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We use a simple probability method to transform the celebrated Monge–Kantorovich
problem in a bounded region of Euclidean plane into a Dirichlet boundary problem
associated to a quasi-linear elliptic equation with 0-order term missing in its diffusion
coefficients:
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∂x
A
(
x, F ′

x

) + ∂
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B
(

y, F ′
y

) = 0

where A′
y(. , .) > 0, B ′

x(. , .) > 0 and F is an unknown probability distribution function. Thus,
we are able to give a probability approach to the famous Monge–Ampère equation, which
is known to be associated to the above problem.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Nous utilisons une méthode probabiliste pour transformer le célèbre problème de Monge–
Kantorovich dans une région bornée du plan Euclidien à celui de Dirichlet associé à une
équation aux dérivées partielles quasi-linéaire :

∂

∂x
A
(
x, F ′

x

) + ∂

∂ y
B
(

y, F ′
y

) = 0

où A′
y(. , .) > 0, B ′

x(. , .) > 0, et F est une loi de probabilité inconnue. Ainsi, nous avons
développé une nouvelle méthode probabiliste pour l’équation de Monge–Ampère associé
au problème ci-dessus.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Soient f (x, y) et f̃ (x, y) les fonctions de densité de vecteurs aléatoires X et Y à support dans [0,1] × [0,1], et soit
p(x, y) la fonction de densité de Z = (X1, Y2). Nous introduisons un nouvel espace de probabilité consistant de l’univers
Ω̃ = [0,1] × [0,1] muni de la mesure de probabilité p(x, y)dx dy. Notons G(2, x, t) = F (−1)

2 (t|x) et G̃(1, s, y) = F̃ (−1)
1 (s|y),
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où Fi(.|.) et F̃ i(.|.) sont les lois marginales conditionnelles de X et de Y respectivement, voir les formules de définitions
ci-dessous. Il est facile de voir que X̂(x, y) = (x, G(2, x,

∫ y
0

p(x,v)
f1(x) dv)) et Ŷ (x, y) = (G̃(1,

∫ x
0

p(u,y)

f̃2(y)
du, y), y) ont les densités f

et f̃ respectivement. Notons Ẑ = ( X̂1, Ŷ2) le vecteur de coordonnées. Si (X, Y ) est le couplage optimal pour L2, alors le
vecteur ci-dessus ( X̂, Ŷ ) a la même loi jointe que (X, Y ). Ainsi, nous avons

E
[|X − Y |2] =

1∫
0

1∫
0

∣∣∣∣∣t − G

(
2, x,

t∫
0

p(t(x, v))

f1(x)
dv

)∣∣∣∣∣
2

p(x, t)dt dx

+
1∫

0

1∫
0

∣∣∣∣∣s − G̃

(
1,

s∫
0

p(u, y)

f̃2(y)
du, y

)∣∣∣∣∣
2

p(s, y)ds dy. (1)

Notons par H l’ensemble des fonctions de densité p(x, y) sur [0,1] × [0,1] telles que
∫ 1

0 p(x, y)dy = ∫ 1
0 f (x, y)dy et que∫ 1

0 p(x, y)dx = ∫ 1
0 f̃ (x, y)dx. Evidemment, la fonction de densité p(x, y) du vecteur de coordonnées Z(x, y) = (x, y) est

dans H. Par conséquent, nous réduisons le problème de Monge–Kantorovich à celui de trouver une fonction de densité
p(x, y) ∈ H qui minimise (1).

Si on note H(x, y) = ∫ x
0

∫ y
0 p(s, t)dt ds, alors

H ′
x(x, y) = f1(x)

y∫
0

p(x, v)

f1(x)
dv, H ′

y(x, y) = f̃2(y)

x∫
0

p(u, y)

f̃2(y)
du.

Notre résultat principal est le suivant :

Théorème 1. Si p(x, y) minimise (1), alors[
G

(
2, x,

1

f1(x)
H ′

x(x, y)

)]′

x
+

[
G̃

(
1,

1

f̃2(y)
H ′

y(x, y), y

)]′

y
= 0. (2)

Comme G̃x(1, x, y) � 0 et G y(2, x, y) � 0, c’est une équation elliptique quasi-linéaire pour l’inconnue H(x, y). De plus, la transfor-

mation optimale est donnée par (Ŷ ( X̂1, X̂−1), X̂−1).

