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We show the existence of global strong solutions for the compressible Navier–Stokes
system in dimension N � 2 with large initial data on the irrotational part of the velocity.
We introduce a new notion of quasi-solutions when the initial velocity is assumed to be
irrotational, these last one exhibit regularizing effects both on the velocity and in a very
surprising way also on the density (indeed the density is a priori governed by a hyperbolic
equation). We would like to point out that this smoothing effect is purely non-linear and
is absolutely crucial in order to deal with the pressure term as it provides new damping
effects in high frequencies. In particular this new damping effect enables us to deal with a
Van der Waals pressure.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Nous montrons l’existence de solutions fortes globales pour le système de Navier–Stokes
compressible en dimension N � 2 avec des données initiales grandes sur la partie
irrotationnelle de la vitesse. Nous introduisons une nouvelle notion de quasi-solution
lorsque la vitesse initiale est supposée irrotationnelle, cette dernière exhibe à la fois des
effets régularisants sur la vitesse mais aussi de manière très surprenante sur la densité (en
effet la densité est à priori gouvernée par une équation hyperbolique). Nous aimerions faire
remarquer que cet effet régularisant est purement non linéaire et est absolument crucial
afin de traiter la pression puisqu’il fournit un effet d’amortissement en hautes fréquences.
En particulier ce nouvel effet d’amortissement nous permet de traiter le cas d’une pression
Van der Waals.
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Version française abrégée

Nous esquissons dans cette note la preuve de l’existence globale de solutions fortes pour le système de Saint-Venant
modélisant un fluide compressible, les équations prennent la forme suivante :
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⎧⎨
⎩

∂tρ + div(ρu) = 0,

∂t(ρu) + div(ρu ⊗ u) − div
(
μρD(u)

) + ∇ P (ρ) = 0,

(ρ, u)/t=0 = (ρ0, u0).

(1)

Ici u = u(t, x) ∈ R
N avec N � 2 correspond à la vitesse du liquide, ρ = ρ(t, x) ∈ R

+ sa densité et on a D(u) = 1
2 (∇u +t ∇u).

La pression P s’écrit P (ρ) = aρ2 avec a > 0. μ > 0 est un coefficient de viscosité. Avant d’énoncer les théorèmes on note
ρH Fl = ∑

k�l �kρ et ρB Fl = ∑
k<l �kρ avec l � 0 (on réfère à [3] pour les définitions liées à la théorie de Littlewood–Paley)

et q1 = ρ1 − ρ̄ avec ρ̄ > 0.

Théorème 0.1. Soit des données initiales ρ0(x) = ρ1
0 (λx) + 1

λ
q2

0(λx) et u0(x) = −μλ∇ lnρ1
0 (λx) + u2

0(λx) avec λ > 0. Nous suppo-
sons en plus que ρ1

0 � c > 0. Soit l � 0, alors il existe ε > 0 et λ assez grand tels que si :∥∥(
q1

0

)
H Fl

∥∥
B

N
2

2,1

� C lnλ et
∥∥(

q1
0

)
B Fl

∥∥
B

N
2 −1

2,1

� ε et
∥∥q2

0

∥∥
B

N
2

2,1∩B
N
2 +1

2,1

+ ∥∥u2
0

∥∥
B

N
2

2,1

� ε,

alors il existe une solution forte globale (ρ, u) du système (1) telle que :

ρ(t, x) = ρ1(λ2t, λx
) + 1

λ
q2(λ2t, λx

)
et u(t, x) = λu1(λ2t, λx

) + u2(λ2t, λx
)
,

avec : ∂tρ
1 − μ�ρ1 = 0, ρ1(0, ·) = ρ1

0 et :

q2 ∈ C̃
(
R

+, B̃
N
2 , N

2 +1
2,1

) ∩ L1(
R

+, B̃
N
2 +2, N

2 +1
2,1

)
et u2 ∈ C̃

(
R

+; B̃
N
2

2,1

) ∩ L1(
R+, B̃

N
2 +2

2,1

)
.

