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Abstract

In this Note we prove that there exists a residual subset of the set of divergence-free vector fields defined on a compact, connected
Riemannian manifold M , such that any vector field in this residual satisfies the following property: Given any two nonempty open
subsets U and V of M , there exists τ ∈ R such that Xt (U) ∩ V �= ∅ for any t � τ . To cite this article: M. Bessa, C. R. Acad. Sci.
Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Un flot générique incompressible est mélangeant. Dans cette Note nous montrons qu’il existe une partie résiduelle R dans
l’ensemble des champs vectoriels qui préservent l’élément de volume pour laquelle tout X ∈ R est topologiquement mélangeant.
Pour citer cet article : M. Bessa, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Soit M une variété riemannienne, connexe, compacte. Notons μ la mesure de Lebesgue sur M . Soit X1
μ(M) l’en-

semble des champs vectoriels qui préservent l’élément de volume muni de la topologie C1. Rappelons qu’une partie
de X1

μ(M) est dite résiduelle si elle contient une intersection dénombrable d’ouverts denses.
Le champ vectoriel X est topologiquement mélangeant, si, pour tout couple ouvert U , V ⊂ M , il existe τ > 0 tel

que Xτ (U) ∩ V �= ∅ pour tout t � τ .
Dans cette Note nous montrons qu’il existe une partie résiduelle R ⊂ X1

μ(M) pour laquelle pour tout X ∈ R est
topologiquement mélangeant.

Ce résultat généralise un résultat établi par Abdenur, Avila et Bochi [1, Theorem A] pour la classe des champs
vectoriels qui préservent l’élément de volume. En fait, dans [1, Theorem B] il est démontré qu’une classe homocline
(non triviale) générique d’un champ vectoriel est topologiquement mélangeant. Ici, grâce à une version d’un résultat
fondamental de Bonatti et Crovisier [5], nous savons que les classes homoclines génériques de X ∈ X1

μ(M) sont
égales à M . Ainsi, nous pouvons obtenir la propriété de mélange sur toute la variété M . Notre démonstration utilise
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des démonstrations de [1] et un théorème de perturbations de champs vectoriels qui préservent l’élément de volume
de Arbieto et Matheus [2].

Noter que dans [1, Theorem B], la topologie utilisée est la topologie Cr (r � 1). Toutefois, ici nous nous sommes
limités à la topologie de classe C1, même si nos perturbations appartiennent à la classe Cr , malheureusement les
versions Cr (r � 2) des résultats de Bonatti et Crovisier et de Arbieto et Matheus mentionnés ci-dessus ne sont pas
connus.

Nous terminons en soulignant que les versions temps discret des résultats de [1] et de ceux établis dans cette Note
sont encore des problèmes ouverts.

1. Introduction, basic definitions and statement of the results

Let M be a n-dimensional compact, connected, boundaryless C∞ Riemannian manifold and let μ be the measure
induced by a volume-form defined in M . We call μ the Lebesgue measure. For any r � 1 the class of Cr divergence-
free (or zero divergence) vector fields defined on M will be denote by Xr

μ(M).
Integrating any C1 vector field X we obtain its associated flow Xt , which is a 1-parameter group of C1 volume-

preserving diffeomorphisms. For this reason we call Xt an incompressible (or volume-preserving) flow. The infinites-
imal generator of the flow Xt is the vector field X say, dXt

dt
|t=s(p) = X(Xs(p)).

We say that a subset R ⊂ X1
μ(M) is a residual subset, or a generic subset, if it contains a countable intersection of

dense and open sets with respect to the Whitney C1-topology.
We say that x ∈ M is a singularity of the vector field X if X(x) = 0.
A vector field X is said to be transitive if its flow has a dense orbit in M or, equivalently, given any nonempty open

sets U,V ⊆ M , there exists τ > 0 such that Xτ (U) ∩ V �= ∅. Now we consider a more rigid definition. We say that a
vector field X is topologically mixing if given any nonempty open sets U,V ⊆ M , there exists τ > 0 such that, for all
t � τ we have Xτ (U) ∩ V �= ∅.

We say that a closed orbit γ of period P = PX,γ is hyperbolic if the spectrum of the time-P derivative of the
Poincaré transversal map does not intersect S1. A closed orbit γ of period P = PX,γ is elliptic if the spectrum of the
time-P derivative of the Poincaré transversal map lies in S1 \ R. It is well-known that given any hyperbolic closed
orbit γ and x ∈ γ , x has smooth stable and unstable manifolds (see e.g. [7]) which are defined respectively by:

Ws/u(x) =
{
y ∈ M d

(
Xt(x),Xt (y)

) −→
t→+∞/−∞ 0

}
,

where d(·,·) is the distance inherit by the Riemannian structure on M . The saturated of Ws(x) by the flow Xt gives
us the stable manifold of the closed orbit which we denote by Ws(γ ). In the same way we define Wu(γ ). The index
of γ is the dimension of the unstable manifold.