1. Introduction

Many mathematicians from different fields are interested in the Monge–Kantorovich problem. We recommend here
Caffarelli’s address to ICM2002 [4], Ambrosio’s address to ICM2002 [1], Trudinger’s invited lecture to ICM2006 [8], and
L.C. Evans and W. Gangbo’s paper [5] for major references from PDE point of view. In particular, we would like to mention
Y. Brenier’s pioneer work [2,3], which characterized the optimal transfer plans in terms of gradients of convex functions.

Let us formulate the above problem now in terms of probability (we recommend [7] for a major reference). Suppose
that we are given two probability distributions P and P̃ on R2. A 4-dimensional random vector (X, Y ), with P and P̃ as its
marginal distributions, is called a coupling of this pair (P , P̃ ). The minimum of the coupling distance ‖X − Y ‖L2 among all
such possible couplings is called the Kantorovich–Rubinstein–Wasserstein L2-distance between P and P̃ . This problem has
been only completely solved in the 1-dimensional case. In R1, the Kantorovich–Rubinstein–Wasserstein L2-distance is just
given by (see, for example, [7, Theorems 3.1.1–2, pp. 107–109])

( 1∫
0

∣∣F (−1)(t) − F̃ (−1)(t)
∣∣2

dt

) 1
2

(3)

where F and F̃ are the distribution functions of P and P̃ , respectively, F (−1)(t) and F̃ (−1)(t), (0 � t � 1) are their right
inverses.

Without losing generality, we may just consider two probability measures P and Q on [0,1] × [0,1]. Let X = (X1, X2)

and Y = (Y1, Y2) be two random vectors defined on a same probability space with P and Q as their individual laws. If we
denote Z = (X1, Y2), then

E
[|X − Y |2] = E

[|X − Z |2] + E
[|Z − Y |2]. (4)

So it is sufficient to find the probability distribution function H of Z which minimizes (4). We notice that the distance
between X and Z reduces to 1-dimensional, similar situation also holds for the one between Z and Y . Let us assume
for simplicity that the density functions f (x, y) of X and f̃ (x, y) of Y are smooth and strictly positive on their domains.
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Denote the marginal densities f1(x) = ∫ 1
0 f (x, y)dy, f2(y) = ∫ 1

0 f (x, y)dx, f̃1(x) = ∫ 1
0 f̃ (x, y)dy, and f̃2(y) = ∫ 1

0 f̃ (x, y)dx.
Furthermore, denote the conditional distributions F1(x|y) = 1

f2(y)

∫ x
0 f (u, y)du, F2(y|x) = 1

f1(x)

∫ y
0 f (x, u)du, and F̃1(x|y) =

1
f̃2(y)

∫ x
0 f̃ (u, y)du, and F̃2(y|x) = 1

f̃1(x)

∫ y
0 f̃ (x, u)du, which are strictly increasing with respect to their first argument so

their inverse functions with respect to their first arguments exist and denoted as G(1, s, y) = F (−1)
1 (s|y), G(2, x, t) =

F (−1)
2 (t|x), G̃(1, s, y) = F̃ (−1)

1 (s|y) and G̃(2, x, t) = F̃ (−1)
2 (t|x). We also assume that partial derivatives G̃ ′

x(1, ·,·) > 0 and
G ′

y(2, ·,·) > 0, and that all functions appeared in our discussion are sufficiently smooth.
The above regularity hypotheses will not affect the generality of our problem, because what we will treat later is the

unknown distribution function H of Z , which is continuous under the weak convergence of the laws of (X, Y ). Therefore
we can always use the usual regularizing approximation procedures.

We introduce a new probability space Ω̃ = [0,1]× [0,1] equipped with probability p(x, y)dx dy. Let Z be the coordinate
vector Z(x, y) = (x, y), which has p(x, y) as its density function. It is easy to see that X̂(x, y) = (x, G(2, x,

∫ y
0

p(x,v)
f1(x) dv)) and

Ŷ (x, y) = (G̃(1,
∫ x

0
p(u,y)

f̃2(y)
du, y), y) have given density f and f̃ , and Ẑ = ( X̂1, Ŷ2). Furthermore, from (4), if (X, Y ) is the

optimal coupling, then the above vector ( X̂, Ŷ ) have the same optimal joint distribution. Thus we have

