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We show convergence rates in the law of large numbers for martingale arrays. The results
extend the classical theorems of Baum and Katz (1965) [2] for sums of independent
and identically distributed (i.i.d.) random variables. They improve a result of Ghosal and
Chandra (1998) [6] for martingale arrays, and generalize a result of Alsmeyer (1990) [1]
for a single martingale. As an application, we obtain a new theorem about the convergence
rate of Cesàro summation of identically distributed random variables.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Nous montrons la vitesse de convergence dans la loi des grand nombres pour un tableau
de martingales. Les résultats étendent les théorèmes classiques de Baum et Katz (1965)
[2] pour les sommes de variables aléatoires indépendantes et identiquement distribuées
(i.i.d.). Ils améliorent un résultat de Ghosal et Chandra (1998) [6] pour des tableaux de
martingales, et généralisent un résultat d’Alsmeyer (1990) [1] pour une seule martingale.
Comme application, nous obtenons un théorème nouveau concernant la vitesse de
convergence pour des sommes de Cesàro de variables aléatoires identiquement distribuées.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

On suppose que pour chaque n � 1, {(Xnj, Fnj)} j�1 est une suite de différences de martingales, c’est-à-dire que Xnj sont
Fnj mesurables avec E[Xnj|Fn, j−1] = 0 presque sûrement. On pose pour n � 1,

Snk =
∑

1� j�k

Xnj pour k � 1, Sn,∞ =
∑
j�1

Xnj si la série converge. (1)

Sous une condition simple, nous montrons que Sn,∞ → 0 en probabilité et nous étudions la vitesse de convergence de
P {|Sn,∞| > ε} lorsque n → ∞, où ε > 0. Remarquons que dans le cas d’une seule martingale en posant Xnj = 1

n X j si
1 � j � n, et Xnj = 0 si j > n, nous avons Sn,∞ = 1

n

∑n
j=1 X j ; dans ce cas il s’agit de l’étude de la vitesse de convergence

de P { 1
n |∑n

j=1 X j| > ε}. Nos résultats principaux sont les deux théorèmes suivants qui généralisent les résultats classique de
Baum et Katz sur la vitesse de convergence dans la loi des grands nombres. Notons, pour n � 1,
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mn(γ ) =
∑
j�1

E
[|Xnj|γ |Fn, j−1

]
, γ ∈ ]1,2]. (2)

Théorème 0.1. Soit φ : N → [0,∞[ une application positive. Supposons que pour certains γ ∈ ]1,2], q ∈ [1,∞] et λ ∈ ]0,q[, lorsque
n → ∞,∥∥mn(γ )

∥∥
q → 0 et φ(n)

∥∥mn(γ )
∥∥λ

q = O (1), (C1)

où ‖ · ‖q désigne la norme dans Lq. Alors les assertions suivantes sont équivalentes :

φ(n)
∑
j�1

P
{|Xnj| > ε

} = o(1)
(
resp. O (1)

) ∀ε > 0, (3)

φ(n)P
{|Sn,∞| > ε

} = o(1)
(
resp. O (1)

) ∀ε > 0, (4)

φ(n)P
{

sup
j�1

|Snj| > ε
}

= o(1)
(
resp. O (1)

) ∀ε > 0. (5)

Notons que la condition (C1) est satisfaite si pour certains γ ∈ ]1,2], r ∈ R et ε1 > 0, lorsque n → ∞,

φ(n) = O
(
nr) et

∥∥mn(γ )
∥∥∞ = O

(
n−ε1

)
. (C1′)

Théorème 0.2. Soit φ : N → [0,∞[ une application positive. Supposons que pour certains γ ∈ ]1,2], q ∈ [1,∞] et λ ∈ ]0,q[,∥∥mn(γ )
∥∥

q → 0 et
∑
n�1

φ(n)
∥∥mn(γ )

∥∥λ

q < ∞. (C2)

Alors les assertions suivantes sont équivalentes :∑
n�1

φ(n)
∑
j�1

P
{|Xnj| > ε

}
< ∞ ∀ε > 0, (6)