Now, given any hyperbolic closed orbit γ of a flow Xt , we define its homoclinic class by HX,γ = Ws(γ )
∩Wu(γ ),
where Ā denotes the closure of the set A and 
∩ the transversal intersection of manifolds. We denote by Per(X) the
set of all periodic points of X, and by Pern(X) the subset of periodic points with period less than n.

In this Note we prove the following result:

Theorem 1.1. There exists a C1-residual subset R ⊂ X1
μ(M) such that, if X ∈ R then X is a topological mixing

vector field.

This result generalizes a result given in Abdenur, Avila and Bochi’s Theorem A [1] for the divergence-free class.
Actually, in [1, Theorem B] it is proved that a nontrivial homoclinic class of a generic vector field is topologically
mixing. Here, and due to an important result of Bonatti and Crovisier (see Theorem 2.1 and Section 4) we know
that generically homoclinic classes of X ∈ X1

μ(M) are global, i.e. equal to M . Thus, we were able to obtain the
topologically mixing statement in all M .

Notice that, in [1] (Theorem B), the topology involved is the Cr (r � 1) topology. However, here we are constrained
to the C1 topology class since, even if our perturbation lemma (Lemma 2.2) was done in the Cr class, unfortunately
the Cr (r � 2) version of Theorem 2.1 aforementioned is not available.

We finish the introduction noting that the discrete-time version of the results in [1] and those in this paper are still
open.
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2. Proof of Theorem 1.1

In this section we present the proof of Theorem 1.1. A key ingredient that we are going to use is the remarkable
Bonatti–Crovisier C1-connecting lemma for pseudo-orbits, namely Théorème 1.3 of [5].

Theorem 2.1 (Bonatti–Crovisier). There exists a residual C1-subset R1 of the volume-preserving C1 diffeomorphisms
defined on M such that if f ∈ R1, then f is a transitive diffeomorphism. Moreover, f has a unique homoclinic class.

The definition of transitivity and of homoclinic class for the discrete-time case are obvious. As another results of
this type, like e.g. Hayashi’s connecting lemma (see [10]), Theorem 2.1 is also true for the class of divergence-free
vector fields (see Section 4). The other ingredient is the following lemma whose proof we postpone to Section 3:

Lemma 2.2. There exists a residual R2 ⊂ X1
μ(M) such that if X ∈ R2, then given any closed orbits γ1 and γ2 with

γ1 �= γ2 we have

PX,γ1

PX,γ2

∈ R \ Q.

Now we are ready to prove our main result:

Proof of Theorem 1.1. Let R1 be the residual subset given by Theorem 2.1 and R2 the residual subset given by
Lemma 2.2. Define R = R1 ∩ R2. The proof from now on follows ipsis verbis [1] (proof of Theorem B) nevertheless,
for the sake of completeness, we present it here.

We want to prove that given X ∈ R and any two nonempty open sets U and V in M , there exists some τ ∈ R such
that Xt(U) ∩ V �= ∅ for any t � τ .

Since X ∈ R1 there exists a unique homoclinic class M , so we take two distinct closed orbits γ1 and γ2 of period
P1 and P2 respectively, with the same index2 and satisfying γ1 ∩ U �= ∅ and γ2 ∩ V �= ∅. Since X ∈ R2 we have
P1/P2 ∈ R \ Q.

Let x ∈ γ1 ∩ U , y ∈ γ2 ∩ V and z ∈ Wu(x) ∩ Ws(y). There exists τ1 > 0 such that{
X−(τ1+kP1)(z)

}
k∈N

⊂ Wu(x) and X−(τ1+kP1)(z) −→
k→+∞x.

Hence, for some t1 > 0 we have X−(t1+kP1)(z) ∈ U for all k ∈ N. In the same way there exist t2 > 0 and a sufficiently
small ε > 0 such that Xτ2+�P2+s(z) ∈ V for all � ∈ N and |s| < ε.

It is easy to see that the set {kP1 + �P2 + s: k, � ∈ N and |s| < ε} contains no interval of the form [T ,+∞) for
some T > 0.

Define τ = t1 + t2 +T . Therefore, for any t � τ , there exist k, � ∈ N and a small |s| < ε such that t = t1 + t2 +kP1 +
�P2 + s. Now, since z ∈ Xt1+kP1(U) and Xt2+�P2+s(z) ∈ V for all k, � ∈ N we get that Xt2+�P2+s(z) ∈ Xt(U) ∩ V

and X is topologically mixing. �
3. Proof of Lemma 2.2

To prove Theorem 1.1 in the divergence-free setting it will be necessary to perform the perturbations in this context,
so the following result, due to Arbieto and Matheus (see [2] Theorem 3.1), is crucial:

Lemma 3.1 (C2-Pasting Lemma). Given ε > 0 there exists δ > 0 such that if X ∈ X2
μ(M), K ⊂ M is a compact set

and Y ∈ X2
μ(M) is δ-C1-close to X in a small neighborhood U ⊃ K , then there exist Z ∈ X2

μ(M), V and W with

K ⊂ V ⊂ U ⊂ W such that Z|V = Y , Z|int(Wc) = X and Z is ε-C1-close to X.

