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This work is devoted to the optimal and a posteriori error estimates of the Stokes
problem with some non-standard boundary conditions in three dimensions. The variational
formulation is decoupled into a system for the velocity and a Poisson equation for
the pressure. The velocity is approximated with curl conforming finite elements and
the pressure with standard continuous elements. Next, we establish optimal a posteriori
estimates.
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r é s u m é

Dans cette Note, nous établissons des estimations d’erreur a posteriori pour le problème
de Stokes avec certaines conditions aux limites non standards en dimension trois. La
formulation variationnelle est découplée en un problème pour la vitesse et une équation de
Poisson pour la pression. La vitesse est approchée par les éléments finis rot et la pression
par les éléments continus standards. Nous établirons par la suite les estimations a posteriori
optimales.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

On consière le problème formé par l’équation (1) avec la condition aux limites (2) (ou (3)) où Ω est un domaine borné
polyhédrique et convexe de R

3 de bord Γ = ∂Ω . On note n le vecteur normal sortant sur Γ , u la vitesse et p la pression.
Habituellement, pour le problème de Stokes, nous utilisons la condition inf-sup pour établir l’existence et l’unicité de la

solution théorique ; et pour la discrétisation de la pression et de la vitesse, nous utilisons des ensembles d’éléments finis
qui vérifient aussi la condition inf-sup discrète.

Dans notre travail, les conditions aux limites non standard (2) et (3) nous permettent de découpler le système varia-
tionnel en une équation de Poisson pour la pression et une autre équation pour la vitesse où l’existence et l’unicité de
la solution découlent directement sans la condition inf-sup. Nous utilisons la méthode des éléments finis non-conformes
H(rot) pour la vitesse et les éléments finis P 1 pour la pression.
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Les estimations d’erreur a priori peuvent être classiquement établies. Concernant les etimations d’erreur a posteriori,
nous commençons par établir celles relatives à la pression par les méthodes usuelles. Celles de la vitesse se basent sur la
décomposition suivante ;

u − uh = ∇λ + w

où λ ∈ H1
0(Ω) et w ∈ V 0 (pour la condition aux limites (2)). Ainsi, nous obtenons le système suivant vérifié uniquement

par λ :∫
Ω

∇λ∇μ = −1

2

∑
κ∈τh

( ∑
e∈εκ

∫
e

[uh.n](μ − μh)

)
, ∀μ ∈ H1

0(Ω), ∀μh ∈ Q 0h

et le système vérifié seulement par w

ν

∫
Ω

curl w curl v =
∑
κ∈τh

(∫
κ

(f − fh)(v − vh) +
∫
κ

(fh − ∇ph)(v − vh) − ν

2

∑
e∈εκ

∫
e

([curl uh × n])(v − vh)

)
,

∀v ∈ V 0, ∀vh ∈ V 0h.

1. Introduction, description and analysis of the model

Let Ω be a bounded convex domain of R
3 with a polyhedral boundary ∂Ω = Γ . Consider the following Stokes equations

for an incompressible fluid, with the velocity u and the pressure p:

−ν
u + ∇p = f in Ω, div u = 0 in Ω, (1)

and the boundary conditions:

u × n = 0, p = 0 on ∂Ω, (2)

or

u.n = 0, curl u × n = 0 on ∂Ω. (3)

We denote by (Prob1) the system of Eqs. (1) and (2), and by (Prob2) the system of Eqs. (1) and (3). We suppose that
f ∈ L2(Ω)3 and we denote by C a generic positive constant. We introduce the spaces:

H(div,Ω) = {
v ∈ L2(Ω)

3
, div v ∈ L2(Ω)

}; H0(div,Ω) = {
v ∈ H(div,Ω),v · n = 0 on Γ

};
H(curl,Ω) = {

v ∈ L2(Ω)
3
, curl v ∈ L2(Ω)

3}; H0(curl,Ω) = {
v ∈ H(curl,Ω), v × n = 0 on Γ

};
normed respectively by

‖v‖H(div,Ω) = {‖v‖2
0,Ω + ‖div v‖2

0,Ω

}1/2
and ‖v‖H(curl,Ω) = {‖v‖2

0,Ω + ‖curl v‖2
0,Ω

}1/2
.

