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Abstract

We prove that the Hankel operator hb associated to the Szegö projection on the unit ball B
n is bounded on the Hardy space

H1(Bn) if and only if its symbol b has logarithmic mean oscillation on the unit sphere. To cite this article: A. Bonami et al., C. R.
Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Continuité de l’opérateur de Hankel sur H1(Bn). On démontre que l’opérateur de Hankel hb associé au projecteur de Szegö
sur la boule unité s’étend continûment à l’espace de Hardy H1(Bn) si et seulement si b est à oscillation moyenne logarithmique
sur la sphère unité. Pour citer cet article : A. Bonami et al., C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let b be a holomorphic function in H2(Bn). The little Hankel operator with symbol b is defined for f a bounded
holomorphic function by

hb(f ) := P(bf̄ ).

Here P denotes the Szegö projection.
We prove that hb extends to a bounded operator on H1(Bn) if and only if b ∈ LMOA. This result generalizes

the corresponding result in the unit disc, proved in [3] and [6]. The key of the proof of the necessary condition is a
factorization of functions, which is obtained by a modification of the one of [2]. This weak factorization is developed
and generalized in a forthcoming paper for all strictly pseudo-convex domains or convex domains of finite type
in Cn [1]. Our aim, here, is to give a self-contained simple proof for the unit ball, which relies on the notion of
logarithmic Carleson measure for the sufficient condition.
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Let us recall some basic facts and notations. We denote by Bδ(ξ) the anisotropic ball on the unit sphere S
n, that is,

the set

Bδ(ξ) = {
ζ ∈ S

n; ∣∣1 − 〈ξ, ζ 〉∣∣ � δ
}

and by Qδ(ξ) the ‘tent’ over the ball Bδ(ξ), that is, the set

Qδ(ξ) = {
z ∈ B

n; ∣∣1 − 〈ξ, z〉∣∣ � δ
}
.

We denote by dV the Lebesgue measure in B
n, and by dσ the normalized Euclidean measure on S

n. For f ∈H1(Bn),
we also note f (ξ), for ξ ∈ S

n, the admissible limit at the boundary, which exists a.e. Recall that LMOA is the space
of functions f ∈ H1(Bn) with logarithmic mean oscillation at the boundary. More precisely, for f ∈ LMOA, there
exists a constant C > 0 so that, for any ball B = Bδ(ξ) with ξ ∈ Sn and 0 < δ < 1,

1

σ(B)

∫
B

|f − fB |dσ � C

log(4/δ)
.

Here fB denotes the mean-value of f on B . It is well known that f belongs to LMOA if and only if dμ(z) =
(1 − |z|2)|∇f (z)|2 dV (z) is a logarithmic Carleson measure (see [5]), that is, there exists some constant C such that,
for all ξ ∈ Sn and 0 < δ < 1,

μ
(
Qδ(ξ)

)
� C

σ(Bδ(ξ))

(log(4/δ))2
.

Theorem 1.1. The Hankel operator hb extends into a bounded operator on H1(Bn) if and only if b ∈ LMOA.

2. The necessary condition

Let us first assume that hb is bounded on H1(Bn) and prove that there exists a constant C > 0 so that, for any ball
B of radius δ on S

n,

1

σ(B)

∫
B

|b − bB |dσ � C

log(4/δ)
‖hb‖H1(Bn)→H1(Bn).

It is sufficient to show that, for any bounded function a supported in B with ‖a‖∞ � σ(B)−1 log(4/δ),∣∣∣∣
∫
B

(b − bB)ā dσ

∣∣∣∣ � C‖hb‖H1(Bn)→H1(Bn).

Without loss of generality we may assume that a has mean-value zero and, since b is holomorphic, replace a by its
projection Pa in the left-hand side. Finally, we want to prove that∣∣∣∣

∫
Sn

bPa dσ

∣∣∣∣ � C‖hb‖H1(Bn)→H1(Bn).

If we can write Pa = u × v with u ∈ BMOA and v ∈ H1(Bn) such that ‖u‖BMOA � C and ‖v‖H1 � C, we conclude
easily by writing∣∣∣∣

∫
Sn

bPa dσ

∣∣∣∣ = ∣∣〈b,uv〉∣∣ = ∣∣〈bv̄, u〉∣∣ = ∣∣〈hb(v), u
〉∣∣ � C2‖hb‖H1(Bn)→H1(Bn),

using the duality (H1(Bn), BMOA). So, let us find u and v. We assume that B is centered at ξ0 ∈ S
n. We put

u(z) := log(1 − 〈z, (1 − δ)ξ0〉). It is well known that this function belongs uniformly to BMOA or, equivalently, that
(1 − |z|2)|∇u(z)|2 dV (z) is uniformly a Carleson measure.

