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RESUME

Dans cette Note, en utilisant la théorie des équations différentielles stochastiques (EDS),
nous démontrons l'unicité de solutions LP et a valeurs mesures pour des équations de
Fokker-Planck du second ordre dégénérées, sous des conditions faibles sur les coefficients.
Nos résultats d’'unicité sont fondés sur le lien naturel existant entre les équations de
Fokker-Planck et les EDS.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and main results

Let W4 .= C([0, 1]; RY) be the space of all continuous functions from [0, 1] to R?. Let #; be the canonical filtration
generated by the coordinate process W;(w) = w(t), where w € W, Write % := #4. Let v be the standard Wiener measure
on (W4, %) so that (t, w) — W(w) is a standard d-dimensional Brownian motion.

Let (Xt)te[o,17 be a continuous #;-adapted process and solve the following SDE in R%:

dXe = 0p(X) dW¢ + be(Xp) dt, (1

where 0 :[0,1] x RY — RY x RY and b : [0, 1] x R? — R? are two bounded measurable functions. Denote by ¢ the law of
X¢ in RY, ie.: for any ¢ € C§°(RY)

/ 0 (0He(dx) = Eg(Xo). @)

Rd
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Write L¢(x) = bi(x)d; + %[ot”‘atjk](x)aé. By Itd’s formula, ¢ solves the following Fokker—Planck equation in the sense of
distribution:

depe = Lf e, (3)

where L} is the adjoint operator of L;. More precisely, for any ¢ e Cg° (RY) % fle QX)) (dx) = f]Rd Lip(x) s (dx), where the
initial condition means that u; weakly * converges to o as t — 0. In particular, if the law of X; is absolutely continuous
with respect to Lebesgue measure, i.e., (¢(dx) = u¢(x) dx, then u;(x) solves the following PDE in the weak sense:

Btut :L:(Ut. (4)

Let P(RY) be the set of all probability measures on (R?, B(R?)). It is well known from [1] that if o* is uniformly non-
degenerate and Lipschitz continuous, b is locally integrable and coercive, then the uniqueness for (3) holds in P(R%), at least
if the initial measure has finite entropy. In the degenerate case, in order to prove the uniqueness for (4), one usually needs
to impose some regularity on the solution. For example, Le Bris and Lions [6] proved the uniqueness of solutions to (4) for a
given initial condition in the following class: {u € L*(0, 1; (L' N L®)(RY)), o'Vu € L2(0, 1; L2(RY))}, where ¢! denotes the
transpose of o. However, to the best of our knowledge, if o is degenerate, there are only a few results about the uniqueness
of measure-valued solutions to (3) and LP-solutions to (4).

For p > 1, define MP(RY) := {u € LP(0, 1; L), (R%); u>0and [peu(x)dx=1, Vt € [0, 1]}. Below, by Bg := {x € RY:
|X] < R} we denote the ball around zero in RY. Our main results are:

Theorem 1.1. Assume that o and b are bounded measurable functions and for some q € [1, oo] and any R > 0, there exists a real
function fg € L1([0, 1] x Bg) such that for almost all (t, x, y) € [0, 1] x Bg x Bg

2(x = ¥, be(x) — be (D) + |0t — o) |° < (fre®) + fre ) - X — yI>. (5)

Then for any given probability distribution density p, there is at most one weak solution u, to PDE (4) in the class MP (R%), where
_a i _
p=g with ug = p.

Remark 1.2. Condition (5) is satisfied if for some q € (1, 00], b € L9(0, 1; W,‘LC] RY)), o € LIV2(0, 1; Wﬁjzz‘l(Rd)). Indeed, in
this case, there exists a constant C4 > 0 such that for almost all (t, x, y) € [0,1] x Bg x Bg (cf. [2, Lemmas A.2, A.3] or [8,
Lemma 3.7]) b (x) — be(¥)] < Cq - (Mg|Vbe|(x) + Mg|Vbe[(¥)) - [x — y| and [lo¢(x) —or (D) || < Cq - (MR[VOt|(x) + MRr[VOi|(¥)) -
|x — y|, where Mgg(x) :=Ssupg.,<g JCB, g(x+ y)dy denotes the maximal function of g. By the boundedness of the maximal

operator in L9 (cf. [7]), one knows that Mg|Vb.| € L9([0, 1] x Bg) and Mg|Vo.| € LIV2([0, 1] x Bg).

