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Abstract

We consider the variational problems which consist in minimizing the compliance of a prescribed amount of elastic material
which is subject to a given load and is placed in a design region of infinitesimal height. We determine the limit problem, and we
provide necessary and sufficient optimality conditions. To cite this article: G. Bouchitté et al., C. R. Acad. Sci. Paris, Ser. I 345
(2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Analyse limite 3D–2D du problème de compliance optimale. On considère le problème de minimisation de la compliance
d’un matériau élastique soumis à un chargement donné que l’on doit placer dans un domaine dont l’épaisseur tend vers zéro.
Nous déterminons le problème limite ainsi que les conditions nécessaires et suffisantes d’optimalité associées. Pour citer cet
article : G. Bouchitté et al., C. R. Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Nous décrivons dans cette Note le comportement asymptotique du problème d’optimisation de la compliance d’un
matériau élastique de volume fixé placé dans une région d’épaisseur très faible. Le matériau élastique est caractérisé
par une densité d’énergie j (e(u)) où j est un potentiel (quadratique et coercif) et e(u) désigne le tenseur de défor-
mations linéarisé (2 e(u) := ∇u + (∇u)T ). Il occupe un ouvert Ω et est soumis à un chargement F ∈ H−1(Q;R

3)

où Q est un domaine de référence contenant Ω . La compliance du système est l’énergie accumulée par le matériau à
l’équilibre :

C(Ω, j,F ) := sup

{
〈F,U 〉R3 −

∫
Ω

j
(
e(U)

)
dx: U ∈ C∞(

Q;R
3)} (1)
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ou sous forme duale, en notant j∗ la conjuguée de Fenchel de j ,

C(Ω, j,F ) = inf

{∫
Q

j∗(Σ)dx: Σ ∈ L2(Q;R
3×3
sym

)
, Σ = 0 on Q \ Ω, −div(Σ) = F

}
. (2)

La recherche d’une forme de résistance optimale se traduit par le problème de minimisation non convexe :

inf
{
C(Ω, j,F ): Ω ⊆ Q, |Ω| = τ

}
. (3)

On s’intéresse ici au cas où Q= Qδ := D ×[− δ
2 , δ

2 ], D étant un ouvert connexe et borné de R
2 que l’on supposera de

mesure 1. Le problème asymptotique δ → 0 n’est pertinent qu’après mise à l’échelle du chargement et de la contrainte
de volume. On considère

Iδ(τ ) := inf
{
C
(
Ω,j,F δ

)
: Ω ⊆ Qδ, |Ω| = τδ

}
(4)

avec

Fδ(x) :=
(

1√
δ
F1

(
x′, x3

δ

)
,

1√
δ
F2

(
x′, x3

δ

)
,

√
δF3

(
x′, x3

δ

))
, (5)

où F ∈ H−1(Q1;R
3) et τ ∈ (0,1) est le taux de remplissage. La contrainte de volume est traitée par l’introduction

d’un multiplicateur de Lagrange (Éq. (6)) puis le problème est transféré sur le domaine fixe Q := Q1 par changement
de variables (Éq. (10)).

On montre (Corollaire 3.2) que la limite de (4) quand δ → 0 est décrite via une fonction Φ définie en (20) et
qui admet différentes formulations équivalentes (Lemme 2.2). Les énergies de flexion et de membrane sont couplées
dans un déplacement de plaque de type Kirchhoff–Love. Les conditions d’optimalité pour le problème limite (qui,
contrairement au problème initial, est convexe) sont décrites dans le Corollaire 3.4. Elles permettent d’établir qu’il est
optimal de concentrer la matière sur les parties les plus hautes et basses du domaine de référence. De manière surpre-
nante aucune zone de mélange (homogénéisée) n’apparaît à la limite et la forme optimale obtenue est disconnectée.
Notre résultat diffère donc de tous les résultats obtenus (voir e.g. [2]) dans le cas de l’optimisation de plaques pleines
d’épaisseur variable (i.e. avec la contrainte de connexité des sections).

1. Setting of the problem

In this Note we describe the asymptotic behaviour of the 3D optimal elastic compliance problem, when the thick-
ness of the design region tends to zero and the volume fraction remains unchanged. We refer to [4,7] for some recent
related works, and to the volumes [1,5,6] for a background on the modelling of thin plates.

