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RESUME

Sur un fibré tangent doté d'une métrique Riemannienne de type Sasaki-Finsler, nous
introduisons deux champs de vecteurs de type de Liouville horizontal et nous prouvons
que ces champs sont de Killing si et seulement si la variété de Finsler de base posséde une
courbure constante positive. Dans le cas particulier de I'un d’entre eux, nous montrons que
si le champ de vecteurs est de Killing, alors la base est une variété de Finsler-Einstein.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The geometry of Einstein-Finsler manifolds and Finsler manifolds of constant curvature are some of the fundamental
subjects in Finsler geometry [9,10]. Bryant in [3] has constructed interesting Finsler metrics of positive constant curvature
on the sphere S2. Recently, Deng and Hou have proved in [5] that a homogenous Einstein-Randers space with negative Ricci
curvature is Riemannian.

On the slit tangent bundle of a Finsler manifold there are lots of very interesting metrics [7], but we restrict to the Rie-
mannian metric of [8]. In this paper, we introduce vector fields £ and & of horizontal Liouville type, which are unit vector
fields with respect to Gs and G, respectively. Then we show that & is Killing vector field with respect to G on the indicatrix

bundle IM if and only if the Finsler manifold (M, F) is of positive constant curvature [;—2 Also, we obtain a condition on

Riemannian metric G such that this result is hold for ’E\ In the special case, we prove that if%\ is Killing vector field with
respect to G on IM, then (M, F) is an Einstein-Finsler manifold.

2. Horizontal Liouville vector field with respect to Sasaki metric
Let (M, F) be a Finsler manifold, where M is a real n-dimensional smooth manifold and F is the fundamental function of

(M, F) [1]. Consider TM° = TM \ {0} and denote by VTM°® the vertical vector bundle over TM®, that is, VTM® = ker ., where
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7, is the tangent mapping of the canonical projection 7 : TM® — M. We may think of the Finsler metric (g = g;j;(x, y)),

1 _9%F?

where we set gjj(x,y) = as a Riemannian metric on VTM®. The canonical nonlinear connection HTM® = (N,j(x, y))

2 c)ylayj

of (M, F) is given by N’ ‘;G,j where GJ = §gl( ihgiky - ,?). Then on any coordinate neighborhood u C TM® the vector
fields Q = @ - N{W' i=1,...,n, form a basis for F(HTM"‘u). By a straightforward calculation, we obtain the following
Lie brackets:
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where Rij =50~ W and Gij oyl

Consider now the energy density t(x, y) = F2 = 8ij(x, y)y'yi defined by the Finsler metric F and also the smooth func-
tion v : [0,00) — R and real constants «, 8 such that o, 8 >0 and o + tv > 0 for every t. The above conditions assure

that the symmetric (0, 2)-type tensor field of TM°, G;j = %gij "([ 7YiYi is positive definite. The inverse of this matrix has
the entries H¥ = gt + w(t)y*y!, where (g) are the components of the inverse of the matrix (g;;) and w(t) = —a‘jfiv.

The components H¥ define symmetric (0, 2)-type tensor field of TM°. It is easy to see that if the matrix (Gjj) is positive
definite, then matrix H¥ is positive definite too. We use also the components H;; of symmetric (0, 2)-type tensor field
of TM® obtained from the components H by “lowering” the indices Hjj = gixHX'g;; = Bgij + wyiy;j, where y; = giy*.
The following Riemannian metric may be considered on TM°:

5 8 d a 5 0 a 4
G| —., — ) =Gij, G| —.,— ) =Hj, G|l —,— |=G|—,— ) =0. (2)
oxt 6xJ ayt ayJ éxt oyd ayt sxJ
If =1 and v(t) =0, then the above metric gives us the Sasaki-Finsler metric Gs as follows [1]
c § 8\ c a oy c 9\ c a6\ 0 (3)
S\oxi"sxi )~ P\ Byl by = &> S\exi"ayi )~ P\Gyinsd ) T

It is well known that, on the tangent bundle TM, there exists a globally vector field S = y"% called the horizontal Liouville

vector field [1], or geodeszc spray [4]. We define horizontal Liouville type vector fields & = I!-%. = 1S and E — eP jis

JaFvt 8xi =
F\}{;S where [ = L. Clearly, & and é are unit vector fields with respect to Gs and G, respectively. For this reason, we

call them Gs-unit horzzontal Liouville vector field and G-unit horizontal Liouville vector field.
A Finsler metric F on an n-dimensional manifold M is called an Einstein metric if there is a scalar function K = K(x)

on M such that Ric = (n — 1)KF?, where Ric = R;ﬁ R’ = 2376,: —yi d:’:f;k —|— 2GI a;)/jg;/k - 3—5;% and G' are the geodesic
coefficients of F [6]. F is said to be of constant flag curvature K =, if R} = )»(cmﬁ;C — FFyky') where Fpe= % [6]. It is
known that a Finsler manifold (M, F) is of constant curvature A if and only if we have R;; = Athij, where R;jj = gikRk,
hij=gij —1lil; and I; = % [2].