Nous référons à [3] pour la définition des espaces de Besov hybrides construit sur L2 .

Nous énono̧ns ici un second résultat reposant non plus sur un argument de type scaling mais sur l’effet régularisant
obtenu sur q1 qui permet en un certain sens de rendre la pression petite en haute fréquences.

Théorème 0.2. Soit des données initiales telles que ρ0 = ρ1
0 + q2

0 et u0 = −μ∇ lnρ1
0 + u2

0 . Nous supposons en plus que ρ1
0 � c > 0.

Soit q1
0 ∈ B

N
2

2,1 . Il existe l > 0 assez grand qui dépend de ‖q1
0‖

B
N
2

2,1

et ε tels que si :

∥∥(
q1

0

)
B Fl

∥∥
B

N
2 −2

2,1

� ε et
∥∥q2

0

∥∥
B

N
2 −1

2,1 ∩B
N
2

2,1

+ ∥∥u2
0

∥∥
B

N
2 −1

2,1

� ε,

alors il existe une solution forte globale (ρ, u) du système (1) telle que : ρ = ρ1 +q2 , u = u1 + u2 avec ∂tρ
1 −μ�ρ1 = 0, ρ1(0, ·) =

ρ1
0 et telle que :

q2 ∈ C̃
(
R

+, B̃
N
2 −1, N

2
2,1

) ∩ L1(
R

+, B̃
N
2 +1, N

2
2,1

)
et u2 ∈ C̃

(
R

+; B̃
N
2 −1

2,1

) ∩ L1(
R+, B̃

N
2 +1

2,1

)
.

Esquissons la preuve. Elle se divise en deux parties.

Solution approchée modulo la pression. On commence par remarquer que si dans un premier temps on suppose la pression
nulle alors (ρ1,−μ∇ lnρ1) (que l’on appellera « quasi-solution ») est une solution irrotationnelle particulière du système (1)
avec ρ1 solution de l’équation de la chaleur suivante : ∂tρ1 − μ�ρ1 = 0 avec ρ1(0, ·) = ρ1

0 . Le but du jeu va alors consister
à perturber cette solution particulière tout en considérant cette fois ci le terme de pression. Pour ce faire on travaillera avec
une solution écrite sous la forme : ρ(t, x) = ρ1(λ2t, λx) + 1

λ
ρ2(λ2t, λx) et u(t, x) = λu1(λ2t, λx) + u2(λ2t, λx).

Solution globale. On veut donc obtenir un résultat d’existence globale de solutions fortes avec données petites sur le sys-
tème vérifié par (ρ2, u2). Il semble cependant peu probable d’obtenir un tel résultat à cause du terme de pression P (ρ) qui
sera à priori grand au moins en ρ1. En fait on rappelle que le système de Navier–Stokes compressible n’est pas invariant
par changement d’échelle comme Navier–Stokes à cause justement du terme de pression, notre choix de données initiales
avec un tel « scaling » permettra justement de rendre artificiellement petit le terme de pression pour un λ assez grand.
Ce dernier pourra ainsi d’une certaine manière être négligé ce qui permettra d’obtenir l’existence globale pour le système
vérifié par (ρ2, u2). Nous aimerions mentionner que ce type d’idée a été utilisé dans un tout autre contexte pour obtenir la
contrôlabilité approchée globale des équation de Navier–Stokes en dimension N = 2 par J.-M. Coron (voir [2]). Le fait que
ρ1 a des effets régularisants sera aussi crucial pour traiter certains termes de l’équation de la masse.

Dans le cadre du Théorème 0.2, on tirera profit qu’en haute fréquence (i.e. l assez grand) alors la pression ∇(ρ1)H Fl est

petite dans L̃1
T (B

N
2 −1

2,1 ) pour tout T > 0 ce qui permettra également de négliger ce terme de pression et ainsi construire des
solutions globales pour le système vérifié par (ρ2, u2).
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1. Introduction

The motion of a general barotropic compressible fluid is described by the following system (the Saint-Venant system):⎧⎨
⎩

∂tρ + div(ρu) = 0,

∂t(ρu) + div(ρu ⊗ u) − div
(
μρD(u)

) + ∇ P (ρ) = ρ f ,

(ρ, u)/t=0 = (ρ0, u0).

