra of E(1,1) is

e(1,1) =
{

X ∈ gl(3,R)

∣∣∣ X =
[0 0 0

a 0 c
b c 0

]
, a,b, c ∈ R

}
.

Note that, as a real vector space, e(1,1) is generated by the base Be(1,1) = {E1, E2, E3}, where

E1 =
[ 0 0 0

− 1
2 0 0

0 0 0

]
, E2 =

[ 0 0 0
0 0 0

− 1
2 0 0

]
, E3 =

⎡
⎣0 0 0

0 0 − 1
2

0 − 1
2 0

⎤
⎦ .

The following bracket relations [E1, E2] = 0, [E1, E3] = 1
2 E2, [E2, E3] = 1

2 E1 hold.
On the dual space e(1,1)∗ � R3, the Lie–Poisson structure is given in coordinates using matrix notation by

π1(x, y, z) =
⎡
⎣ 0 0 1

2 y

0 0 1
2 x

− 1
2 y − 1

2 x 0

⎤
⎦ .

Following [11], considering the Lie group O (Q ) = {A ∈ GL(3,R) | At Q A = Q } generated by Q := diag(2,1,1) ∈ GL(3,R),
the corresponding Lie algebra is o(Q ) = {X ∈ gl(3,R) | Xt Q + Q X = O 3}. As a real vector space o(Q ) is generated by the
base Bo(Q ) = {X1, X2, X3}, where

X1 =
[ 0 1 0

−2 0 0
0 0 0

]
, X2 =

[ 0 0 1
0 0 0

−2 0 0

]
, X3 =

[0 0 0
0 0 1
0 −1 0

]
.

The following bracket relations [X1, X2] = −2X3, [X1, X3] = X2, [X2, X3] = −X1 hold.
On the dual space o(Q )∗ � R3, the Lie–Poisson structure is given in coordinates using matrix notation by

π2(x, y, z) =
[ 0 −2z y

2z 0 −x
−y x 0

]
.

Taking the constants of motion H1 = 1
4 x2 − 1

4 y2 and H2 = 1
2 x2 + 1

2 y2 + z2 of system (2), the following relations

π1 · ∇H2 = π2 · ∇H1 =
( yz

xz
−xy

)

hold.
Thus, system (2) is a bi-Hamiltonian system. For the π1 bracket, H2 is the Hamiltonian and H1 is a Casimir. For the π2

bracket, H1 is the Hamiltonian and H2 is a Casimir.
We recall that for a system ẋ = f (x), where f : M → T M , and M is a smooth manifold of finite dimension, a vector field

X is called:
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• a Lie-point symmetry if its first prolongation transforms solutions of the system into other solutions;
• a conformal symmetry if the Lie derivative along X satisfies LXπ = λπ and LX H = νH , for some scalars λ,ν , where the

Poisson tensor π and the Hamiltonian H give the Hamilton–Poisson realization of the system;
• a master symmetry if [[X,X f ],X f ] = 0, but [X,X f ] �= 0, where X f is the vector field defined by the system.

The next result furnishes a Lie point symmetry of system (2) and a conformal symmetry.

Proposition 2.1. The vector field

X = −t
∂

∂t
+ x

∂

∂x
+ y

∂

∂ y
+ z

∂

∂z

is a Lie point symmetry of system (2). Moreover, X is a conformal symmetry.

Proof. If the vector v = τ (t, x, y, z) ∂
∂t + A1(t, x, y, z) ∂

∂x + A2(t, x, y, z) ∂
∂ y + A3(t, x, y, z) ∂

∂z is a Lie point symmetry, then its
first prolongation

pr(1)(v) = v + ( Ȧ1 − τ̇ ẋ)
∂

∂ ẋ
+ ( Ȧ2 − τ̇ ẏ)

∂

∂ ẏ
+ ( Ȧ3 − τ̇ ż)

∂

∂ ż

applied to our system implies⎧⎪⎨
⎪⎩

Ȧ1 − yzτ̇ − z A2 − y A3 = 0,

Ȧ2 − xzτ̇ − z A1 − xA3 = 0,

Ȧ3 + xyτ̇ + y A1 + xA2 = 0.

One solution of above system is the vector X.
One can easily check that

LXπ1 = −π1, LXπ2 = −π2, LX H1 = 2H1, LX H2 = 2H2,

whence X is a conformal symmetry. �
The following result provides a master symmetry of our considered system:

Proposition 2.2. The vector field

−→
X = (k1x + k2 yz)

∂

∂x
+ (k1 y + k2xz)

∂

∂ y
+ (k1z − k2xy)

∂

∂z
, k1 ∈ R∗, k2 ∈ R,

is a master symmetry of system (2).

Proof. We denote by
−→
V the associated vector field of system (2), that is

−→
V = yz ∂

∂x + xz ∂
∂ y − xy ∂

∂z . It follows that the fol-
lowing relations [−→X ,

−→
V ] = k1

−→
V , [[−→X ,

−→
V ],−→

V ] = 0 hold.
Therefore

−→
X is a master symmetry of system (2). �

3. Symplectic realization and symmetries

Let us consider system (1) in the case β �= 0.
In this section a symplectic realization of system (1) is given. Using this fact, the symmetries of Newton’s equations are

studied.
In order to obtain a Hamilton–Poisson realization of system (1), we again consider the Lie algebra e(1,1) having now

the base Bβ

e(1,1) = {Eβ

1 , Eβ

2 , Eβ

3 }, where

Eβ

1 =
⎡
⎣ 0 0 0

− 1
2β

0 0
0 0 0

⎤
⎦ , Eβ

2 =
⎡
⎣ 0 0 0

0 0 0
− 1

2β
0 0

⎤
⎦ , Eβ

3 =
⎡
⎣0 0 0

0 0 − 1
2β

0 − 1
2β

0

⎤
⎦ ,

with [Eβ

1 , Eβ

2 ] = 0, [Eβ

1 , Eβ

3 ] = 1
2β

Eβ

2 , [Eβ

2 , Eβ

3 ] = 1
2β

Eβ

1 .