E
[|X − Y |2] =

1∫
0

1∫
0

∣∣∣∣∣t − G

(
2, x,

t∫
0

p(x, v)

f1(x)
dv

)∣∣∣∣∣
2

p(x, t)dt dx

+
1∫

0

1∫
0

∣∣∣∣∣s − G̃

(
1,

s∫
0

p(u, y)

f̃2(y)
du, y

)∣∣∣∣∣
2

p(s, y)ds dy. (5)

Denote by H the set of all density functions p(x, y) on [0,1] × [0,1] such that f1(x) = ∫ 1
0 p(x, y)dy and f̃2(y) =∫ 1

0 p(x, y)dx. Then we reduce our problem to finding a density function p(x, y) ∈ H which minimizes (5).
Denote H(x, y) = ∫ x

0

∫ y
0 p(s, t)dt ds, then

H ′
x(x, y) = f1(x)

y∫
0

p(x, v)

f1(x)
dv, H ′

y(x, y) = f̃2(y)

x∫
0

p(u, y)

f̃2(y)
du.

Thus we get

Theorem 1. If p(x, y) minimizes (5), then[
G

(
2, x,

1

f1(x)
H ′

x(x, y)

)]′

x
+

[
G̃

(
1,

1

f̃2(y)
H ′

y(x, y), y

)]′

y
= 0, (6)

which is a quasi-linear elliptic equation with unknown H(x, y), as G̃x(1, x, y) � 0 and G y(2, x, y) � 0. Moreover, the optimal mapping

is given by (Ŷ ( X̂1, X̂−1), X̂−1).

2. Proof of Theorem 1

We are going to use variational method. For 0 < a < a1 < 1 and 0 < b < b1 < 1 when ε is small enough,

a + ε < a1 < a1 + ε < 1, b + ε < b1 < b1 + ε < 1.

Define

ξ(s, t) = I([a,a+ε]×[b,b+ε])∪([a1,a1+ε]×[b1,b1+ε])(s, t) − I([a,a+ε]×[b1,b1+ε])∪([a1,a1+ε]×[b,b+ε])(s, t). (7)

Then p(s, t) + δξ(s, t) ∈ H when both ε, δ are small. Since p is the minimum,

0 � 1

ε2

1∫
0

1∫
0

∣∣∣∣∣s − G̃

(
1,

s∫
0

p(u, y) + δξ(u, y)

f̃2(y)
du, y

)∣∣∣∣∣
2(

p(s, y) + δξ(s, y)
)

ds dy

+ 1

ε2

1∫ 1∫ ∣∣∣∣∣t − G

(
2, x,

t∫
p(x, v) + δξ(x, v)

f1(x)
dv

)∣∣∣∣∣
2(

p(x, t) + δξ(x, t)
)

dt dx
0 0 0
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− 1

ε2

1∫
0

1∫
0

∣∣∣∣∣s − G̃

(
1,

s∫
0

p(u, y)

f̃2(y)
du, y

)∣∣∣∣∣
2

p(s, y)ds dy

− 1

ε2

1∫
0

1∫
0

∣∣∣∣∣t − G

(
2, x,

t∫
0

p(x, v)

f1(x)
dv

)∣∣∣∣∣
2

p(x, t)dt dx. (8)

Letting ε → 0, we get

0 � −2

a1∫
a

(
G̃

(
1,

s∫
0

p(u,b1)

f̃2(b1)
du, y

)
− s

)
G̃ ′

x

(
1,

s∫
0

p(u,b1)

f̃2(b1)
du,b1

)
p(s,b1)

f̃2(b1)
ds

+ 2

a1∫
a

(
G̃

(
1,

s∫
0

p(u,b)

f̃2(b)
du,b

)
− s

)
G̃ ′

x

(
1,

s∫
0

p(u,b)

f̃2(b)
du,b

)
p(s,b)

f̃2(b)
ds

− 2

b1∫
b

(
G

(
2,a1,

t∫
0

p(a1, v)

f1(a1)
dv

)
− t

)
G ′

y

(
2,a1,

t∫
0

p(a1, v)

f1(a1)
dv

)
p(a1, t)

f1(a1)
dt

+ 2

b1∫
b

(
G

(
2,a,

t∫
0

p(a, v)

f1(a)
dv

)
− t

)
G ′

y

(
2,a,

t∫
0

p(a, v)

f1(a)
dv

)
p(a, t)

f1(a)
dt

+
∣∣∣∣∣a1 − G̃

(
1,

a1∫
0

p(u,b1)