(2)

Here u = u(t, x) ∈ R
N stands for the velocity field, ρ = ρ(t, x) ∈ R

+ is the density and D(u) = 1
2 (∇u +t ∇u). The pressure

P is such that P (ρ) = aρ2. We denote by μ > 0 the viscosity coefficients of the fluid. In the case of barotropic fluids, it is
easy to see that the transformations: (ρ(t, x), u(t, x)) → (ρ(l2t, lx), lu(l2t, lx)), l ∈R, have a property of invariance by scaling,
provided that the pressure term has been changed in λ2 P (this last point is crucial in order to prove Theorem 0.1 because
it allows for λ large enough to neglect the pressure term).

The use of critical functional frameworks led to several new well-posedness results for compressible fluids of global
strong solution with small initial data (see [1,3]). However the existence of global strong solution with large initial data
remains open. Here we would give a first kind of answer to this problem for a family of initial data with a large irrotational
part. In particular we are going to work around an irrotational quasi-solution of the system (1) (we also refer to [5] for
a such type of solution in the context of the Korteweg system). It is not clear as for Euler system to write the Saint-
Venant system under a purely irrotational form (it means with a solution such that u = ∇θ ), however we can check that
(ρ1,−μ∇ lnρ1) is a particular irrotational solution of (1) with P = 0 and with: ∂tρ

1 −μ�ρ1 = 0. We shall call this solution
a “quasi-solution” of (2) when P �= 0. It is then natural to work around this particular solution in order to obtain global
strong solution with large initial data for (2), the difficulty shall consist in canceling out the effects of the pressure as the
solution (ρ1,−μ∇ lnρ1) does not take into account the pressure. One of the main argument will be to explain why by the
regularizing effects on the density ρ1 enables us to ignore in some sense the pressure term. We now search solution of the
form ρ = ρ1 + q2 and u = −μ∇ lnρ1 + u2, we have then:⎧⎨

⎩
∂tq2 + u · ∇q2 + div u2 = −u2 · ∇q1 − q2 div u − q1 div u2,

∂t u2 + u · ∇u2 − μ�u2 + a∇q2 = −a∇q1 − u2 · ∇u1 + μ∇ lnρ · Du2 + μ∇(
lnρ − lnρ1

) · Du1,(
q2, u2

)
/t=0 = (

q2
0, u2

0

)
.

(3)

We now are going to use the same strategy than in [3] in order to prove the existence of global strong solution (q2, u2) of
the system (3), in particular we shall use the notion of effective velocity introduced in [4] and developed also in [3], in order
to obtain some damping effects on q2. One of the main point consists in distinguishing the behavior between the low and
the high frequencies as in [3].

Theorem 1.1. Let ρ0 = ρ1
0 + q2

0 and u0 = −μ∇ lnρ1
0 + u2

0 . Furthermore we assume that ρ1
0 � c > 0. We assume that (q1

0)H Fl ∈ B
N
2

2,1 .

Then there exist l > large enough depending on ‖q1
0‖

B
N
2

2,1

and ε such that if :

∥∥(
q1

0

)
B Fl

∥∥
B

N
2 −2

2,1

� ε and
∥∥q2

0

∥∥
B̃

N
2 −1, N

2
2,1

+ ∥∥u2
0

∥∥
B

N
2 −1

2,1

� ε,

then there exists a global solution (ρ, u) of the system (2) written under the form: ρ = ρ1 +q2 and u = u1 +u2 with ∂tρ
1 −μ�ρ1 =

0, ρ1(0, ·) = ρ1
0 and such that:

q2 ∈ C̃
(
R

+, B̃
N
2 −1, N

2
2,1

) ∩ L1(
R

+, B̃
N
2 +1, N

2
2,1

)
and u2 ∈ C̃

(
R

+; B
N
2 −1

2,1

) ∩ L1(
R+, B

N
2 +1

2,1

)
.