By using (1), (2) and Koszol formula, we obtain the following:

Lemma 2.1. The Levi-Civita connection of the Riemannian metric G defined by (2) is as follows

) s oatout , wa+ovt [\ D
ﬂ Cl]\O(S 5+<Cij+Tinjy +T ij 3_3/5’ (4)
s B ks 8 N 9

Vs, 9; = | Cjj + Myiy;y* + Ngijy® + Ayidj + = S RiH™ ) = i3y (5)

N s s s B ks 8 N s 9
Va;ts]' = Cij +Myiyjy’ +Ngijy’ + Ay;dé; + ERiij B + (F - G; )3}/5 (6)
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where M = zulﬂ%g;ﬂwuw, N = “’322";”, A=2, D= ﬁ L= % Clijo = Ci y" and Cy;, is the h-covariant derivative

of C 151 with respect to Cartan connection.

We recall that the Lie derivative of G with respect to X € x (TM) is given by (£ExG)(Y,Z) = G(Vy X, Z) + G(Y, VzX),
where Y, Z € x (TM). By using this formula, we deduce the following:
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Lemma 2.2. The Lie derivative of G with respect to hX = X'8; satisfies the following

(EnxG) (51, 8)) = XEGij + X[ Gui. (8)
(£nxG) (37, 87) = BX*(Fjy, — Gii) &sj + BX (F3y — Gt &sis 9)
«| [ Na + Nut Ma + Mut + Av
(EnxG)(8i, 05 =X Tap —BD )gjyi + —ap —2wD — BL — wlt |y;iyjyk + BRjik
+ 8;(X")G,~k. (10)

Lemma 2.3. The G-unit horizontal Liouville vector field E is a Killing vector field on the indicatrix bundle IM if and only if

vt2+vt+a

— B%Rij(x,y) =0, V(x,y)€IM. (11)
ap

gij(x,y) —
Proof. It is known that E is Killing vector field on IM with respect to G if and only if EAG =0 [1]. By using Lemma 2.2, we
get (£2G) (31, 07) = ﬂFm(gu “2*"”""11 — B?R;j) and (£2G)(8i, 8)) = (£¢G) (7, 8;) = 0. Hence £ is Killing on IM if and
only if (£26)(8i, 8]) = a

We discuss on (11) in the following two cases:

Case 1. If v/t2 + vt + « =0, then we derive the linear equation v/ + %v = —% with the solution v = %(c —aInt), where ¢

is a real constant. In this case, we deduce the following theorem:

Theorem 2.4. Let (M, F) be a Finsler manifold and G be the Riemannian metric defined by (2) with v = %(c —aInt) on TM®. If the
G-unit horizontal Liouville vector field & is Killing on the indicatrix bundle IM, then (M, F) is an Einstein-Finsler manifold.

Proof. Since v = %(c — alnt), then by using (11) we have R;j(x,y) = %gij(x, y) for any (x,y) € IM. Now, take a point
(x,y) € TM® \ IM. Then there exists a € (0, c0) \ {1} such that F(x, y) =a. Since F is positive homogenous of degree 1 with
respect to y, then we have F(x, %y) = 1. Hence (x, %y) € IM and by (11), we obtain R;j(x, %y) = %gij(x, %y). Taking into ac-
count that g;; and R;; are positively homogenous of degree 0 and 2, respectively, we infer that R;j(x, y) = /;—z(azg,vj(x, y)) =
;—ZFZ(X, ¥)&ij(x, y). Contracting this equation by gl we get Ric = R;: = ;—ZFZ. Hence (M, F) is Einstein manifold with con-

: n
stant function TR O

Case 2. If v't> + vt + @ = a8, then we have the linear equation v’ + %v =

_ Ol(—/?z_l). It is easy to check that v =

%(a(ﬂ — 1) Int +¢) is an answer of this equation. This case gives us the following theorem:

Theorem 2.5. Let (M, F) be a Finsler manifold and G be the Riemannian metric defined by (2) with v = %(a (B—1)Int +c) on TM®.
Then G-unit horizontal Liouville vector field & is Killing on the indicatrix bundle IM if and only if the Finsler manifold (M, F) is of
positive constant curvature ﬂl—z

Proof. If (M, F) is of constant curvature then we have R;j(x,y) = 12 F2(x, Whij(x, y) for any (x,y) € TM°. From this

ﬁz’
equation we obtain (11), since F(x, y) =1 on IM. Conversely, suppose 5 is a Killing vector field on IM. Then by using (11) we
have R;j(x, y) = %hij(x, y) for all (x, y) € IM. Similar to proof of Theorem 2.4, we can deduce R;j(x,y) = %FZ(X, Whijx, y)

for any (x, y) € TM°. Hence (M, F) is of positive constant curvature -

F'D

Next, we consider Gs-unit horizontal Liouville vector field £. By using Lemma 2.2, we get (£¢G)(3;, §;) = (£¢G) (05, J) =
and (£¢G)(4;, aj) = ﬁ(hu — ﬁzR,]). Therefore, we have the following:

Lemma 2.6. The Gs-unit horizontal Liouville vector field & is a Killing vector field on the indicatrix bundle IM, with respect to G, if and
only if

hij = B?Rij(x, ¥), V(x,y) €IM.

By using the above equation, similar to proof of Theorem 2.5, we can deduce the following:
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Theorem 2.7. Let (M, F) be a Finsler manifold and G be the Riemannian metric on TM®° defined by (2). Then Gs-unit horizontal
Liouville vector field & is Killing on the indicatrix bundle IM if and only if the Finsler manifold (M, F) is of positive constant curvature ﬂ]—z
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