Theorem 1. (Prob1) and (Prob2) have respectively the following weak variational formulations:

Find u ∈ H0(curl,Ω) and p ∈ H1
0(Ω) such that

ν(curl u, curl v) + (∇p,v) = (f,v), ∀v ∈ H0(curl,Ω), (4)

(∇q,u) = 0, ∀q ∈ H1
0(Ω), (5)

and

Find u ∈ H(curl,Ω) and p ∈ H1(Ω)/R such that

ν(curl u, curl v) + (∇p,v) = (f,v), ∀v ∈ H(curl,Ω), (6)

(∇q,u) = 0, ∀q ∈ H1(Ω). (7)

Let us introduce the spaces:

V 0 = {
v ∈ H0(curl,Ω); (∇q,v) = 0, ∀q ∈ H1

0(Ω)
}

and

U = {
v ∈ H(curl,Ω); (∇q,v) = 0, ∀q ∈ H1(Ω)

}
.

For all v ∈ V 0 or U , we have ‖curl v‖L2(Ω)3 � C‖v‖H(curl,Ω) .
Each variational formulation is split into a system for the velocity and a Poisson equation for the pressure.



H. Abboud et al. / C. R. Acad. Sci. Paris, Ser. I 349 (2011) 523–528 525
Theorem 2. The problem (4)–(5) is equivalent to the problem:

Find u ∈ V 0 such that ν(curl u, curl v) = (f,v), ∀v ∈ V 0. (8)

Find p ∈ H1
0(Ω) such that (∇p,∇q) = (f,∇q), ∀q ∈ H1

0(Ω). (9)

The problem (6)–(7) is equivalent to the problem:

Find u ∈ U such that ν(curl u, curl v) = (f,v), ∀v ∈ U . (10)

Find p ∈ H1(Ω)/R such that (∇p,∇q) = (f,∇q), ∀q ∈ H1(Ω). (11)

In both cases, there exists a unique solution and we have the following bounds:

|p|1,Ω � ‖f‖0,Ω ; ‖curl u‖0,Ω � C1

ν
‖f‖0,Ω and ‖u‖1,Ω � C2

ν
‖f‖0,Ω .

For the details of the previous two theorems, we can refer to V. Girault [4], p. 206.

2. Finite element discretization

Let h > 0 be a discretization parameter and for each h, let τh be a corresponding regular (or non-degenerate) family of
triangulations of Ω , consisting of tetrahedra such that any two tetrahedra are either disjoint or share a vertex or an entire
edge or face. For an arbitrary κ ∈ τh, we denote by ηκ the diameter of κ and by ρκ the diameter of the sphere inscribed
in κ. Then η denotes the maximum of ηκ and we assume that τη is regular in the sense of Ciarlet [2]: there exists a
constant σ independent of η such that

sup
κ∈τη

ηκ

ρκ
= σκ � σ . (12)

For each κ in τh , we introduce the spaces P0(κ) of the restrictions to κ of constant functions on R
3, P1(κ) of the restrictions

to κ of affine function on R and the space PK (κ) of the restrictions to κ of polynomials v of the form:

v(x) = a + b × x, a ∈ R
3, b ∈ R

3.

The space PK (κ) and the corresponding finite elements are studied in [5]. Their degrees of freedom are the average flux
along the edges

∫
l(v.t)dl, for the six edges l of κ , t is the direction vector of l.

Hence, we associate the operator rκ where rκ (u) is the unique polynomial of PK that has the same flux along the edges
as u. We define also the operator Iκ where Iκ (q) is the unique polynomial of P1(κ) that has the same values on the vertex
of κ as q. Next, let us introduce the discrete spaces:

Mh = {
uh ∈ H(curl,Ω); uh|κ ∈ PK (κ), ∀κ ∈ τh

}
, M0h = Mh ∩ H0(curl,Ω), (13)

Q h = {
qh ∈ C0(Ω); qh|κ ∈ P1(κ), ∀κ ∈ τh

}
, Q 0h = Q h ∩ H1

0(Ω). (14)

With these spaces, the finite-dimensional analogues of V 0 and U are

V 0h = {
vh ∈ M0h; (∇qh,vh) = 0, ∀qh ∈ Q 0h

}
, Uh = {

vh ∈ Mh; (∇qh,vh) = 0, ∀qh ∈ Q h
}
.

We define the interpolation operators rh from H1(Ω)3 onto Mh , Ih from H2(Ω) onto Q h by

rhu = rκ (u) on κ, ∀κ ∈ τh (similarly for Ih).