We refer to [3] for the definition of the hybrid Besov spaces.

Remark 1. We would like to emphasize on the fact that the density consists in the sum of a regular function ρ1 and of a
small perturbation ρ2. This point is very surprising in the sense that the density is governed by a hyperbolic equation which
means that a priori we do not wait for any regularizing effects on the density. It seems that there is a singular behavior
around the quasi-solution (ρ1,−μ∇ lnρ1).

Remark 2. Up our knowledge, it is the first result of global strong solution for compressible Navier–Stokes equations with
large initial data for the scaling of the equations. In particular it allows to deal with initial density such that ‖q0‖L∞ is not
necessary small. Our result can be extended to general pressure in particular a Van der Waals pressure P (ρ) = RT∗ρ

b−ρ − aρ2

with R , T∗ and b physical constant. It suffices in particular to work with ρ̄ sufficiently close from b and an initial density
ρ0 which changes of phase (indeed ρ0 is not necessary small in L∞ so not necessary close from ρ̄). Indeed in this case we
have P ′(ρ̄) > 0 which enables us to obtain a damping effect on q2 and to obtain global strong solution for q2 (because q2

shall stay close from 0).
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Remark 3. We have the existence of global strong solution without any smallness hypothesis on q1
0 when we consider the

system (2) with P (ρ) = aρ and with a friction term of the form a
μ u (see [6]).

2. Sketch of the proof of Theorem 1.1

We are giving a sketch of the proof in emphasizing on how to obtain suitable estimates on Besov spaces for (q2, u2). To
do this, we shall use a standard scheme. We smooth out the data and get a sequence of local solutions (qn, un)n∈N on [0, Tn]
to (2) by using the result of [4]. Next we prove uniform estimates on (q2

n, vn
2) (where vn

2 is the effective velocity associated
to un

2, we refer to [3] for a definition) in high frequencies and on (q2
n, u2

n) in low frequencies on [0, Tn] and we deduce that
Tn = +∞. Finally we use compactness to prove that the sequence (qn, un) converges, up to extraction, to a solution of (2).
The uniqueness is standard (see [4]). In the sequel we are just going to explain how to get uniform estimates on (q2

n, u2
n) in

suitable Besov space what is the heart of the proof. The rest is standard and follows the same lines than in [3].

2.1. Uniform bounds

For the sake of simplicity we are going to prove uniform estimate on (q2, u2) in low and high frequencies (we forget
here the index n of the sequel). We define the effective velocity by v2 = u2 − 1

μ∇(E ∗ [2a(ρ2 − 1)]), with E the fundamental

solution of the Laplace operator. In this part, we aim at getting uniform estimates on (q2
H Fl, (v2)H Fl) (with l that we will

fix later) in high frequencies in the following space E ′
T (with T > 0) and on (q2

B Fl, u2
B Fl) in low frequencies in the following

space F ′
T :

E ′
T = (

L̃∞
T

(
B

N
2

2,1

) ∩ L̃1
T

(
B

N
2

2,1

)) × (
L̃∞

T

(
B

N
2 −1

2,1

) ∩ L̃1
T

(
B

N
2 +1

2,1

))
,

F ′
T = (

L̃∞(
B

N
2 −1

2,1

) ∩ L̃1(B
N
2 +1

2,1

)) × (
L̃∞(

B
N
2 −1

2,1

) ∩ L̃1(B
N
2 +1

2,1

))
.

