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Abstract

For a class of non-uniformly ergodic partly observable Markov processes, under observations subject to a Wiener process or i.i.d.
noise, it is shown that a wrong initial data is forgotten with a certain rate. To cite this article: M.L. Kleptsyna, A.Yu. Veretennikov,
C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur des filtres ergodiques avec des données initiales erronées. On démontre que pour une classe de processus de Markov
non-uniformément ergodiques avec des observations perturbées par un mouvement Brownien, le fait d’avoir des données initiales
erronées est asymptotiquement oublié. La vitesse de convergence est explicitée. Pour citer cet article : M.L. Kleptsyna, A.Yu. Ve-
retennikov, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

On considère le problème de la stabilité du filtre optimal par rapport à sa condition initiale pour un système,
aussi bien en temps continu (voir (2), (3)) qu’en temps discret (4), (5). Soit b : R

d → R
d ; h : R

d → R
�, (W,B)t�0

un mouvement Brownien de dimension (d + �)-et en temps discret (Wn,Bn) – une suite i.i.d. centrée, X0 et (W,B)

indépendantes. On suppose que la loi exacte μ0 du signal X0 est inconnue et on utilise son approximation ν0. On étudie
le comportement asymptotique (lorsque t → ∞) de la différence ‖Pμ0,Y

t (·) − Pν0,Y
t (·)‖TV , où Pμ0,Y

t (·) = Pμ0(Xt ∈
· | FY

t ) est la vraie mesure conditionnelle et Pν0,Y
t (·) = Pμ0,Y

t (·)|μ0=ν0 son approximation obtenue en remplaçant μ0
par ν0.

Les cas du signal ergodique uniformément ou non-uniformément ergodique sous des hypothèses supplémentaires
assez fortes, ont été étudié dans plusieurs articles ([2,4,8,1,10], et al.). Dans ce travail on propose des conditions
générales et en même temps faciles à verifier, pour avoir,
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lim
t→∞Eμ0

∥∥Pμ0,Y
t (·) − Pν0,Y

t (·)∥∥TV = 0.

De plus la vitesse de convergence est précisée, voir Éq. (1).

Hypothèses

(A1p) La fonction b est bornée et il existe p ∈ {0,1}, M > 0 et r ∈ (0,+∞] telles que :〈
b(x),

x

|x|1−p

〉
� −r, |x| � M ;

(dans le cas où p = 1 on suppose de plus que r est suffisamment grand).
(A2) La mesure μ0 est absolument continue par rapport à ν0 et ‖ dμ0

dν0
‖L∞(ν0) � C < ∞. De plus elles ont chacune

un moment exponentiel fini,
∫

ec|x|(μ0(dx) + ν0(dx)) < ∞.

(A3) En temps continu, la fonction h ∈ C2 et ‖∇h‖C1 < ∞. En temps discret, h est bornée localement et la densité
de (W1,B1) est localement bornée et est localement séparée de zéro.

Théorème 0.1. Sous les Hypothèses (A1p)–(A3), la majoration suivante pour les systèmes (2), (3) et (4), (5) est
vérifiée : ∀m > 0 ∃Cm (p = 1) et ∃C & c (p = 0) telles que :

Eμ0

∥∥Pμ0,Y
t (·) − Pν0,Y

t (·)∥∥TV �
{

Cmt−m, p = 1,

C exp(−ct), p = 0
(1)

en temps continu (t � 0) et en temps discret (t = 0,1, . . .).

La démonstration est basée sur le principe de contraction de Birkhoff et l’estimation des moments du temps d’ar-
rêt [11]. En temps continu le principe de Birkhoff est applicable grâce à l’inégalité de Harnack [7].