We discretize (Prob1) by: Find uh ∈ V 0h and ph ∈ Q 0h such that

ν(curl uh, curl vh) + (∇ph,vh) = (f,vh), ∀vh ∈ M0h. (15)

Similarly, we discretize (Prob2) by: Find uh ∈ Uh and ph ∈ Q h/R such that

ν(cur uh, curl vh) + (∇ph,vh) = (f,vh), ∀vh ∈ Mh. (16)

As in the continuous way, the discrete form of (Prob1) and (Prob2) can be respectively split into

Find uh ∈ V 0h such that ν(curl uh, curl vh) = (f,vh), ∀vh ∈ V 0h, (17)

Find ph ∈ Q 0h such that (∇ph,∇qh) = (f,∇qh), ∀qh ∈ Q 0h. (18)
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And

Find uh ∈ Uh such that ν(curl uh, curl vh) = (f,vh), ∀vh ∈ Uh, (19)

Find ph ∈ Q h/R such that (∇ph,∇qh) = (f,∇qh), ∀qh ∈ Q h. (20)

These two last discrete problems have unique solutions (see Girault [4], p. 216). The pressure is entirely dissociated from
the velocity, i.e. can be computed without knowing the velocity. We have also for both discrete problems the following
bounds:

‖curl uh‖0,Ω � C

ν
‖f‖0,Ω and |ph|1,Ω � ‖f‖0,Ω .

For the a priori error estimates, we can refer to [4]. If the solution of the problem (8)–(9) (resp. (10)–(11)) is sufficiently
smooth we have

|p − ph|1,Ω � Ch|p|2,Ω and ‖curl(u − uh)‖0,Ω � Ch
(|p|2,Ω + |u|2,Ω

)
. (21)

3. A posteriori error analysis

We now intend to prove a posteriori error estimates between the exact solution (u, p) of the problem (8)–(9) and the
numerical solution (uh, ph) of the problem (17)–(18). By the same way, we can prove a posteriori error estimates between
the solution (u, p) of the exact problem (10)–(11) and (uh, ph) of the numerical problem (19)–(20). In all the rest of the
paper, we suppose that f ∈ H(div,Ω).

We introduce for an element κ of τh , the bubble function ψκ (resp. ψe of the face e) which is equal to the product of
the d + 1 barycentric coordinates associated with the vertices of κ (resp. of e) and Le the lifting operator from polynomials
defined on e into polynomials defined on the elements κ and κ ′ containing e, which is constructed by affine transformations
from a fixed operator on the reference element.

We first introduce the space Zh = {gh ∈ L2(Ω)3; ∀κ ∈ τh, gh|κ ∈ P0(κ)}, and we fix an approximation fh of the data
f in Zh . Let us begin with a posteriori error for the pressure. We define the error indicator by ηκ = ∑

e∈εκ
h1/2

e ‖[(fh −
∇ph).n]‖L2(e).

Proposition 3. The following a posteriori estimate holds between the solution p of (9) and the solution ph of (18):

|p − ph|1,Ω � C

{ ∑
κ∈τh

(
η2

κ + h2
κ‖div f‖2

L2(κ)
+

( ∑
e∈εκ

h1/2
e

∥∥[
(f − fh).n

]∥∥
L2(e)

)2)}1/2

.

The error indicators verify the following optimality conditions:

ηκ � C

(
|p − ph|H1(
κ ) + he‖div f‖L2(
κ ) +

∑
e∈εκ

h1/2
e

∥∥[
(f − fh).n

]∥∥
L2(e)

)
. (22)

Proof. Using Eqs. (9) and (18), the error function p − ph belongs to H1
0(Ω) and satisfies:

(∇(p − ph),∇q
) =

∑
κ∈τh

(∫
κ

(f − fh)∇(q − qh) +
∫
κ

(fh − ∇ph)∇(q − qh)

)
. (23)

By integrating by part and taking qh = Rhq (the image of q by the Clément type regularization operator [3]), we obtain the
upper bound. For the lower bounds, we integrate by part Eq. (23), and take qh = 0 and q = Le([(fh − ∇ph).n]ψe). �

Now, let us establish a posteriori error for the velocity. The error function u − uh belongs to H0(curl,Ω), there exists a
function λ ∈ H1

0(Ω) solution of the problem:

∀μ ∈ H1
0(Ω),

∫
Ω

∇λ∇μ =
∫
Ω

(u − uh)∇μ = −
∫
Ω

uh∇μ. (24)

Then the function w = (u − uh) − ∇λ belongs to V 0 and we have curl w = curl(u − uh). We obtain

‖u − uh‖2
H(curl,Ω) = ‖∇λ‖2

0,Ω + ‖w‖2
H(curl,Ω). (25)

In order to find the upper and lower bounds of ‖u − uh‖2
H(curl,Ω)

, we start by finding those of the terms in the left-hand
side of (25).