Hereafter, we give a precise description of the variational problems we want to study. For the sake of clearness, we
first recall the general problem of optimal elastic compliance. Then we state it when the design region has infinitesimal
height and we take the volume constraint into account through the introduction of a Lagrange multiplier. Finally we
provide the rescaled formulation on a fixed domain. The limit problem is depicted in Section 2. Results are collected
in Section 3.

We consider an elastic medium characterized by a energy volume density j (e(u)) where j is a coercive quadratic
potential and e(u) denotes the linearized strain tensor (2e(u) := ∇u + (∇u)T ). The material lies in a subdomain Ω of
a design region Q. It is submitted to a load F ∈ H−1(Q;R

3). The compliance is the stored total energy at equilibrium
C(Ω, j,F ) given as usual by Eq. (1) or, in dual form, by Eq. (2) in which j∗ denotes the Fenchel conjugate of j .
Maximizing the resistance leads to the minimization problem (3).

1.1. The sequence of variational problems on the thinning domains Qδ

In this Note we study the case Q = Qδ := D × [− δ
2 , δ

2 ], where D is open bounded connected subset of R
2. We

denote by Q := Q1 the reference region and assume with no loss of generality that |D| = 1. The spatial variable in R
3

is written (x′, x3) ∈ R
2 × R. Our goal is to study the asymptotic behaviour of the optimal compliance problem on Qδ

in the limit δ → 0. Clearly, in order to obtain a meaningful limit problem, we need to scale the volume constraint and
the system of loads. The properly scaled version of problem (3) on Qδ is given by (4) with Fδ defined by (5) where
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F ∈ H−1(Q1;R
3) and τ ∈ (0,1) is the filling ratio. In order to ensure that the infimum in (4) is finite for every τ > 0,

we will assume from now on that

– F is ‘balanced’, meaning that 〈F,U 〉R3 = 0 whenever e(U) = 0,
– the topological support of F is contained in a two-dimensional rectifiable subset of Q1 (e.g. in ∂Q).

The volume constraint on the admissible sets in (4) can be treated by enclosing in the cost a volume penalization
through a Lagrange multiplier: for a fixed k ∈ R

+, we set

φδ(k) := inf

{
C
(
Ω,j,F δ

) + k

δ
|Ω|: Ω ⊆ Qδ

}
. (6)

The relation between the asymptotics of (4) and (6) is established in Corollary 3.2.

1.2. The sequence of variational problems restated on the fixed domain Q

By a change of variables, we reduce (6) to a sequence of variational problems formulated on Q. For every Ω ⊆ Qδ ,
U ∈ C∞(Qδ;R

3), and Σ ∈ L2(Qδ;R
3×3
sym ), we define ω ⊆ Q, u ∈ C∞(Q;R

3), and σ ∈ L2(Q;R
3×3
sym ), in such a way

that (hereafter indices α and β run from 1 to 2)

Ω = {
(x′, δx3): (x′, x3) ∈ ω

}
, (7)

U(x) = (
u1(x

′, δ−1x3), u2(x
′, δ−1x3), δ−1u3(x

′, δ−1x3)
)
, (8)

Σ(x) =
[

δ−1/2σαβ(x′, δ−1x3) δ1/2σα3(x
′, δ−1x3)

δ1/2σα3(x
′, δ−1x3) δ3/2σ33(x

′, δ−1x3)

]
. (9)

In terms of the new variables ω, u, an σ , one can check that

φδ(k) = inf
{
Cδ(ω) + k|ω|: ω ⊂ Q

}
, where (10)

Cδ(ω) := sup

{
〈F,u〉R3 −

∫
Q

j
(
eδ(u)

)
χω(x)dx: u ∈ C∞(

Q;R
3)} (11)

= inf

{∫
Q

j∗(Πδ(σ)
)
dx: σ ∈ L2(Q;R

3×3
sym

)
, σ = 0 on Q \ ω, −div(σ ) = F

}
. (12)

Here χω denotes the characteristic function of ω and eδ and Πδ the operators defined by

eδ(u) :=
[

eαβ(u) δ−1eα3(u)

δ−1eα3(u) δ−2e33(u)

]
and Πδ(σ) :=

[
σαβ δσα3

δσα3 δ2σ33

]
. (13)

It turns out that for every ω ⊂ Q such that Cδ(ω) < +∞ there is a unique optimal stress for (12) which we denote
σ δ(ω).