∑
n�1

φ(n)P
{|Sn,∞| > ε

}
< ∞ ∀ε > 0, (7)

∑
n�1

φ(n)P
{

sup
j�1

|Snj| > ε
}

< ∞ ∀ε > 0. (8)

Dans le cas où (C2) est satisfaite avec q = ∞ et γ = 2, Ghosal et Chandra [6] ont prouvé que (6) implique (8). Ici nous
montrons l’équivalence sous une condition plus faible. Dans le cas d’une seule martingale où Xnj = 1

nα X j avec α ∈ ]1/2,1]
si 1 � j � n, et Xnj = 0 si j > n, et lorsque φ(n) = nb−1 (b > 0), l’équivalence de (6)–(8) a été prouvée par Alsmeyer [1] sous
la condition suivante plus forte :

sup
n�1

∥∥mn(γ )
∥∥

q < ∞ avec mn(γ ) = 1

n

∑
1� j�n

E
[|X j|γ |F j−1

]
(C3)

pour certains γ ∈ ]1/α,2] et q ∈ [1,∞] avec q > b/(γ α − 1). Dans le cas où les X j sont i.i.d., les equivalences des Théo-
rèmes 0.1 et 0.2 deviennent les théorèmes classiques de Baum et Katz [2].

1. Introduction

Our work is motivated by the study of convergence rates in the law of large numbers for martingales.
Let (X j) be a sequence of i.i.d. random variables with EXi = 0 and set Sn = ∑n

j=1 X j . By the law of large numbers,

P {|Sn| > εn} → 0 for ε > 0. For the rate of convergence, Hsu and Robbins [8] showed that EX2
1 < ∞ implies

∑∞
n=1 P (|Sn| >

εn) < ∞ for all ε > 0; Erdös [5] proved that the converse also holds. Spitzer [12] found that
∑∞

n=1 n−1 P (|Sn| > εn) < ∞ for
all ε > 0 whenever EX1 = 0. Baum and Katz [2] proved that, for p = 1

α , α � 1
2 or for p > 1

α , α > 1
2 ,

∑∞
n=1 npα−2 P {|Sn| >

εnα} < ∞ for all ε > 0 if and only if E|X1|p < ∞.
Let (X j) be a sequence of real-valued martingale differences defined on a probability space (Ω, F , P ), adapted to a

filtration (F j), with F0 = {∅,Ω}. Is the pre-mentioned theorem of Baum and Katz [2] still valid for martingale differences
(X j)? Lesigne and Volný [10] proved that for p � 2, sup j�1 E|X j|p < ∞ implies P (|Sn| > εn) = O (n−p/2), and that the
exponent p/2 is the best possible, even for strictly stationary and ergodic sequences of martingale differences. Therefore
the theorem of Baum and Katz does not hold for martingale differences without additional conditions. (Stoica [13] claimed
that the theorem of Baum and Katz still holds for p > 2 in the case of martingale differences without additional assumption;
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but his claim is a contradiction with the conclusion of Lesigne and Volný [10], and his proof contains an error: when p > 2,
we cannot choose α satisfying (6) of [13].) Alsmeyer [1] proved that the theorem of Baum and Katz of order p > 1 still
holds for martingale differences (X j) if for some γ ∈ (1,2] and q ∈ [1,∞] with q > (p − 1)/(γ − 1), (C3) holds, where
‖ · ‖q denotes the Lq norm. This is a nice result, nevertheless: (a) it does not apply to “non-homogeneous” cases, such as
martingales of the form Sn = ∑n

j=1 jaY j , where a > 0 and Y j are i.i.d., as in this case the condition (C3) (with X j = jaY j ) is
never satisfied; (b) in applications instead of a single martingale we often need to consider martingale arrays: for example
when we use the decomposition of a random sequence Sn into martingale differences (such as in the study of directed
polymers in a random environment), the summands usually depend on n: Sn = ∑n

j=1 Xnj , Xnj = E[Sn|F j] − E[Sn|F j−1],
where F0 = {∅,Ω} and Fi = σ(S1, . . . , Si) for i � 1.