2 We use the fact that they have the same index, together with the fact that the close hyperbolic orbits of some index are dense in the homoclinic
class.
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Proof of Lemma 2.2. First we consider the case when the dimension of M is greater than three. By Robinson’s
conservative version of the Kupka–Smale Theorem [9] we obtain, in particular, that the subset of X1

μ(M) defined by,

An = {
X ∈ X1

μ(M): Sing(X) and Pern(X) are hyperbolic
}
,

is open and dense in X1
μ(M). We also define the open set,

Bn =
{
X ∈ An: if γ1, γ2 ∈ Pern(X) and γ1 �= γ2, then

PX,γ1

PX,γ2

/∈ {ri}ni=1

}
,

where {ri}∞i=1 are the positive rational numbers.
To obtain the density we must prove that given ε > 0 and a vector field X1 ∈ X1

μ(M), for all n ∈ N there exists
Z ∈ Bn, ε-C1-close to X1. By Zuppa’s Theorem [11] the vector field X1 can be ε/2-C1-approximated by a C2 vector
field X2 ∈ An. By definition Xt

2 has a finite number of hyperbolic closed orbits of period less than n, which we denote
by {γi}mi=1.

Given si > 0, for i = 1, . . . ,m, the vector fields defined by

Yi(·) = (1 + si)
−1X2(·),

are divergence-free and, for each i = 1, . . . ,m, if si is close to zero, then Yi is close to X2.
Now, for i = 1, . . . ,m, we take tubular compact neighborhoods Ki ⊃ γi and we choose Ki sufficiently thin in order

that some open neighborhoods Wi ⊃ Ki should be pairwise disjoint.
Now we are going to define recursively a vector field Zm ∈ X2

μ(M) ε/2-C1-close to X2 such that Zm|γi
= Yi |γi

.
Define Y0 = X2. Now for each i = 1, . . . ,m, by Lemma 3.1 there exists δ > 0 such that if Yi is δ-C1-close to Yi−1

in a small neighborhood Ui ⊃ Ki , then there exist Zi ∈ X2
μ(M), Vi and Wi with Ki ⊂ Vi ⊂ Ui ⊂ Wi such that:

1) Zi |Vi
= Yi ;

2) Zi |int(Wc
i ) = Yi−1;

3) Zi is ε
2m

-C1-close to Yi−1.

At the end we obtain the claimed vector field Zm which satisfies:

4) Zm converges to X2, in the C1-topology, as si converges to 0;
5) PZm,γi

= (1 + si)PX2,γi
for i = 1, . . . ,m.

Therefore, we consider adequate small s1, s2, . . . , sm such that

6) Zm ∈ An;

7)
PZm,γi

PZm,γj
/∈ {ri}ni=1 for i �= j .

Finally, if such a vector field Zm has another closed orbit then, by 5) its period is greater or equal than n, thus Zm ∈ Bn.
Define the residual subset claimed by the lemma by R2 = ⋂

n∈N
Bn.

If M is tridimensional we define:

An = {
X ∈ X1

μ(M): Sing(X) and Pern(X) are hyperbolic or elliptic
}
,

which is open and dense, and we do exactly the same proof as before. �
4. Theorem 2.1 for incompressible flows – guidelines for a proof

Along this section we assume some familiarity with Bonatti and Crovisier’s proof [5] and also with the nomencla-
ture used there.
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4.1. Existence of perturbation flowboxes of large length

Let Cϕ ⊂ Rn be an (n − 1)-dimensional tiled cube (see [5, Fig. 1]) and ϕ = ϕx : U → Rn be a volume-preserving
chart based at x ∈ M (see [6, Lemma 2]). We consider the tiled cube (of a fixed chart based at x) C := ϕ−1(Cϕ) ⊂ Σ

where Σ is an (n − 1)-dimensional submanifold transversal to the flow direction. Given N � 1 we say that {xi}ni=0
preserves the tiling in the flowbox3 FX(C,N) := ⋃

t∈[0,N ] Xt(C) if:

• x0, xn /∈ FX(C,N);
• If xi ∈ Ti ⊂ C (for i = 0, . . . , n − 1 and some tile Ti ), then X−1(xi+1) ∈ Ti ;
• If xi ∈ Xj(C) (for j = 1, . . . ,N − 1), then xi+1 = X1(xi).