2. The limit optimization problem

In this section we state the limit problem of φδ(k) in all its equivalent formulations. To this aim we need to introduce
some notation.

We denote by H 1
KL(Q;R

3) the space of Kirchoff–Love displacements:

H 1
KL

(
Q;R

3) := {
u ∈ H 1(Q;R

3) such that ei3(u) = 0 for i = 1,2,3
};

recall that any u ∈ H 1
KL(Q;R

3) may be rewritten as follows, for some vα ∈ H 1(D) and v3 ∈ H 2(D):

uα(x) = vα(x′) − ∂v3
(x′)x3 , u3(x) = v3(x

′) . (14)

∂xα
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We denote by j̄ : R
2×2
sym → R the integrand obtained starting from j through the formula

j̄ (z) := inf

{
j

(
z +

3∑
i=1

yi(ei ⊗ e3)
sym

)
: yi ∈ R

}
, (15)

where (ei ⊗ e3)
sym denotes the symmetric part of ei ⊗ e3. Then, for a given k ∈ R

+, we define Wk : R2×2
sym ×R

2×2
sym → R

as

Wk(z, ξ) :=
∫
I

[
j̄ (z − x3ξ) − k

]
+ dx3 ([ · ]+ indicates the positive part

)
. (16)

For any given real measure ν on Q, we denote by [ν] the real measure on D defined by the identity 〈[ν], ϕ〉R2 :=
〈ν,ϕ〉R3 holding for all ϕ ∈ C∞(R2;R); then we set F = (F 1,F 2,F 3), where:

Fα := [Fα] and F 3 :=
[
F3 + x3

2∑
α=1

∂Fα

∂xα

]
. (17)

We are now ready to formulate the limit problem φ(k) of φδ(k) as δ → 0. We define

C(θ) := sup

{
〈F,u〉R3 −

∫
Q

j̄
(
eαβ(u)

)
θ dx: u ∈ H 1

KL

(
Q;R

3)} (18)

= inf

{∫
Q

θ−1j̄∗(σ ) dx: σ ∈ L2(Q;R
2×2
sym

)
, −div[σ ] = (F 1,F 2), −div2[x3σ ] = F 3

}
, (19)

φ(k) := inf

{
C(θ) + k

∫
Q

θ dx: θ ∈ L∞(
Q; [0,1])}. (20)

Definition 2.1. We say that (θ̄ , ū, σ̄ ) ∈ L∞(Q; [0,1]) × H 1
KL(Q;R

3) × L2(Q;R
2×2
sym ) is an optimal triple for φ(k) if

θ̄ solves problem (20), ū solves problem (18) and σ̄ solves problem (19).

The following lemma states the existence of optimal triples and provides equivalent expressions of φ(k) in terms
only of u ∈ H 1

KL(Q;R
3) or of σ ∈ L2(Q;R

2×2
sym ). In both cases 2D counterparts are given in term of variational

problems respectively in the variables

v = (vα, v3) ∈ (
H 1(D)

)2 × H 2(D), (λ, η) ∈ (
L2(D;R

2×2
sym

))2
,

which are related to u and σ by (14) and by the identities [σ ] = λ, [−x3σ ] = η.

Lemma 2.2. Problem (20) admits the following equivalent formulations:

φ(k) = sup

{
〈F,u〉R3 −

∫
Q

[
j̄
(
eαβ(u)

) − k
]
+ dx: u ∈ H 1

KL

(
Q;R

3)}, (21)

φ(k) = sup

{
〈F,v〉R2 −

∫
D

Wk

(
e(v1, v2),∇2v3

)
dx′: v1, v2 ∈ H 1(D), v3 ∈ H 2(D)

}
, (22)

φ(k) = inf

{∫
Q

[j̄ − k]∗+(σ ) dx: σ ∈ L2(Q;R
2×2
sym

)
, −div[σ ] = (F 1,F 2), −div2[x3σ ] = F 3

}
, (23)

φ(k) = inf

{∫
D

W ∗
k (λ, η) dx′: (λ, η) ∈ (

L2(D;R
2×2
sym

))2
, −divλ = (F 1,F 2), div2 η = F 3

}
. (24)

Furthermore, for every positive k, there exist optimal triples (θ̄ , ū, σ̄ ) and for each of them ū solves (21),
σ̄ solves (23), whereas (λ̄, η̄) = ([σ̄ ], [−x3σ̄ ]) solves (24) and v̄ (related to ū by (14)) solves (22).
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3. The results