Our first objective is to extend the theorem of Baum and Katz [2] to a large class of martingale arrays. Our results
improve a result of Ghosal and Chandra [6] for martingale arrays, and extend Alsmeyer’s result (cf. [1]) for martingales.
The consideration of a martingale array (rather than a single martingale) makes the results very adapted in the study of
weighted sums of identically distributed random variables. As an example, we prove a new theorem about the rate of
convergence of Cesàro summation of identically distributed random variables.

Our second objective is to extend another important and closely related theorem of Baum and Katz [2] which states that
for i.i.d. random variables X j with EX j = 0 and for each p � 1, P (|X1| > n) = o(n−p) if and only if P (|Sn| > εn) = o(n−(p−1))

for all ε > 0. We prove that a similar result holds for a large class of martingale arrays. The result is new and sharp even
for independent but not identically distributed random variables.

2. Convergence rates of martingale arrays

In this section, we show Baum–Katz type theorems for convergence rates of martingale arrays. For every n � 1, let
{(Xnj, Fnj)} j�1 be a sequence of real-valued martingale differences defined on a probability space (Ω, F , P ): for every
j � 1, Xnj is Fnj measurable and E[Xnj|Fn, j−1] = 0 a.s., where {Fnj: j � 0} is a sequence of increasing sub-σ -fields of F ,
with Fn0 = {∅,Ω}. Set for n � 1,

Snk =
∑

1� j�k

Xnj for k � 1, Sn,∞ =
∑
j�1

Xnj if the series converges. (9)

We first show a preliminary result which is a weak law of large numbers for Sn,∞ .

Lemma 2.1. If for some γ ∈ (1,2], ∑∞
j=1 E|Xnj|γ → 0 as n → ∞, then

sup
j�1

|Snj| → 0 and Sn,∞ → 0 in probability. (10)

We are interested in the convergence rate of P {|Sn,∞| > ε} as n → ∞. We describe the rate of convergence by comparing
the probability with an auxiliary function φ(n), and by considering the convergence of the corresponding series.

Theorem 2.2. Let φ : N → [0,∞) be a positive function. Suppose that (C1) holds for some γ ∈ (1,2], q ∈ [1,∞] and λ ∈ (0,q). Then
the assertions (3)–(5) are all equivalent.

We mention that the condition (C1) holds if (C1′) holds for some γ ∈ (1,2], r ∈ R and ε1 > 0.

Theorem 2.3. Let φ : N 	→ [0,∞) be a positive function. Suppose that (C2) holds for some γ ∈ (1,2], q ∈ [1,∞] and λ ∈ (0,q). Then
the assertions (6)–(8) are all equivalent.

Ghosal and Chandra [6, Theorem 2] proved that if (C2) holds with q = ∞ and γ = 2, then (6) implies (8). Here we show
the equivalence of (6) and (8) under a weaker condition.

3. Convergence rates of martingales

In this section, we consider the convergence rate in the law of large numbers for a single sequence of martingale
differences. Let {(X j, F j)} j�1 be a sequence of real-valued martingale differences defined on a probability space (Ω, F , P ).
This means that for each j � 1, X j is F j -measurable and E[X j|F j−1] = 0 a.s., where {F j: j � 0} is a sequence of increasing
sub-σ -fields of F , with F0 = {∅,Ω}. Set for n � 1,

Sn =
∑

1� j�n

X j, S∗
n = max

1� j�n
|S j|. (11)

Notice that Sn/nα → 0 a.s. if and only if P (sup j�n j−α |S j | > ε) → 0 for any ε > 0. So the following theorems describe the
a.s. convergence of Sn/nα . Let l(·) > 0 be a function slowly varying at ∞, that is, a positive measurable function defined on
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(0,∞) such that limx→∞ l(λx)/l(x) = 1 for each λ > 0. As usual, we write an = o(1) if limn→∞ an = 0, and an = O (1) if (an)

is bounded.