More precisely we will obtain uniform estimates on (q2, u2) in ET and on (q2, v2) in F T with:

ET = (
L̃∞

T

(
B̃

N
2 −1, N

2
2,1

) ∩ L̃1
T

(
B̃

N
2 +1, N

2
2,1

)) × (
L̃∞

T

(
B

N
2 −1

2,1

) ∩ L̃1
T

(
B

N
2 +1

2,1

))
,

F T = (
L̃∞(

B̃
N
2 −1, N

2
2,1

) ∩ L̃1( B̃
N
2 +1, N

2
2,1

)) × (
L̃∞(

B̃
N
2 , N

2 −1
2,1

) ∩ L̃1( B̃
N
2 +2, N

2 +1
2,1

))
.

We will work finally in the space HT with:

(q, u) ∈ HT ⇔ (
q2, u2)

B Fl ∈ E ′
T and

(
q2, v2)

H Fl ∈ F ′
T .

We have then: ‖(q2, u2)‖HT = ‖(q2, u2)B Fl‖E ′
T

+ ‖(q2, v2)H Fl‖F ′
T

. We can now check that (q2, v2) satisfies the following
system:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
∂tq

2 + u · ∇q2 + 2a

μ
q2 = F1,

∂t v2 − μ�v2 = G1,(
q2)

/t=0 = q2
0,

(
v2)

/t=0 = v2
0,

(4)

which is a transport equation and a heat equation. Here we have:

F1 = −div v2 − u2 · ∇q1 − q2 div u − q1 div u2,

G1 = −∂t(�)−1∇(
2aq2) − u · ∇u2 − 2a∇q1 − u2 · ∇u1 + μ∇ lnρ · Du2 + μ∇ lnρ2 · Du1.

Furthermore (q2, u2) is the solution of the following system:⎧⎪⎨
⎪⎩

∂tq2 + u · ∇q2 + div u2 = F 2,

∂t u2 + u · ∇u2 − μ�u2 + 2a∇q2 = G2,(
q2, u2

)
/t=0 = (

q2
0, u2

0

)
,

(5)

with:

F 2 = −u2 · ∇q1 − q2 div u − q1 div u2,

G2 = −u2 · ∇u1 − 2a∇q1 − μ∇ lnρ · Du2 − μ∇ lnρ2 · Du1.

Let us set:
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ET (q, u) = ‖q‖̃
L∞

T (B̃
N
2 −1, N

2
2,1 )

+ ‖u‖̃
L∞

T (B̃
N
2 −1

2,1 )

+ ‖q‖̃
L1

T (B̃
N
2 +1, N

2
2,1 )

+ ‖u‖̃
L1

T (B
N
2 +1

2,1 )

,

E1T (q, u) = ‖q‖̃
L∞

T (B
N
2 −1

2,1 )

+ ‖u‖̃
L∞

T (B
N
2 −1

2,1 )

+ ‖q‖̃
L1

T (B
N
2 +1

2,1 )

+ ‖u‖̃
L1

T (B
N
2 +1

2,1 )

,

E2T (q, u) = ‖q‖̃
L∞

T (B
N
2

2,1)

+ ‖u‖̃
L∞

T (B
N
2 −1

2,1 )

+ ‖q‖̃
L1

T (B
N
2

2,1)

+ ‖u‖̃
L1

T (B
N
2 +1

2,1 )

.

One can now apply classical proposition for the transport equation and heat equation (see [3]) in order to control in high
frequencies (v2,q2), more precisely we have:

E2T
((

q2, v2)
H Fl

)
� C

(∥∥(
q2

0

)
H Fl

∥∥
B

N
2

2,1

+ ∥∥(
u2

0

)
H Fl

∥∥
B

N
2 −1

2,1

+ ∥∥(F1)H Fl
∥∥̃

L1
T (B

N
2

2,1)

+ ∥∥(G1)H Fl
∥∥̃

L1
T (B

N
2 −1

2,1 )

)
.

In order to deal with the low frequencies, we need to use Proposition 4 of [1], and we obtain:

E1T
((

q2, u2)
B Fl

)
� C

(∥∥(
q2

0

)
B Fl

∥∥
B

N
2 −1

2,1

+ ∥∥(
u2

0

)
B Fl

∥∥
B

N
2 −1

2,1

+ ∥∥(
F 2)

B Fl

∥∥̃
L1

T (B
N
2 −1

2,1 )

+ ∥∥(
F 2)

B Fl

∥∥̃
L1

T (B
N
2 −1

2,1 )

)
.