1. Introduction

1.1. Continuous time

For 0 � t < ∞, we consider a Markov diffusion (Xt , t � 0) with values in the Euclidean space R
d and observations

(Yt , t � 0) from R
�, satisfying the following system of non-linear Itô’s equations with a (d + �)-dimensional Wiener

process (Wt ,Bt ),

Xt = X0 +
t∫

0

b(Xs)ds + Wt, (2)

Yt =
t∫

0

h(Xs)ds + Bt , t � 0, (3)

with b : Rd → R
d ; h : Rd → R

� and X0 is the initial data independent from W and B .

1.2. Discrete time

For n = 0,1, . . . , we consider a homogeneous Markov process Xn, satisfying the following non-linear autoregres-
sion equation with an i.i.d. centered sequence (Wn,Bn), not necessarily Gaussian,

Xn+1 = Xn + b(Xn) + Wn, n � 0, (4)

Yn = h(Xn) + Bn, n � 1, (5)

with the initial data X0 independent from (W,B).
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The exact initial distribution of X0 in both cases is denoted by μ0. The main question addressed in this Note is about
an asymptotical behaviour of the filtering measure when μ0 is not known. Under uniform ergodicity assumptions, the
limiting independence of the optimal filter algorithm on a wrong initial data was established in [2] and in [8] along
with certain bounds. For non-uniformly non-linear ergodic case, certain partial results under assumption of small noise
in observations have been established, [1]; in [10] another special class of divergence form diffusions is tackled under
assumptions close to large deviations. Let us also mention the paper [3] with a very important counterexample. We
are studying a generic non-uniformly ergodic case. For more detailed presentation and references see [5,6].

2. Assumptions

(A1p) We assume that the function b is bounded and there exist p ∈ {0,1}, M > 0 and r ∈ (0,+∞] such that〈
b(x),

x

|x|1−p

〉
� −r, |x| � M;

if p = 1 then r is assumed to be large enough.
(A2) The measure μ0 is absolutely continuous with respect to ν0, and ‖ dμ0

dν0
‖L∞(ν0) � C < ∞, and both initial

measures μ0 and ν0 possess some exponential moment,
∫

ec|x|(μ0(dx) + ν0(dx)) < ∞.
(A3) In continuous time case, the function h is C2-smooth and satisfies the condition ‖∇h‖C1 < ∞; in discrete time

case, h is locally bounded and the densities of (W1,B1) are locally bounded and locally separated from zero.

3. Setting and main results

Let us define the following random operators (SY
t and S̄

Y,μ
t ) on the space of measures on the Euclidean space:

μSY
t (A) :=

∫
E

γ
x0

(
1(Xt ∈ A)ρ0,t (X,Y )|Y )

μ(dx0), μS̄
Y,μ
t (A) := d

μ
t (Y )μSY

t (A)

where d
μ
t (Y ) is a normalization constant and γ = ρ−1

0,1,

in continuous time case ρs,t (X,Y ) = exp(
∫ t

s
h(Xs)dYs − (1/2)

∫ t

s
h2(Xs)ds), s < t, h2 := |h|2,

in discrete time case ρ0,t (X,Y ) = ∏t
i=1 q

B
(Yi − h(Xi)), (q

B
is the density of B1).

Then for every t > 0, Pμ0 -almost surely,

Pμ0,Y
t (·) = Pμ0(Xt ∈ · | Y) = μ0S̄

Y,μ0
t (·).

Regular conditional measures are to be considered in continuous time case at t = 0,1,2, . . . , see [9]. Similarly, we
can define the filtering measure with a wrong initial data as Pν0,Y

t (·) := ν0S̄
Y, ν0
t (·)|

Ỹ=Y
, where (X̃, Ỹ ) is a solution of

the same SDE system (2), (3) with a new initial distribution ν0 of X0 on some independent probability space.

Theorem 3.1. Under the assumptions (A1p)–(A3), the following bounds hold true for the systems (1–2) and (3–4):
∀m > 0 ∃Cm (p = 1) and ∃C & c (p = 0) such that:

Eμ0

∥∥μ0S̄
Y,μ0
t − ν0S̄

Y,ν0
t

∥∥
TV �

{
Cmt−m, p = 1,

C exp(−ct), p = 0.