Theorem 3.1. Let α,b > 0 and φ(n) = nbl(n). Suppose that for some γ ∈ (1,2], q ∈ [1,∞] and λ ∈ (0,q),

φ(n)
∥∥mn(γ )

∥∥λ

q = O (1), where mn(γ ) = n−γ α
∑

1� j�n

E
[|X j|γ |F j−1

]
. (C4)

Then the following assertions are all equivalent:

φ(n)
∑

1� j�n

P
{|X j| > εnα

} = o(1)
(
resp. O (1)

) ∀ε > 0, (12)

φ(n)P
{|Sn| > εnα

} = o(1)
(
resp. O (1)

) ∀ε > 0, (13)

φ(n)P
{

S∗
n > εnα

} = o(1)
(
resp. O (1)

) ∀ε > 0, (14)

φ(n)P
{

sup
j�n

j−α S∗
j > ε

}
= o(1)

(
resp. O (1)

) ∀ε > 0. (15)

Theorem 3.1 is an extension of Theorem 4 of Baum and Katz [2] for i.i.d. random variables.

Theorem 3.2. Let α,b > 0 and φ(n) = nb−1l(n). Suppose that for some γ ∈ (1,2], q ∈ [1,∞] and λ ∈ (0,q), (C2) holds with mn(γ ) =
n−γα

∑n
j=1 E[|X j|γ |F j−1]. Then the following assertions are all equivalent:

∑
n�1

φ(n)
∑

1� j�n

P
{|X j| > εnα

}
< ∞ ∀ε > 0, (16)

∑
n�1

φ(n)P
{|Sn| > εnα

}
< ∞ ∀ε > 0, (17)

∑
n�1

φ(n)P
{

S∗
n > εnα

}
< ∞ ∀ε > 0, (18)

∑
n�1

φ(n)P
{

sup
j�n

j−α S∗
j > ε

}
< ∞ ∀ε > 0. (19)

If additionally X j have the same law, then (16)–(19) are all equivalent to E|X1|(b+1)/αl(|X1|1/α) < ∞.

We mention that in the case where α ∈ (1/2,1] and (C3) holds for some γ ∈ (1/α,2] and q ∈ [1,∞] with q > b/(γ α−1),
the condition (C2) of Theorem 3.2 is satisfied. In this case and when l = 1, the equivalence of (16)–(19) was proved by
Alsmeyer [1]. In applications, especially when we consider sums of weighted random variables, the condition (C2) is more
adapted than (C3) (cf. Section 4).

Theorem 3.2 is an extension of Theorems 1, 2 and 3 of Baum and Katz [2] for i.i.d. random variables.

4. Applications to weighted sums of martingale differences

We can study convergence rates for weighted sums of identically distributed random variables by using Theorem 2.3.
In the following we give an example about Cesàro summation for identically distributed martingale differences. Cesàro
summation is the most commonly studied method of summation. Let {(X j, F j)} j�1 be martingale differences that are
identically distributed. For a > −1, set

Sa
n = (

Aa
n

)−1 ∑
0� j�n

Aa−1
n− j X j for n � 0, (20)

where Aa
0 = 1 and Aa

n = (a + 1)(a + 2) · · · (a + n)/n! for n � 1. The coefficients Aa
n satisfy Aa

n ∼ na

Γ (a+1)
as n → ∞ and

(Aa
n)−1 ∑n

j=0 Aa−1
n− j = 1 for n � 0. When X j are centered independent random variables, the a.s. convergence of Sa

n to 0 was
shown by Lorentz [11] for a ∈ (1/2,1), by Chow and Lai [3] for a ∈ (0,1/2) and by Déniel and Derriennic [4] for a = 1/2.
Here we study the convergence rate for martingale differences.

Theorem 4.1. Let b � 0, a > 0, α > −a and p, β ∈ R. Suppose that (C3) holds for some γ ∈ (1,2] and q ∈ [1,∞] with q > b
γ (α+1)−1

and γ (α + 1) − 1 > 0.
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(a) Let Sa
n be defined by (20). Then∑

n�2

nb−1(log n)p P
{∣∣Sa

n

∣∣ > εnα(log n)β
}

< ∞ ∀ε > 0 (21)

is equivalent to⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

E|X1| b+1
1+α

(
log+ |X1|

)− β(b+1)
1+α +p

< ∞ if a >
b − α

b + 1
,

E|X1| 1
1−a

(
log+ |X1|

)− β
1−a +p+1

< ∞ if a = b − α

b + 1
,

E|X1| b
a+α

(
log+ |X1|

)− βb
a+α +p

< ∞ if a <
b − α

b + 1
.

