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Abstract

This Note presents an estimator of the density of the error in a homoscedastic regression model, based on model selection
methods, and propose a bound for the quadratic integrated risk. 7o cite this article: S. Plancade, C. R. Acad. Sci. Paris, Ser. I 346
(2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Estimation non-paramétrique de la loi des erreurs dans un modéle de régression. Cette Note présente un estimateur de la
loi de I’erreur dans un modele de régression homoscédastique, basé sur des techniques de sélection de modele, et propose une
majoration du risque quadratique intégré. Pour citer cet article : S. Plancade, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

On considere le modele de regression hétéroscédastique suivant :
Yi=b(Xi)+e€, i=-—n,...,n, @))

ou les {X;} sont des variables i.i.d. (indépendantes identiquement distribuées) et les {¢;} sont des variables i.i.d. indé-
pendantes des {X;}. Dans cette note nous proposons un estimateur pour la densité f. de €1, a partir d’un échantillon
{Xi, Y;}. Soient les deux échantillons indépendants suivants :

Z7 ={X;,Yi}i=n, .. —1; ZT ={X;,Yi}iz1,..n- ()

A partir de I’échantillon Z ™, on calcule un estimateur l;,;, de b par une technique de sélection de modele avec pénalité,
basée sur un contraste des moindres carrés. On définit alors les résidus relatifs au deuxiéme échantillon : €; :=Y; —
13,;, (Xi)}i=1....n- On applique ensuite une sélection de modele basée sur un contraste de densité aux €;. On obtient un
estimateur f* de la densité des €; qui constitue notre estimateur de fe.

En s’appuyant sur des résultats de convergence des estimateurs de densité et de fonction de régression (présentés
dans la section 4), on obtient la majoration suivante pour le risque intégré :
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. . D T, D
E[Ilf* - fel?] < Ci inf | inf |b—¢]> +0? == |+ C> inf | inf || f — > + — 3)
meM,| tem n meX, | tem n

ou M, et X, sont les ensembles de modeles pour I’estimation respectivement de la fonction de régression et de la
densité des résidus, et ||-|| désigne la norme L? pour la mesure de Lebesgue. En particulier, si b appartient 4 une classe
de Besov plus réguliere que fe, alors I’estimateur f* atteint la vitesse de convergence minimax (en un sens que 1’on
précisera dans la derniére section).

1. Introduction

We consider the homoscedastic regression framework (1), where the {X;} are i.i.d. variables with density fx and
the {¢;} are i.i.d.centered variables with density f. and unknown variance o2. Moreover we assume that the {X;} and
the {¢;} are independent sequences. The aim of this paper is to propose an estimator for the error density fe based on
the sample {(X;, Yi)}i=—n,..» drawn from model (1).

There exists a vast literature devoted to density estimation, but the difficulty here is that the errors {¢;} are unob-
served. A usual method consists in estimating the regression function b, then computing the residuals €; = ¥; — b(X;)
which are approximations of the ¢;’s, and finally applying a density estimation procedure to these residuals. Some
results have been established using kernels, but the estimators are not adaptive. In a recent article [4], Efromovich
proposes an adaptive estimator for the error density, based on a density estimator proposed by Pinsker. His estimator
proves very powerful, with a convergence rate that reaches the oracle, but as the risk bound estimation relies on as-
ymptotic developments, these results are mainly asymptotic. Moreover, it requires stronger hypothesis of regularity
on f. than we need. Finally, the estimator we propose proves to be easily computable.

Our estimator is constructed following the above method, using penalized linear model selection to estimate the
regression function and the density. More precisely, we split the sample into two independent samples as in (2).
From Z~, an estimate &,12 of the variance o2 of € is computed. From the same sample, we build a model selection
estimator l;m based on a set of models M,, and a penalty function of order &3(Dm /n). Then we compute the residuals
from the second sample: €; = Y; — 13,;1(X i), i =1,...,n. Lastly, a model selection over a set of models X, gives an
estimate f* of the density f: of the residuals: this is our estimator for f.

We prove that the quadratic risk of the estimator f* is bounded by the sum of the oracles for the estimation of b
in M,, and for the estimation of f in X, when the ¢; are observed, that is the inequality (3) where ||7]|> = f t(x)?dx
denotes the L%-norm for Lebesgue measure. Notably, if b belongs to a more regular Besov space than f, (in a sense
we will be more precise later), our estimator reaches the minimax rate of convergence.