Theorem 1.3. Assume that o and b are bounded measurable functions and for some q € [1, oc] and any R > 0, there exists a real
function fg € L1([0, 1] x Bg) such that for almost all (t,x) € [0,1] x Bg and all y € By

2(x = ¥, be(x) — be (D) + |0t 0 — o) |* < Fre®) - Ix = yI2. (6)

Suppose that there exists a solution u¢(x) to (4) in the class MP (R%), where p= q%l. Then for any measure-valued solution (i to (3)
in P(RY) with initial value po(dx) = ug(x) dx, e (dx) = us(x) dx, Vt € [0, 1].

Remark 1.4. Condition (6) is satisfied if for some g € (d. c0], b € L9(0, 1; Wi (R?)), o € L9V2(0, 1; W{'* ' (RY)). Indeed, in
this case, there exists a constant C44 > 0 such that for almost all (t,x, y) € [0,1] x Bg x Bg (cf. [3, p. 143, Theorem 3]),
|be(x) — be(¥)| < Caq - (Mg|Vbe|1(x)/4 - |x — y| and [lor(x) — or (V)| < Caq- (Mg|Voe|9(x))!/9 - |x — y|. Since b and o are

continuous by Sobolev’s embedding theorem, the above two inequalities hold for all y € Bg.

Theorems 1.1 and 1.3 will be proven in the next section. Our argument is based on the representation (2) (see Theo-
rem 2.5 below) and Yamada-Watanbe’s theorem (cf. [5]).

2. Proofs of main results
For proving our main results, we first recall some facts from the theories of SDEs and PDEs.
Definition 2.1 (Martingale solutions). Given g € P(R%), a probability measure P,, on (W, %) is called a martingale solu-

tion of SDE (1) with initial distribution pg if Py, o a)g1 = o and for any ¢ € CSO(R"), @(wr) — @(wo) — fot Ls@(ws) ds is an
#¢-martingale under P,.
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Definition 2.2 (Weak solutions). Let wo € P(RY). We say that Eq. (1) has a weak solution with initial law g if there exist
a stochastic basis (§2, %, P; (Ft)tef0.1]), @ R9-valued continuous (Z¢)-adapted stochastic process X and a d-dimensional

standard (%;)-Brownian motions (W;)tejo0,1] such that Xo has law po and X; = Xo +f0t bs(Xs) ds+f(§ os(Xs)dWs, vVt >0,
a.s. This solution is denoted by (2, %, P; (%t)te0.1]; W. X).

The following two propositions are well known (cf. [5, Chapter IV, Theorem 1.1 and Proposition 2.1]).

Proposition 2.3 (Equivalence between martingale solutions and weak solutions). Given jo € P(RY) and let P, be a martingale
solution of SDE (1). Then there exists a weak solution (2, %, P; (Z¢)tef0,11; W, X) to SDE (1) such that P o X 1= Py,.

Proposition 2.4. Given two weak solutions to SDE( (2O, 20 ph. (Z (1))[6[0 1 WO XDy i = 1,2, with the same initial law
o € PRY), there exists a stochastic basis (2, %, P; (Fo)telo, 1]) a standard d-dimensional (%;)-Brownian motion W and two

continuous (%;)-adapted processes Y&, i = 1,2, such that P(Yé” = Y((f)) =1and (2, F, P; (Foreo1; W, YD), i = 1,2, are
two weak solutions of (1), and X and Y® have the same laws in W fori =1, 2.

The following result is due to Figalli [4, Theorem 2.6].

Theorem 2.5. Assume that o and b are bounded measurable functions. Given [y € P@RY), let WUt € P®RY) be a measure-valued
solution of PDE (3) with initial value tvo. Then there exists a martingale solution P, to SDE (1) with initial distribution 1o such that

forany ¢ € CRY), [oa () pe(dx) = fiya (@) Py (dw), Ve € [0, 1].
We are now in a position to give the proofs of our main results.