(22)

(b) The conclusion of Part (a) remains true when Sa
n is defined by Sa

n = n−a ∑n
j=1 ja−1 X j .

When X j are centered i.i.d. random variables, if p = β = 1, a � 1 and α = 0, Part (a) of Theorem 4.1 reduces to The-
orem 2.2 of Gut in [7]; Part (b) contains Theorems 2 and 3 of Lanzinger and Stadtmüller [9] (more precisely, our result
reduces to Theorems 2 and 3(a)(i) and (iii) of [9] if p = β = 0 and a ∈ (0,1), to Theorem 3(a)(ii) of [9] if p = −1, β = 0 and
a ∈ (0,1), and to Theorem 3(b) of [9] if p < 0, p �= −1, β = 1 and a = 0). Notice that when p = β = 0 and a = 1, in (22)
only the first case occurs, so that the moment condition in Theorem 4.1 coincides with that in Theorem 3.2 (with l(x) = 1).

5. Maximal inequalities

The proofs of results are based on the following maximal inequalities. For a sequence of random variables (X j), let
X∗

n = max1� j�n |X j|, and let Sn , S∗
n be defined by (11). For γ ∈ (1,2], let

m(γ ,n) =
∑

1� j�n

E
[|X j|γ |F j−1

]
. (23)

Lemma 5.1 (Relation between P {X∗
n > ε} and

∑
1� j�n P {|X j| > ε}). Let {(X j, F j)}n

j=1 be an adapted sequence of random variables.
Then for any ε,γ > 0 and q � 1,

P
{

X∗
n > ε

}
�

∑
1� j�n

P
{|X j| > ε

}
�

(
1 + ε−γ

)
P
{

X∗
n > ε

} + ε−γ
Emq(γ ,n). (24)

Lemma 5.2 (Relation between P {X∗
n > ε} and P {S∗

n > ε}). Let {(X j, F j)}n
j=1 be a sequence of martingale differences. Then for any

ε > 0, γ ∈ (1,2], q � 1 and any integer L � 0,

P
{

X∗
n > 2ε

}
� P

{
S∗

n > ε
}

� P
{

X∗
n > ε/

(
4(L + 1)

)} + ε
−qγ (L+1)

q+L C(γ ,q, L)
(
Emq(γ ,n)

) 1+L
q+L , (25)

where C(γ ,q, L) is a constant depending only on γ , q and L.

Lemma 5.3 (Relation between P {|Sn| > ε} and P {S∗
n > ε}). Let {(X j, F j)}n

j=1 be a sequence of martingale differences. Then for any
ε > 0, γ ∈ (1,2] and q � 1,

P
{|Sn| > ε

}
� P

{
S∗

n > ε
}

� 2P
{|Sn| > ε/2

} + ε−qγ C(γ ,q)Emq(γ ,n), (26)

where C(γ ,q) is a constant depending only on γ and q.

Lemma 5.4 (Relation between P {S∗
n > εnα} and P {sup j�n j−α S∗

j > ε}). Let (X j) j�1 be a sequence of any random variables. Let

ε,α,b, δ > 0 and φ(n) = nbl(n). If there exists n0 > 0, such that for all n � n0 ,

φ(n)P

{
S∗

n >
1

2
εnα

}
� δ, (27)

then there exists n′
0 > 0 depending only on n0,b and α, such that for all n � n′

0 ,

φ(n)P
{

sup
j�n

j−α S∗
j > 2ε

}
� δC(b,α), (28)

where C(b,α) is a constant depending only on b and α. Conversely, P {S∗
n > εnα} � P {sup j�n j−α S∗

j > ε}.
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