2. Notations and estimators

For a density g with respect to the Lebesgue measure, we denote ||t||§ = ftz(x)g(x) dx, and for t € L?(g),
AcC L%(g), dg(t, A) :=infseqa ||ls — t|lg. We define the empirical norm with respect to the sample Z~, and the
scalar product associated: for every function ¢, for every U € R", ||t||ﬁ = (1/n)Zi_:1_n t2(X;) and (t,U), =

(1/n) Zi;]_n t(X;)U;. Throughout the paper, C; denotes a nonnegative constant that may vary from line to line.
We consider the regression framework (1) and build our estimators as follows. We consider two sets of linear models:
M,, and X, For each model m of M,, or X, we denote by D,, its dimension.

Let y,,(¢) = (1/n) Zi_:lfn(yi —t(X ,»))2 denote the least-squares contrast. For each m € M,,, we denote by 5,,, the
minimizer of y,, over m. Then, let V,, be a [n/2]-dimensional space which contains S, (the largest space of the collec-
tion, defined in Section 3) and 8,% = #'1/2] infey, [1(X)—Y ||% an estimator of o2 (where # (X) = (1(X1, ..., t(Xp))).
We select 1 in M,, as:

m= arg mlél./l\l/ll [)’n (l;m) + peny (m)]

with pen; = 8&,%(Dm /n), § being a constant. We consider the estimator b* defined as follows:
b*=by if |byll <k, and b* =0 otherwise,

with k, =2 exp(ln2 n) (other values for k, are possible, but this one is convenient for proofs).
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We compute the residuals using the second sample: & = Y; — b*(X;) for i =1,...,n. Let v,(¢) = ||t||2 —
(2/n) Y !, t(€). For each m € X, we denote fm the minimizer of v, over m. We select a model me X, as:

it = arg min [v,(fn) + peny(m)]
mexy,
with a penalty function pen, (m) of order D,,/n. Finally, we consider the estimator of f: f* = f,;l

3. Assumptions

We consider two types of assumptions: the assumptions on the sets of models which determine the allowed models,
and the assumptions on the unknown functions.

e Hiame: fx has a known compact support equal to [0, 1], and is upper bounded by m| < oo and lower bounded
by mg > 0. The density f. has a known compact support [—1, 1], and is Lipschitz on [—1, 1] with a Lipschitz
constant Lip( f¢). The errors ¢; are centered.

e Hpog: All models of M, (resp. X)) are included in a global model S, C L% N L®([0, 1]) of dimension
N, < nl/z_d/lnzn for some d > 0 (resp. T, C L?N L*°(—1,1]) of dimension L, < n). Furthermore, the
collections M,, and ¥, are polynomial, that is there exists some nonnegative constants /" and R such that
|{m € M,, (resp. X,,): D,, =n} < I'D® . Finally, there exist constants K and K’ such that:

ltlloo < KNy lltll, V€S, and |slloo < K'v/Dylltll, Vm'e X, ,sem'.
4. Tools

Theorem 4.1. Assume that Hirame—Hmod hold. Consider the penalty function pen;(m) = 86,12(Dm /n) for some & > 1,
then:

D o
*112 : : 2 2-m
_ < _ zZm =
E[llb —b*[17,] < Cmg}\f/tn[[lgg Ib—tl"+o p i|+ -
where C depends on (8, m1) and C’' depends on (o, mg, my, ]E(e?)) and the polynomial structure of M,,.

Proof of Theorem 4.1. We give a sketch of proof based on Baraud’s work [1] who proves a similar result when o is
known, adding some elements of proof from [2] to include the case when o is unknown. Leto > 1, 8> 1l and y > 1
such that § = a8y . The first step consists in splitting the risk into three terms:

2 2
E[lIb - b*13, ] =E[lIb ~ b*||fx1A1\|E,;,\|<k,,]+E[||b_b*||fx]A1|\13,,~,n>k,,]"‘E[”b_b*”/xlf“‘]
=E1+E+E3

where A = {w € Q: Vt € §,, ||t||2 — ||t||2 a||t||fX} for some a € 10,1 — %[. The terms E, and E3 are upper
bounded almost like in Baraud [1] (p- 140): E» < C ||b|| (||b|| T o?)/ k,zl where C is a universal constant and
E3 <2(1bl g + kﬁ)P(AC) < /k,% with C’ depending on my, ml, K and ||b]| r,,. We upper bound E; following
the classical method based on Talagrand Inequality. First of all, we notice that, for every t,s € S;: v, (t) — yu(s) =
b —t]|> — ||b — s]|> — 2{€.  — 5),,. Then the definition of b, leads to:

b — blly < llbwm — b7 +2(€. by — b)u + pen, (m) — pen, (1) )

for every m € M,, and b,, € m. Moreover, let Bm+ ={tem+m, |t s =1}
. R bj —b 1 . bjy —bm \*
2(e, b — by)n < 2llbj — bm||fx<€, Amirn> < —bj — bm”%t‘x +Ol<€, #>
165 — bmll fx In : 165 — bl fx 1 n

146 1
< = llbi = bl + ( )IIb bl +a sup {(e.1)?) ®)

teBX
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for all 8 > 0. Finally, a decomposition similar to the one of Lemma 5.1 [1] establishes that, for every v > 0:
N 2 1—a ~ 2
E[1b5 = blly1a] > 1 EllIba = bll ] = C1(a. 6. v)dj, (b, m). (6)

Gathering inequalities (4), (5) and (6), and taking thg expectation over A, for a suitable choice of (a, 6, v) (that is
(1—-a)/d+v)—(14+86)/a > 0), webound E[||b — b;; ||}X 14] by:

Ci{l1b = bulG, +E[(pen(m) — penGi) + ap(m. i)1a] + B[ sup (e.)] = pom.ii)) |} ™

X
IEBerm

for every function p : M, x M, — Ry. Let E4 = E[(sup,_zx (e, t)n — p(m,m))+]. We bound E4 by using
m+m

an integrated version of Talagrand Inequality, enunciated for example in [6] (Section 6, Lemma 5). We consider
p(m,m") = Bo*(D,, + D,y)/n. Then, as:

D D,
IE[ sup (e,t)ﬁ]guoz, sup Var(t(Xl)el)goz, sup ”t(X])E]” < K'\/N,.
teBX . n el =1 el =
We get:
o2 2 =
4K~- 1 ! C

Es< Y ¢ T expl——D wl+ = —exp _Komo sl 22 ®)

n m2 2K n
m'eM, 0

It remains to bound Es := E[(pen, (m) — pen, (m) +ap(m,m))14]. Let B = {&2 1 o2}, then P(B€) < C3/n, where
C3 depends on y and ]E[64] In addition E[O’z] o +21nf,ev” lb— z‘||2 <o —i—mf,em [|b— t||f . These results derive
from a claim in [2] (p. 487), by considering the conditional probablhty on the designs (X;). Hence:

2Dﬁ1+Dm

Asz . 2 2C3
Es <E|2yo, - + afo lpe | <2pen;(m) + 46 tlélrg ||t — b”fx + 260 o ©)]

The result follows by gathering (7), (8) and (9). O
We use the following result for density estimation via model selection given by Massart [7] (p. 216):

Theorem 4.2. Let (Uy,...,U,) be a sample from a density g with respect to Lebesgue measure, with support
[—1,1]. Let X, be a set of models satisfying Hpyod. For every m € X, let g, be the minimizer of v,(t) :=
21> = 2/n Yo' t(U;) over m. Let B > 1, and peny(m) = BK'(D,,/n) where K' is defined in Hmod, and m =
argmingex, [V, (&m) + peny (m)], then:

C'(K', B, Iy max(l, [lg]*+2F)

n

~ . D
E[llg — 8al*] < C(K’, B) inf [cﬂ(g, m) + —’”} +
mex, n
5. Main results

Using Proposition 4.1 and Theorem 4.2, we obtain our main result:

Theorem 5.1. Assume that Hframe and Hmod holds. Consider pen(m) = S&nD,—{” and pen,(m) = BK’ % with § >0
and B > 0. Then:

. 2 . 2 2Dm / 2 Dy, C”
E[lf* = fell3, ] < C inf |d*(b,m)+o +C 1nf d(fm)+ +—
Ix meM,
where C depends on (K’, B, 8, Lip(f)), C’ on (K’, B) and C" on (K’,,B, Lo f Nl )

