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1. Introduction

Consider the complex-valued function f € L?(R) = L%(R, m), where m is the Lebesgue measure on R. The Fourier trans-
form f of f is defined as follows:

o 1 .
f&) = —/f(t)e‘“ de, &eR, (1)
2T 2
SO
1 “ .
f= / Feretds, teR, @)
JER
and

Il = 1fl2g)-

The integrals in (1) and (2) exist in the sense of Plancherel’s theorem. We say that the closed support of f is the spectrum
of f and write spec(f). For o > 0 put

€ ={f e [*(R): spec(f) C[-0,01).

The class &, is very important in harmonic analysis. By Paley-Wiener theorem f € &, if and only if f is an analytic
function on C and the exponential type of f is not more than o.
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Consider now a measurable set S C R. We say that S is essential if for some o > 0 there exists a constant C(S, o) such
that the inequality

/If(x)|2dx < C(s,o)/|f(x)|2dx 3)
R S

holds for every f € &;. If S is essential then such a constant exists for every o > 0. Below we shall always assume that
C(S,0) is the sharp constant. B. Paneyah proved the theorem:

Theorem 1 (B. Paneyah). The following two conditions are equivalent: 1. S is an essential set; 2. S is relatively dense.

Condition 2 means that there exist constants r and § > 0 such that m([x —r,x+r]NS) > § for every x € R.

There are many proofs of the above theorem and each of them gives some estimates on C(S, o) but these estimates
are not sharp (see, for example, [1]). We determine sharp constants for two specific sets S: when S =R\ [—R, R] for
some R > 0 and when S =, [nl — R,nl + R] for some | > 2R > 0. A similar question for general model spaces Ky was
considered in [4].

2. Main results

We prove the following theorems:

Theorem 2.1. Let R > 0 and S =R \ [—R, R]. Denote C(R, o) = C(S, o). Then

2R?
C(R,R) ~ ~~1+—, whenR— 0, (4)
1 — 2R% g
s
e2R? 1
C(R,R) = 1+0( = R — oo0. (5)
' 4R/ RZ) )
Also
C(R,0)=C(vVRo,~vRo), (6)
so
2Ro
C(R,o):C(x/Ra,\/Ra)Nl—i-T, Ro — 0, (7)
e2RO‘ 1
C(R,0)=——=(14+0(—) ), Ro— oo. 8
#.2) 4\/7'[RU( <R0>> (®)

Lemma 2.2. Let R > 0, > 2R,

S= U[nl— R,nl+R].
nez

Denote C(R,l,0) = C(S, o). Then

2R lo
CRR,L,o)y=C| =—, 2w, — ).
l 2

Now to the 2 -periodic function w we associate the matrix

Co (o8] C2 oo Cp—1 Cn
C1 Co C1 ... Ch—2 Cp—
Mp(w) =1 . . . . -
Cn Cp-1 Cp—2 ... €1  Co,
where

b1
1 .
k= — / w(t)e ¥ dt.
27
-7
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Theorem 2.3. Let S be as in Lemma 2.2 with | = 25r. Then for o < % C(R,2m,0) = % and for every function f € €, we can put =
in (3) instead of <.
Let 3 <o < 1.Then

C(R.I.o)= i

IR _ sin(#R)

In general, if% <o < % for some integer n, then C(S,0) = )\n*l, where A, is the smallest eigenvalue of the matrix M (xs) and

1, xeS8,

Xs(x) = =0, g5,

Remark 1. Note that if w = xs then

sin(kR)
Ck = R .

Theorem 2.4. Let S, o be as in above theorem. Let % <0 < % for some integer n. Let y = (y1, ... Yn+1) be the eigenvector of M,
such that Mpy = Any. For 0 < k <nput J, = (n —k — 0,0 — k). Denote now

Yo &€ Jk
Hex() = {0, g¢ U
and
Fox(®) = —— / ex(E)e ¥ de.
V27 ]
Then

/Ifex(x)\zdxzC(s,a>f|fex<x)\2dx.
R S

Theorem 2.5. Let w be a measurable nonnegative 21 -periodic function which is positive on a set of positive measure. Put L%(w) =
L2(w -dm) and || f||w = | f1112(w)- Assume there exists a constant Q such that

Z Cnemx

In|<N

<Q

forevery N € N. Then

2 51y f2
IR <Ay IfI,

where ), is the smallest eigenvalue of the matrix My (w).
3. Idea of proof of Theorem 2.1

One can easily deduce (6) by scaling. We show how to find C(R, R). We introduce an operator K : L>(—R, R) —
L2(—R,R):

Kiu(x) = —IXy(t) dt.

R
vl
—— | e

27 i
It is easy to see that for f € &g

IFIE <IIf — x—rp FIIR + K131 fI%. 9)

Here || f||r is L2(R)-norm and ||K1||2 is an operator norm of K; : L2(—R, R) — L>(—R, R).
Ky is compact operator with discrete spectrum and K1 K} = KKy, so

IK1ll2 = max{|Al: Ju#0: Kyu=Aru}=|ul. (10)

It is now obvious that the inequality (9) becomes equality for certain f € & (take the eigenvector u.x such that Kju = uu
and find f such that u= f).
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We introduce one more operator:

d
Tu(t) = E((l — '), te(=1,1), ueCP(-1,1).
This operator has an extension to a self-adjoint operator T with spectrum {—¢(£ + 1): £ € Z}. Put now
Au(t) = Tu(®) + R*(1 = ?)u(®), te(=1,1).

The following proposition is well known (see [3]):

Proposition 3.1. If v is an eigenfunction of the operator A then the function u : x — v(%),x € (=R, R), is an eigenfunction of the
operator K.

If mg is the eigenvalue of the operator A with smallest absolute value and Av = mgv then Kqiu = uu (where u is introduced
in (10)).

The eigenfunctions of the operator A are called Prolate Spheroidal Wave Functions. Now we have to find v. If R — 0 then
it is easy to find the asymptotic of v by means of the perturbation theory (see [2]).

If R — oo then it is harder but still possible, see [3, Ch. 1, §5].
4. Brief proof of Theorem 2.3

Observe that if spec(f) C [—o, o] then spec(|f|*) C [-20,20] and |’fT2(j:20) =0. Let % <0 < % We have

Xs() =Y cpe'™,

so
2 - _
f|f(x>| dx=Y av2rlfRR =clfl53+ ck/u@)u(s —kydé, (11)
S O<|k|<n+1
where u = ]‘ Now the first statement of Theorem 2.3 is obvious and we shall prove the general statement. We shall
introduce n + 1 vectors in L?>(n — o, 0): for k=0,...,n put vy =u(¢£ —k),& € (n— 0o, o). Denote E = span{v;} and v = (vo,
coo,v) Fork=0,...,n—1 put also wy = u(& —k),& € (0 —1,n—0), F =span{wy}, w = (Wo, ..., wy—1)T. Then the right-

hand side of (11) is equal to (Apv, v) + (Ap—1w, w), where A, acts on the vector v like multiplication of the matrix M, by
the column v. One can see that the spectrum of A, is equal to the spectrum of M, (and the same for A,_1 and M_1). So

(Anv, V) + (An_1w, W) = AallVII® + An1 [ WII? = min(hn, An- DUy o) = minCia, An—1) [ f1I-

It is very easy to see that A, < A;—1. Combining (11) and the last inequality we obtain

f\f(x)\zdx >l flI%-
S

Now it is easy to see that Theorem 2.4 holds.
The second statement of Theorem 2.3 is just a corollary of the previous result.
The last theorem can be proved in the same way.
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