Therefore, it is only a matter of proving appropriate estimates for F1, G1, F 2 and G2 by using properties of continuity on the
paraproduct (we refer in particular to the appendix of [3] when the Besov spaces are hybrid). Before doing this, we would

like to recall that as ρ1 verifies a heat equation, we have that q1 belongs to L̃∞
T (B̃

N
2 −2, N

2
2,1 ) ∩ L̃1

T (B̃
N
2 , N

2 +2
2,1 ) for any T > 0 and

that ρ1 � c > 0 by the maximum principle (we would like to mention that the control of the vacuum is also mandatory in
order to deal with the terms in ∇ lnρ). This regularizing effect on q1 is absolutely crucial in order to deal with some terms
of F 1. In particular for the term u2 · ∇q1 where we lose one derivative on q1, in particular we have (see the proposition in
the appendix of [3]):

∥∥(
u2 · ∇q1)

H Fl

∥∥̃
L1

T (B
N
2

2,1)

�
∥∥q1

∥∥̃
L2

T (B̃
N
2 −1, N

2 +1

2,1 )

∥∥u2
∥∥̃

L2
T (B

N
2

2,1)

.

The rest of the estimates on F1, G1, F 2 and G2 follows the same lines than in [3], except concerning the pressure where

we need to be very careful. Indeed it is not clear that the term ∇q1 in G1 remains small in high frequencies in L̃1
T (B

N
2 −1

2,1 ).
We are going to explain why it is the case for l large enough.

2.2. How to deal with the pressure term

We are going to benefit from the fact that q1 has regularizing effects and in particular of the fact that q1
H Fl belongs in

L̃1(B
N
2 +2

2,1 ). We have then:

∥∥∇q1
H Fl

∥∥̃
L1(B

N
2 −1

2,1 )

� 1

22l

∥∥q1
H Fl

∥∥̃
L1(B

N
2 +2

2,1 )

,

it means that for l large enough this term can be considered than small.

2.3. Bootstrap argument

From a standard bootstrap argument (see [3]) which consists in using the Gronwall lemma in order to deal with the
linear term in (q2, u2) in F1, G1, F 2 and G2 (for example the terms of the type u1 · ∇u2, ∇ lnρ1 · Du2 . . .), we can easily
conclude that there exist an l large enough and a positive constant c such that if the data has been chosen so small such
that:
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then for any T > 0, we have with V (T ) = ∫ T
0 (‖∇u1(t)‖

B
N
2

2,1

+ ‖q1(t)‖
B̃

N
2 , N

2 +2

2,1

)dt:

∥∥(
q2, u2)∥∥

HT
� CeV (T )

(∥∥q2
0

∥∥
B̃

N
2 −1, N

2
2,1

+ ∥∥u2
0

∥∥
B

N
2 −1

2,1

+ ∥∥∇q1
∥∥̃

L1(B
N
2 −1

2,1 )

)
.



254 B. Haspot / C. R. Acad. Sci. Paris, Ser. I 350 (2012) 249–254
3. Sketch of the proof of Theorem 0.1

The idea is similar to Theorem 1.1 except that we write the solution under the form ρ(t, x) = ρ1(λ2t, λx) + 1
λ
ρ2(λ2t, λx)

and u(λ2t, λx) = λu1(λ2t, λx) + u2(λ2t, λx). We can split Eq. (2) in two equations: one with the terms in λ3 and the second
one in the terms of order less than λ2. The first one is exact with the choice on ρ1 which verifies a heat equation. The
second one has to be treated exactly as in Theorem 0.2. The main point is that the pressure term in q1 is of the form λ∇q1

which can be considered than small compared with the term in (q2, u2) of order λ2. The rest of the proof follows exactly
the same lines than in Theorem 1.1.
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