Fix X ∈ X1
μ(M). We say that a tiled cube C is an ε-perturbation flowbox of length N � 1 if any sequence {xi}ni=0

preserving the tiling in the flowbox FX(C,N), there exists Y ε-C1-close to X such that Y = X outside FX(C,N) and
exists {yi}ni=0 (with y0 = x0 and yn = xn) such that, if yi ∈ F (C,N − 1), then yi+1 = Y 1(yi).

Theorem 4.1 (Connecting Lemma for pseudo-orbits). Given X ∈ X1
μ(M) and ε > 0, there exists N ∈ N such that

for all x ∈ M , if any tiled cube C (of a fixed chart based at x) is a flowbox of length N , then C is an ε-perturbation
flowbox of length N .

The proof of the previous theorem follows straightforward from the arguments in [5]. However, since we are in the
conservative flow setting, care must be taken to perturb the orbit segments to cancel the jumps of the pseudo-orbits
and remain inside X1

μ(M). For that we use a beautiful argument given by Pugh and Robinson [8, Section 8(c)]. In
broad terms, we start by making a small perturbation in the original orbit in order to perform the desired action. Then,
the way this C2-trajectory γ is realized by an incompressible flow C1-close to the original one is by constructing
a volume-form adequate to γ . This is done in two steps; first, and since the goal is to obtain a closed transversal
(n − 1)-form λ along γ , we consider a local (n − 2)-form η so that λ can be defined as dη. Second, by using the
Whitney extension theorem, we make η global.

4.2. Existence of topological towers for flows

Consider a (transversal) section Σ , a map R : Σ → Σ and a ceiling function h : Σ → [c,+∞], with c > 0. The
flow S s : Σ × R → Σ × R defined by (x, r) �→ (Rn(x), r + s − ∑n−1

i=0 h(Ri(x))) where n ∈ Z is uniquely defined by∑n−1
i=0 h(Ri(x)) � r + s <

∑n
i=0 h(Ri(x)) is called a special flow. Roughly speaking S s moves a given point (x, r)

to (x, r + s) at velocity one until hits the graph of h, after that the point returns to the transversal section Σ (base).
It is well known that any aperiodic4 flow is equivalent to some special flow (see [3] and the references therein). In
[3, Section 3.6.1] we use this fact to build a Kakutani castle with very high towers in order to avoid overlapping of the
local perturbations and, moreover, to have enough time to perform lots of small perturbations. One of the main steps
to prove Bonatti–Crovisier’s results is based in an analogue argument involving the so-called topological towers (see
[5, Section 3]). In fact, we would like to prove that there is a finite family of perturbation flowboxes of length N with
disjoint supports and such that every orbit in M enter inside some flowbox in finite time. Notice that the bottom of each
tower is an open set in the section. Clearly, closed orbits of period � N and singularities goes against the existence of
topological towers. Nevertheless, the notion can be adapted to pass this difficulty. In conclusion the proof splits into
two cases. In the first one we obtain a family of perturbation flowboxes far from closed orbits of small period and also
singularities. For that we just have to borrow the arguments along Sections 3 and 4 of [5]. Finally, in the second case,
we have to show how to deal with periodic hyperbolic orbits. This is done exactly as in [5, Proposition 4.2] with the
obvious modifications. The only novelty is the existence of hyperbolic singularities, however, they are treated like a
hyperbolic fixed points was in [5, Proposition 4.2].

3 Notice that we consider injective flowboxes, that is, any y ∈ FX(C,N) can be written in a unique way as y = Xt (x) where x ∈ C and t ∈ [0,N ].
4 A flow Xt is aperiodic if the union of Per(X) with the set of singularities has zero Lebesgue measure.
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4.3. End of the proof of Theorem 2.1 for incompressible flows

Like in [5] we denote by x 
 y every time that it is possible to connect x to y by an ε-pseudo-orbit with arbitrary
small ε > 0. If dim(M) � 4, then, following the same arguments in [5] page 79, we are able to obtain Theorem 4.2
below and thus conclude the proof of Theorem 2.1 for our setting.

Theorem 4.2. Given X ∈ X1
μ(M) and ε > 0 we suppose that any closed orbit is hyperbolic.5 Then for all pair (x, y)

of points in M such that x 
 y there exist Y ε-C1-close to X and t > 0 such that Y t (x) = y.

If dim(M) = 3 we have to take in account that the elliptic points are stable, thus generically the closed orbits are
hyperbolic or elliptic (see [9]). In this case, once again we borrow the arguments along [5, Section 6.2], and we use the
C1-perturbation results available, namely a version of Franks’ lemma for incompressible flows (see [4, Lemma 3.2])
and also Hayashi’s connecting lemma for incompressible flows (see [10]). Finally, we obtain the conservative three-
dimensional version of Theorem 2.1 and we are done.
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