Remark. Let B (L) denote the Besov space of parameter « > 0, p > 0 and oo, [|-|l¢,, the corresponding semi-
norm (see [3]) and for R > 0, By, p.co(R) = {f € BS(Lp): I flla,p < R}. Suppose that models are generated by
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either trigonometric polynomials or piecewise polynomials , or wavelet families (see [1], Section 2 for more details).
If there exists 0 < o <o, and (R, R) € (RY. )? such that f, € By2,00(R) and b € By 2.5 (R’), then the estimator f*
of fc reaches the minimax rate of convergence for a density function over By 2 co.

Indeed, classical results about approximation (see [5] for wavelets and [3] for piecewise and trigonometric poly-

nomials) prove that infy, || fe — ¢|| < CD,,* and infc,/ |b — || < C'D, ;] * Then as « < ', a simple computation
leads to:

D > Dy, s
inf [dz(b,m)—f-Ez—m] + inf |:d (f.m)+o —} < Cyp(n~ 2/t =20 /et D))
n n

me mex,
< C2n72a/(2a+1)‘

In addition, it is well known (see for example [5]) that the minimax rate for a density estimation over B, 2 oo (R) is of
order n~=2¢/e+1) "which proves the result.

Proof of the Theorem 5.1. Let f~ denote the density of €], conditionally to Z~. The proof relies on the fol-

lowing facts: conditionally to Z—, E(|| f* — f~ %) is bounded with Theorem 4.2. Then, f~ being the density of

€1 4+ (b — b*)(X;), it can be expressed as the convolution of f and the density of (b — b*)(X) so conditionally to

Z7, |l f~ — f|l is bounded in function of ||b — b*||. Finally, E(||b — b*||?) is bounded by means of Proposition 4.1.
More precisely: E(|| f* — fel?) <2E( f* — f~11?) + 2E(|| f~ — f|I*). Now, given Z~, we have:

B(If* = f7IP127) <€y inf [inf £~ =11 +peny(m)] + Camax(1, 1£711+25) /n

n

< Cy inf [Ztig;£ Il fe — t”z + 2| fe — f_”2 +pen2(m)] + szax(l, ||f_||4+2R)/n

mex,
=Cillfe = f7IP+Cp inf [inf 1 = £+ penyom) | + Cymax(1, £~ [+2R) /.
meX,Ltem
We derive that:

C/
E[If* = fI?] < C1 inf [ inf Ilfe = 112 +penym) | + C2E[Ife — £~ 12] + —E[1.£ 7 1*2F]. (10)

Now as f~(y) = fxl=0 fe(y — (b — b*)(x)) fx(x)dx, Jensen inequality gives, as a bound of ||f. — f~|? =
[ien(F~ () = fe))*dy:

1 2
f[/(fe(y—(b—b*)(X))—fe(y))fx(X)dX} dy

yeR =x=0

1
/fe —(b—b")(x)) — fe(y)] Sx(x)dxdy
yeR x=0
1

=/< /[fé(y_(b—b*)(x))—fe(y)]zdy)fx(x)dx.

x=0 yeR

But £, has a supportin [0, 1], 50 [ £, (y — (b—b*)(x)) — fo ()] = 0 forall y ¢ [0, TJU[(b—b*) (x), (b—b*)(x)+ 1] :=
U(x), and [ 1y(y) dx < 2. Hence

TSk f / Foly = (b= ") — fe T e fx () dyda

x=0yeR

< / 2Lip(fo)2(b — b)) fix (x) dx.

x=0
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Thus || fe — f~11*> < Lip(f)?||b — b*||3,x. By integrating over Z~, and applying Proposition 4.1, we get:
C
—2 . 2 . . 2
E(llfe — £~ 1I°) < C1Lip(fo) mé‘}&n[z‘éﬂﬁ 16— 1l —|—pen1(m)] + -

With the same arguments over the support of f~, we get:

1 2 1
||f‘||2=/ /fe(y—(b—b*)(x))fx(x)dx dy < /[fe(y—(b—b*)(x))]zdyfx(x)dx

yeR =x=0 x=0yeR

ie | F 1> < N fe ||2fx. Gathering the inequalities (10)—(12) the result follows. O
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