Theorem 3.1 (Convergence). For a fixed k ∈ R, let φδ(k) be defined by (10) and χωδ be the characteristic functions
of a minimizing sequence of domains ωδ ⊂ Q (i.e. such that φδ(k)− Cδ(ωδ)− k|ωδ| tends to zero with δ). Then, when
δ tends to zero, and up to subsequences,

(i) φδ(k) converges to φ(k) defined by any of the formulae (20)–(23) or (24);
(ii) χωδ converges weakly* in L∞(Q; [0,1]) to a solution θ̄ of problem (20);

(iii) Πδ(σ δ(ωδ)) converges weakly* in L2(Q;R
3×3
sym ) to Π0(σ̄ ) where σ̄ solves (19).

The proof is based on the use of so-called fictitious materials: the key point is that the sequence φδ(k) behaves
asymptotically like its fictitious counterpart

φ̃δ(k) := inf

{
Cδ(θ) + k

∫
Q

θ dx: θ ∈ L∞(
Q; [0,1])},

where the extended compliance Cδ(θ) is obtained simply by replacing the characteristic function χω by the varying
density θ in the integral appearing in the first line of (11). In the fictitious framework, we can show additionally that the
optimal strain displacements uδ for φ̃δ(k) do converge weakly in H 1 to an optimal ū for problem (21) and therefore
that (θδ, uδ, σ δ) converge to an optimal triple (θ̄ , ū, σ̄ ).

Now we can determine the asymptotics as δ → 0 of the volume constrained problems given by (4). In the particular
case when the volume fraction τ becomes infinitesimal, we recover the limit problem obtained through a different
approach in [3,4]. Indeed we have

Corollary 3.2. Let Iδ(τ ) be defined by (4). Then there holds

(i) limδ→0 Iδ(τ ) = I(τ ) := supk∈R+{Φ(k) − kτ };
(ii) limτ→0 τI(τ ) = S0

2

2 where S0 := sup{〈F,v〉R2 : v ∈ C∞(R2;R
3), j̄ (e(v2, v2) ± 1

2∇2v3) � 1
2 }.

We now turn attention to the optimality conditions which in the generic case imply that the optimal θ̄ appearing in
Theorem 3.1 is unique and is a characteristic function.

Theorem 3.3 (optimality conditions). Let (θ̄ , ū, σ̄ ) ∈ L∞(Q; [0,1]) × H 1
KL(Q;R

3) × L2(Q;R
2×2
sym ). We have that

(θ̄ , ū, σ̄ ) is an optimal triple for φ(k) if and only if it satisfies the conditions:

−div[σ̄ ] = (F 1,F 2), div2[x3σ̄ ] = F 3, (25)

σ̄ = θ̄ j̄ ′(eαβ(ū)
)
, θ̄

(
j̄
(
eαβ(ū)

) − k
) = [

j̄
(
eαβ(ū)

) − k
]
+. (26)

Corollary 3.4. Let (θ̄ , ū, σ̄ ) be an optimal triple for φ(k). Then:

on
{
j̄
(
eαβ(ū)

)
< k

}
, θ̄ = 0 and σ̄ = 0; on

{
j̄
(
eαβ(ū)

)
> k

}
, θ̄ = 1 and σ̄ (x′, ·) is affine.

In case the set {j̄ (eαβ(ū)) = k} has null measure (which happens for instance when ∇2ū3 �= 0), θ̄ is uniquely deter-
mined as χω̄ , where ω̄ = {j̄ (eαβ(ū)) > k}. For x′ ∈ D, each fiber {x3: (x′, x3) ∈ ω̄} is the complement of a subinterval
of [− 1

2 , 1
2 ].

4. Conclusion

As shown by Eq. (21) the limit energy arises from a Kirchhoff–Love type displacement: its 2D formulation (22)
corresponds to a plate energy coupling membrane and flexion terms. The optimality conditions obtained in Corol-
lary 3.4 evidence that, in the most resistant plate, the material is concentrated on the top and bottom of the plate.
Surprisingly, no fine mixture (homogenized parts) arise, and the optimal limit shape is disconnected. Our results differ
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drastically from the many results (see e.g. [2]) obtained when optimizing plain plates with varying thickness (i.e.
under the topological constraint that all sections remain connected).
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