Following [6], it is easy to see that the bilinear map Θ : e(1,1) × e(1,1) → R given by the matrix (Θi j)1�i, j�3, Θ12 =
−Θ21 = 1 and 0 otherwise, is a 2-cocycle on e(1,1) and it is not a coboundary since Θ(Eβ

1 , Eβ

2 ) = 1 �= 0 = f ([Eβ

1 , Eβ

2 ]), for
every linear map f , f : e(1,1) → R.
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On the dual space e(1,1)∗ � R3, a modified Lie–Poisson structure is given in coordinates by

Πβ =
⎡
⎢⎣

0 0 1
2β

y

0 0 1
2β

x

− 1
2β

y − 1
2β

x 0

⎤
⎥⎦ +

[ 0 1 0
−1 0 0
0 0 0

]
=

⎡
⎢⎣

0 1 1
2β

y

−1 0 1
2β

x

− 1
2β

y − 1
2β

x 0

⎤
⎥⎦ .

The Hamiltonian Hβ is given by Hβ(x, y, z) = β
2 x2 + β

2 y2 + βz2, and moreover, the function Cβ , Cβ(x, y, z) =
1

4β
x2 − 1

4β
y2 + z, is a Casimir of our configuration.

The next theorem states that the system (1) can be regarded as a Hamiltonian mechanical system.

Theorem 3.1. The Hamilton–Poisson mechanical system (R3,Πβ, Hβ) has a full symplectic realization (R4,ω, H), where ω = dp1 ∧
dq1 + dp2 ∧ dq2 and

H = 1

16β
q4

1 + 1

16β
p4

1 − 1

8β
q2

1 p2
1 − 1

2
q2

1 p2 + 1

2
p2

1 p2 + β

2
q2

1 + β

2
p2

1 + βp2
2.

Proof. The corresponding Hamilton’s equations are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̇1 = 1

4β
p3

1 − 1

4β
q2

1 p1 + p1 p2 + βp1,

q̇2 = −1

2
q2

1 + 1

2
p2

1 + 2βp2,

ṗ1 = − 1

4β
q3

1 + 1

4β
q1 p2

1 + q1 p2 − βq1,

ṗ2 = 0.

(3)

We define the application ϕ : R4 → R3 by

ϕ(q1,q2, p1, p2) =
(

q1, p1,− 1

4β
q2

1 + 1

4β
p2

1 + p2

)
= (x, y, z).

It follows that ϕ is a surjective submersion, Eqs. (3) are mapped onto Eqs. (1), the canonical structure {., .}ω is mapped
onto the Poisson structure Πβ , as required.

We also remark that Hβ = H and Cβ = p2.

From Hamilton’s equations (3) we obtain by differentiation, Newton’s equations:

q̈2q̇2 + 2β2q̈2 + 4β2q1q̇1 = 0,

2βq̈1q̇2 + 4β3q̈1 − 2βq̇1q̈2 − 1

2β
q1q̇3

2 − βq1q̇2
2 + 2β3q1q̇2 + 4β5q1 = 0.

These are also Lagrange’s equations generated by the Lagrangian

L = 1

4β
q̇2

2 − β

2
q2

1 + 1

4β
q2

1q̇2 + βq̇2
1

q̇2 + 2β2
.

A vector field

−→v = ξ(q1,q2, t)
∂

∂t
+ η1(q1,q2, t)

∂

∂q1
+ η2(q1,q2, t)

∂

∂q2

is a Lie Point symmetry for Newton’s equations if the action of its second prolongation on Newton’s equations vanishes.
Thus, the following conditions are obtained:(

q̇2 + 2β2)η̈2 − q̇2
(
q̇2 + 2β2)ξ̈ + 4β2q1η̇1 + q̈2η̇2 − ξ̇

(
4β2q1q̇1 + 3q̈2q̇2 + 4β2q̈2

) + 4β2q̇1η1 = 0,

2β
(
q̇2 + 2β2)η̈1 − 2βq̇1η̈2 − 4β3q̇1ξ̈ − 2βq̈2η̇1 +

(
2βq̈1 − 3

2β
q1q̇2

2 − 2βq1q̇2 + 2β3q1

)
η̇2

+
(

6βq̇1q̈2 − 6βq̈1q̇2 − 8β3q̈1 + 3

2β
q1q̇3

2 + 2βq1q̇2
2 − 2β3q1q̇2

)
ξ̇ +

(
− 1

2β
q̇3

2 − βq̇2
2 + 2β3q̇2 + 4β5

)
η1 = 0.

The resulting equations obtained by expanding ξ̇ , ξ̈ , η̇1, η̈1, η̇2, η̈2 must be satisfied identically in t, q1, q2, q̇1, q̇2, that
are all independent. Doing standard manipulation, we get the overall result:
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⎧⎨
⎩

ξ = c1,

η1 = 0,

η2 = c2

where c1, c2 are real constants.
For c2 = 0, but c1 �= 0, we have −→v1 = c1

∂
∂t that represents the time translation symmetry which generates the conserva-

tion of energy H .
For c1 = 0, but c2 �= 0, we have −→v2 = c2

∂
∂q2

that represents a translation in the cyclic q2 direction which is related to the
conservation of p2.

Moreover, using the Lagrangian L and Noether’s theory we deduce that both −→v1 and −→v2 are variational symmetries since
they satisfy the condition pr(1)−→v (L) + L div(ξ) = 0. �
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