® ,i=1,2, be two weak solutions of (4) in the class MP(RY) with the same initial value uo.
By Theorem 2.5, there exists two martingale solutions PL,O, i=1,2, to SDE (1) with the same initial law uq(x) dx such that

for any ¢ € C(RY)

Proof of Theorem 1.1. Let u,

/ poul” () dx = / PPy (dw), i=1,2. (7)
Rd wd

By Propositions 2.3 and 2.4, there are a common stochastic basis (§2, %, P; (%t)tef0,1), a standard d-dimensional
(%;)-Brownian motion W and two continuous (.%;)-adapted processes Y®, i =1,2, such that P(Y(l) éz)) =1 and
fori=1,2, and Y® has law P,(fg in (W4, w),

t t
YO =y 4 / ") ds + / os(Y") dws. (8)
0 0

Set now Z; := Yt(l) - Yt(z) and for R > 0, g :=inf{t € [0, 1]: |Yr(l)| Y |Yr(2)| > R}. By It6’s formula, for any § > 0, we have

tATR
1Og(|sz| +1> /2<zs,bs<Y§”)—bs(Y§2>)>+||os(Y§”)—os(Y£2>)||2d

|Zs|% + 82
tATR EATR
= / (Zs, (05(Ys") — o5 (V) dWs) / (@5 (Vs") —os(v) - 2o ©
|Zo2 + 82 (1ZsP +82)2 )
0

Let p be a nonnegative smooth function on R¢ with support in {x € R%: |x| < 1} and f]Rd px)dx =1. For ¢ € (0,1), let
Pe(X) 1= S*dp(x/e) be a mollifier and define b% :=b; * p¢, 0f := 05 * pg, where % denotes the convolution. By the property
of mollifier, we have limg o f(ffBR(|b§ %) —bs(®)|P + |lof (x) — os(x)||P)dxds =0, p € [1, 00), and by (5) and the property of
convolution, for almost all t and all x, y € Bg

2(x =y, bEX) = BE W)+ [0 ) — o D> < (Fosr (00 + Fhr o) - Ix— 1%

Thus, by taking expectations for (9), we obtain



438 M. Réckner, X. Zhang / C. R. Acad. Sci. Paris, Ser. 1 348 (2010) 435-438

| Zinze|?
]Elog< t:s\er )

2(Zs, bs (YD) = bs(Y®)) + [os(Y D) — a5 (Y212 d
|Z[2 + 82

/ 2(25, b (¥5") — BECVE)) + 10 (vs") — of (V)P
0

|Zs|2 + 52
tATR
2
28 [ (B 0) b1+ 55 () b2 s
0
tATR
+ 28 [ (o ()~ o) P+ o (V) — o (Y2 ) s = 1 15+ 15
0
For I{, we have
tATR t
II<E / (fngr],s(YS(l)) + fngrl,s(YS(Z))) ds < E/(lwé”\gR ’ f§+1,s(y5(1)) + 1\y5(2>|<R ) fI§+1,s(YS(2))) ds
0 0

t t
=// f,§+1,s(x)u§1)(x)dxds+// fﬁﬂ,s(x)ugz)(x)dxds

0 Br 0 Bg
< ||f1§+1 [ L9([0,1]x Bg) ”“(1) [ LP(0.1xBg) T I fra1 ”Lq([o,l]xBR) H“(z) ||LP([O,1]><BR)'

Similarly, we have If < C(fngR bE (x) — bs(x)|9 dxds)!/9 and I§ < C(fothR |o& (x) — 05(x)|9 dxds)'/9, where the constant C
depends on [[u®”|1r(j0.1)x5,) and &, but is independent of &.
Combining the above calculations and letting & go to zero, we get

| Zepzs |2
Elog(% * 1) <M fratllsgorcse - (14 oo 11xm) T 182 liogo.11x80)-

Now, letting 6 — 0, we obtain that for any R > 0 and t € [0, 1] Ztn¢; =0, as. Since b and o are bounded, from (8), it is
now standard to prove that E(sup;¢(o 1 |Yt(')|) < 400, i =1, 2. Hence, P{w: limg_, o Tr(w) =1} =1 and letting R — oo for
Zinrg =0, we further have Z; =0, ass., Vt € [0, 1]. So, P(]) P(z) Now, the uniqueness follows by (7). O

Proof of Theorem 1.3. Following the proof of Theorem 1.1, let th (resp. Y[(Z)) be the weak solution corresponding to
ug(x)dx (resp. ut(dx)). By (6) and (9), we have

tATR

| Zinze|? 1
]Elog( grR frs( Y( ) ds < Il frIlLao,11xBr) - ItllLP((0,11%BR)-

From this, as above we obtain the uniqueness. O
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