Here t � 0 in continuous time case, and t = 0,1, . . . in discrete time one.

For discrete time, Borel–Cantelli Lemmae also imply a point-wise convergence with suitable bounds.

4. The sketch of the proof (for continuous time)

The filtering measure at time t is a multiple integral, and it can be split into a sum of integrals with all variables
of integration restricted to some fixed bounded domains (to be taken large) or to the complement of this domain.
The terms that have a relatively large number of restrictions of the first kind do have good contraction properties in
a Birkhoff metric, see [2]. In continuous time this is due to the Harnack inequality, [7]. The remaining terms can be
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controlled via the mixing bounds for the state process. Let us show some formulae. Denote a (non-random) vector of
dimension n with coordinates 1 or 0 at every place by δ, #1(δ) the (non-random) number of ones in the vector δ. For
fixed R, which can be chosen large enough, we introduce the following events and indicators (here 00 = 1):

Di :=
{

max
(|Xi |, |X̃i |

)
� R; max

(
sup

i�s�i+1
|Xs |, sup

i�s�i+1
|X̃s |

)
< R + 1

}
,

1δ(X, X̃) :=
n−1∏
i=0

(
1(Di)

)δi × (
1 − 1(Di)

)1−δi .

It is convenient and useful to switch to processes of a doubled dimension here, which corresponds to the use of the
coupling method; however, the latter is not applied directly here: we have,∥∥μ0S̄

Y
t − ν0S̄

Ỹ
t |

Ỹ=Y

∥∥
TV � 2

∑
δ∈�

e
δ;μ0,ν0;Y
t sup

D∈B(R2d )

(
(μ0, ν0)Ŝ

R;δ;μ0,ν0;Y
t (D) − (ν0,μ0)Ŝ

R;δ;μ0,ν0;Y
t (D)

)
,

where � is the whole set of possible values of δ,

e
δ;μ0,ν0;Y
t = Eμ0,ν0

(
1δ(Z) | Y, Ỹ

)|
Ỹ=Y

,

(μ, ν)Ŝ
R;δ;μ0,ν0;Y
t (A × B) := (

e
δ;μ0,ν0;Y
t

)−1
d

μ0
t d

ν0
t

×
∫

E
γ

x0,x̃0

(
1(Xt ∈ A, X̃t ∈ B)1δ(X, X̃)ρ0,t (X,Y )ρ0,t (X̃, Y ) | Y )

μ(dx0)ν(dx̃0).

To estimate the terms supD((μ0, ν0)Ŝ
R;δ;μ0,ν0;Y
t (D) − (ν0,μ0)Ŝ

R;δ;μ0,ν0;Y
t (D)), we use the Birkhoff metric for posi-

tive measures, cf. [2]. We get,

Eμ0

∥∥μ0S̄
Y
n − ν0S̄

Y
n

∥∥
TV � Cπεn−1

R + CEμ0,ν0

∑
δ: #1(δ)<εn

eδ;μ0,ν0;Y
n ,

where πR is a contraction constant for the Birkhoff metric (see [8]) on the ball BR ⊂ R2d . Denote

#1(X)R :=
n−1∑
k=0

1
(|Xk| � R, sup

k�s�k+1
|Xs | < R + 1

)
.

The rest of the proof is based on the inequality

Eμ0

(
Eμ0,ν0

( ∑
δ: #1(δ)<εn

1δ(X, X̃) | Y, Ỹ

)∣∣∣∣∣
Ỹ=Y

)
� Eμ01

(
#1(X)R <

1 + ε

2
n

)
+ CEν01

(
#1(X̃)R <

1 + ε

2
n

)
,

and on the hitting time bound with R large enough from [11],

Eμ01
(
#1(X)R < εn

)
�

{
Cmn−m, p = 1, ∀m > 0,

C exp(−cn), p = 0.
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