We introduce the indicator ξκ = ∑
e∈ε h1/2

e ‖[uh.n]‖0,e.
κ
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Theorem 4. The following bounds hold:

|λ|1,Ω � C

( ∑
κ∈τh

ξ2
κ

)1/2

and ξκ � C |λ|1,
κ . (26)

Proof. Using Eq. (24), we have for any μh ∈ Q 0h ,
∫
Ω

∇λ∇μ = −
∫
Ω

uh∇(μ − μh) = −1

2

∑
κ∈τh

( ∑
e∈εκ

∫
e

[uh.n](μ − μh)

)
.

First we take μ = λ and μh = Rhμ to obtain the upper bound. Second, we take μ = Le([uh.n]ψe) to obtain the lower
bounds. �

We introduce the indicator γκ = hκ‖fh − ∇ph‖0,κ + ν
2

∑
e∈εκ

h1/2
e ‖[curl uh × n]‖0,e.

Theorem 5. The following bounds hold:

‖w‖H(curl,Ω) � C

( ∑
κ∈τh

(
h2
κ‖f − fh‖2

0,T + γ 2
κ

))1/2

, (27)

γκ � G
(‖curl w‖0,
κ + (hκ + he)

(‖f − fh‖0,
κ + |p − ph|0,
κ

))
. (28)

Proof. Using Eqs. (8) and (17), we have for all v ∈ V 0,

ν

∫
Ω

curl(u − uh) curl v =
∫
Ω

fv − ν

∫
Ω

curl uh curl v.

We replace u − uh by w + ∇λ, integrate by part and remark that
∫
Ω

∇(p − ph)v = 0 to obtain

ν

∫
Ω

curl w curl v =
∑
κ∈τh

{∫
κ

(f − fh)(v − vh) +
∫
κ

(fh − ∇ph)(v − vh) − ν

2

∑
e∈εκ

∫
e

([curl uh × n])(v − vh)

}
. (29)

We take vh = Rhv (Rh is the Raviart–Thomas operator [6]) and v = w to obtain the upper bound. For the lower bound, we
take vh = 0 and v = (fh − ∇ph)ψκ to obtain the first inequality

‖fh − ∇ph‖0,κ � C
(
h−1
κ ‖curl w‖0,κ + |p − ph|1,κ + ‖f − fh‖0,κ

)
,

and v = Le(([curl uh × n])ψe) to obtain the second one

∥∥[curl uh × n]∥∥0,e � C
{

h−1/2
e ‖curl w‖0,κ∪κ ′ + h1/2

e
(|p − ph|1,κ∪κ ′ + ‖f − fh‖0,κ∪κ ′ + ‖fh − ∇ph‖0,κ∪κ ′

)}
.

Using the definition of γκ we obtain the relation (28). �
Corollary 6. The optimal a posteriori estimate holds:

‖u − uh‖H0(curl,Ω) + |p − ph|1,Ω �
{ ∑

κ∈τh

(
γ 2
κ + ξ2

κ + η2
κ + h2

κ

(‖f − fh‖2
0,κ

) + ‖div f‖2
L2(κ)

)

+
( ∑

e∈εκ

h1/2
e

∥∥[
(f − fh).n

]∥∥
L2(e)

)2}1/2

, (30)

where γκ , ξκ and ηκ are given by the formulas (22), (26) and (28).

4. Conclusion

We observe that the estimate (30) is optimal: up to the terms involving the data, the full error is bounded by a constant
times the sum of all indicators. Estimates (22), (26) and (28) are local, i.e., only involve the error in a neighborhood of κ
or e. The indicators ηκ , ξκ and γκ can be viewed as a measure for the error of the space discretization and can be used to
adapt the mesh-size in space. For all details of the proofs, we refer to [1].
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