It remains to prove that v := (Pa)/u belongs to H1(Bn). We need to estimate
∫

Sn |v(z)|dσ(z), which we split into
the integral on B̃ , where B̃ is the ball B2δ(ξ0), and the integral on the complement. For z ∈ B̃ , we have |1 − 〈z, (1 −
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δ)ξ0〉| 	 δ, and |u(z)| 	 log(4/δ). It classically follows from Schwarz inequality and from the fact that P is bounded
in L2 that∫

B̃

|v|dσ(z) � C

log(4/δ)

(
σ(B)

)1/2‖Pa‖L2(Sn) � C.

This concludes for the first term. For the second one, we use the following estimates for z outside B̃ (see [4] for Pa)∣∣Pa(z)
∣∣ � Cδ1/2‖a‖∞σ(B)

∣∣1 − 〈z, ξ0〉
∣∣−n−1/2

,

while |u(z)| 	 log(4/|1 − 〈z, ξ0〉|). To conclude for the boundedness of
∫

cB̃
|v(z)|dσ(z), we use the fact that

δ1/2log(4/δ)

∫
cB̃

∣∣1 − 〈z, ξ0〉
∣∣−n−1/2(log

(
4/

∣∣1 − 〈z, ξ0〉
∣∣))−1 dσ(z) � C.

This finishes the proof of the fact that b belongs to LMOA.

3. The sufficient condition

We first give an equivalent definition of logarithmic Carleson measures (see [7]):

Proposition 1. Let μ be a positive Borel measure on B
n. Then the following conditions are equivalent.

(i) The measure μ is a logarithmic Carleson measure.
(ii) There is C > 0 such that for any g ∈ BMOA and any f ∈H2(Bn),∫

Bn

∣∣g(z)
∣∣2∣∣f (z)

∣∣2 dμ(z) � C‖g‖2
BMOA‖f ‖2

H2 .

We need also the following lemma, which follows easily from integration by parts (see also [4]). Here R denotes
the radial derivative:

Lemma 2. Let ϕ,ψ be holomorphic polynomials on B
n. Then the following equality holds∫

Sn

ϕ(ξ)ψ(ξ)dσ(ξ)

= c0

∫
Bn

ϕ(z)ψ(z)dV (z) + c1

∫
Bn

Rϕ(z)ψ(z)
(
1 − |z|2)dV (z) + c2

∫
Bn

Rϕ(z)Rψ(z)
(
1 − |z|2)dV (z).

Proof of the sufficiency of the condition. Let b in LMOA. For f ∈ H1(Bn) and g ∈ BMOA, we want to estimate
|〈hb(f ), g〉| = |〈b,fg〉|. We use Lemma 2 for functions ϕ = b and ψ = fg (which we may assume smooth enough
so that the identity is valid). So we have to estimate the three terms of the integral. For the first one, since b and g are
in all Hardy spaces Hp(Bn), the product |b(z)g(z)| is bounded by C(1 − |z|2)−1/2, and we conclude directly. For the
two other terms, we have to consider

I1 :=
∫
Bn

∣∣f (z)
∣∣(∣∣g(z)

∣∣ + ∣∣∇g(z)
∣∣)∣∣∇b(z)

∣∣(1 − |z|2)dV (z),

I2 :=
∫
Bn

∣∣g(z)
∣∣∣∣∇f (z)

∣∣∣∣∇b(z)
∣∣(1 − |z|2)dV (z).

For I1, we use Schwarz inequality to obtain

I 2
1 � C

∫
n

∣∣f (z)
∣∣(∣∣g(z)

∣∣2 + ∣∣∇g(z)
∣∣2)∣∣(1 − |z|2)dV (z) ×

∫
n

∣∣f (z)
∣∣∣∣∇b(z)

∣∣2(1 − |z|2)dV (z).
B B
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We conclude by using the fact that (1 −|z|2)|∇b(z)|2 dV (z), (1 −|z|2)|∇g(z)|2 dV (z) and |g(z)|2(1 −|z|2)dV (z) are
Carleson measures.

The main point is to estimate I2. We first recall that, by the weak factorization theorem (see [4]), any f ∈ H1(Bn)

can be written as

f =
∑
j

hj lj with
∑
j

‖hj‖H2‖lj‖H2 � C‖f ‖H1 .

Replacing f by this weak factorization, we are led to estimate a sum of terms like

J :=
∫
Bn

∣∣g(z)
∣∣∣∣l(z)∣∣∣∣∇h(z)

∣∣∣∣∇b(z)
∣∣(1 − |z|2)dV (z)

for l and h in H2(Bn). We recall that, for h ∈ H2(Bn),∫
Bn

∣∣∇h(z)
∣∣2(1 − |z|2)dV (z) � C‖h‖2

H2 .

Using this last inequality, Schwarz inequality and Proposition 1, we obtain

J � C‖h‖H2

( ∫
Bn

∣∣g(z)
∣∣2∣∣l(z)∣∣2∣∣∇b(z)

∣∣2(1 − |z|2)dV (z)

)1/2

� C‖g‖BMOA‖l‖H2‖h‖H2 .

This allows us to conclude. �
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