f̃2(b1)
du,b1

)∣∣∣∣∣
2

−
∣∣∣∣∣a − G̃

(
1,

a∫
0

p(u,b1)

f̃2(b1)
du,b1

)∣∣∣∣∣
2

−
∣∣∣∣∣a1 − G̃

(
1,

a1∫
0

p(u,b)

f̃2(b)
du,b

)∣∣∣∣∣
2

+
∣∣∣∣∣a − G̃

(
1,

a∫
0

p(u,b)

f̃2(b)
du,b

)∣∣∣∣∣
2

+
∣∣∣∣∣b1 − G

(
2,a1,

b1∫
0

p(a1, v)

f1(a1)
dv

)∣∣∣∣∣
2

−
∣∣∣∣∣b − G

(
2,a1,

b∫
0

p(a1, v)

f1(a1)
dv

)∣∣∣∣∣
2

−
∣∣∣∣∣b1 − G

(
2,a,

b1∫
0

p(a, v)

f1(a)
dv

)∣∣∣∣∣
2

+
∣∣∣∣∣b − G

(
2,a,

b∫
0

p(a, v)

f1(a)
dv

)∣∣∣∣∣
2

.

Multiplying both sides by 1
(a1−a)(b1−b)

, letting (a1 − a)(b1 − b) → 0, we get

∂2

∂x∂ y
M(x, y) � 0, (9)

where

M(x, y) = x2 + y2 − 2

x∫
0

G̃

(
1,

s∫
0

p(u,0)

f̃2(0)
du,0

)
ds − 2

y∫
0

G

(
2,0,

t∫
0

p(0, v)

f1(0)
dv

)
dt

− 2

y∫
0

x∫
0

{[
G̃

(
1,

s∫
0

p(u, t)

f̃2(t)
du, t

)]′

t

+
[

G

(
2, s,

t∫
0

p(s, v)

f1(s)
dv

)]′

s

}
ds dt.

On the other hand, if one replace p + δξ by p − δξ , the same computation leads

∂2

∂x∂ y
M(x, y) � 0.

Thus we deduce
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∂2

∂x∂ y
M(x, y) = 0, ∀0 < x, y < 1,

or [
G̃

(
1,

x∫
0

p(u, y)

f̃2(y)
du, y

)]′

y

+
[

G

(
2, x,

y∫
0

p(x, v)

f1(x)
dv

)]′

x

= 0, ∀0 < x, y < 1,

Thus Theorem 1 follows.
Since coefficients of the above equation only contains the first order partial derivatives, under the minus regularity

condition, the solution of the Dirichlet boundary problem

H(0, y) = 0, H(x,0) = 0, H(1,1) = 1, H(x,1) =
x∫

0

f1(s)ds, H(1, y) =
y∫

0

f̃2(t)dt

has a unique solution [6, p. 305]. Moreover, the optimal mapping is given by (Ŷ ( X̂1, X̂−1), X̂−1).

References

[1] L. Ambrosio, Optimal transport maps in Monge–Kantorovich problem, in: Proceedings of ICM, Beijing 2002, vol. iii, 2002, pp. 131–140.
[2] Y. Brenier, Décomposition polaire et réarrangement monotone des champs de vecteurs, C. R. Acad. Sci. Paris, Ser. I Math. 305 (1987) 805–808.
[3] Y. Brenier, Polar factorization and monotone rearrangement of vector-valued functions, Comm. Pure Appl. Math. 44 (1991) 375–417.
[4] L. Caffarelli, Nonlinear elliptic theory and the Monge–Ampere equation, in: Proc. ICM, vol. i, 2002, pp. 179–187.
[5] L.C. Evans, W. Gangbo, Differential equations methods for the Monge–Kantorovich mass transfer problem, Mem. Amer. Math. Soc. 137 (653) (1999).
[6] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, 1983.
[7] S.T. Rachev, L. Rüschendorf, Mass Transportation Problems, vol I: Theory, Probability and Its Applications, Springer-Verlag, 1998;

S.T. Rachev, L. Rüschendorf, Mass Transportation Problems, vol. II: Applications, Probability and Its Applications, Springer-Verlag, 1998.
[8] N. Trudinger, Recent developments in elliptic partial differential equations of Monge–Ampère type, in: Proc. ICM, 2006, invited lecture.


	On Monge-Kantorovich problem in the plane
	Version française abrégée
	Introduction
	Proof of Theorem 1
	References


