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Abstract

In 1990, L. Hormander solved the Cauchy problem for the wave equation on a smooth spatially compact space—time, for data
fixed on a Lipschitz and weakly spacelike hypersurface. He concluded his paper by a remark to the effect that his theorems should
be valid for a Lipschitz metric. We extend his results to a Lipschitz metric for a spacelike hypersurface and to a metric whose
regularity is intermediate between Lipschitz and ¢! fora totally characteristic hypersurface (the Goursat problem). To cite this
article: J.-P. Nicolas, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur une remarque de Lars Hormander concernant le probleme de Cauchy caractéristique. En 1990, L. Hérmander résol-
vait le probleme de Cauchy pour I’équation des ondes sur un espace—temps régulier spatialement compact et pour des données sur
une hypersurface Lipschitz faiblement spatiale. Il concluait son article par une remarque disant que ses théorémes devaient étre
valables pour des métriques Lipschitz. Nous étendons ses résultats a une métrique Lipschitz pour une hypersurface spatiale et a
une métrique de régularité intermédiaire entre Lipschitz et ct pour une hypersurface totalement caractéristique (le probleme de
Goursat). Pour citer cet article : J.-P. Nicolas, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

En 1990, dans un court article [1], Lars Hormander proposait une méthode pour résoudre le probleme de Gour-
sat (i.e. un probleme de Cauchy ou les données initiales sont fixées sur une hypersurface caractéristique) sur des
espaces—temps spatialement compacts, pour une équation des ondes avec une perturbation générique du premier ordre.
L’hypersurface sur laquelle les données initiales sont spécifiées est de régularité Lipschitz et est supposée faiblement
spatiale, c’est-a-dire que localement, elle peut étre spatiale ou caractéristique. Ainsi le travail d’Hormander permet
de résoudre le probleme de Cauchy, le probleme de Goursat et tout probleme intermédiaire. Sa technique est basée
sur des estimations d’énergie. Toute la construction est réalisée pour une métrique réguliere et des coefficients des
termes d’ordre inférieur réguliers. L article est conclu par une remarque, dans laquelle Hérmander dit que toutes les
bornes dans les estimations d’énergie ne dépendant que de la norme Lipschitz de la métrique et des normes L*° des
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coefficients du potentiel du premier ordre, ceci doit étre la bonne généralité des théorémes. A notre connaissance, cette
remarque n’a pas été vérifiée a ce jour. Cette Note présente des résultats proches de ceux proposés par Hormander. Le
probléme de Cauchy est résolu pour une métrique Lipschitz et des coefficients L pour le potentiel du premier ordre.
Pour le probleme de Goursat, nous renforgons tres 1égerement les hypotheses de régularité. Ces résultats sont détaillés
et démontrés dans [2].

Nous travaillons sur une variété X =R, x X ot X est une variété compacte régulidre sans bord. On considere sur
X une métrique Riemannienne dépendante du temps g(¢), i.e. une fonction sur X a valeurs dans le fibré des 2-formes
symétriques sur X. Nous définissons également sur X une mesure réguliere dv ; en coordonnées locales dv = ydx.

Sur X , nous considérons 1’équation

Ou+L 0, O Gl 19 ap 9 (1)
u u=20, = — — |
! 912 Y Ix« ve axB

ou L est un opérateur différentiel du premier ordre général

3 3
Li=b"— +p*— +o¢,
= T e T E

dont les coefficients b0, b* et ¢ sont des fonctions sur X.
Pour le probleme de Cauchy, nous travaillons dans le cadre suivant :

(H1) la métrique g est dans CO()N( )n Wll)’coo (f( ), et les coefficients de L appartiennent a Lfooc ()~( ).
Théoréme 0.1. Sous I’hypothesése (H1), pour une donnée initiale (ug, u1) € H'(X) ® L*(X), I’équation (1) admet
une unique solution u dans
F=C(R; H'(X))NC (Ry; L2(X)),
telle que
Uj,_y = Uo, Olh),_g =U1.
Nous noterons & [’espace des solutions de (3) dans F.

Si L1 est homogene de degré 1 et annule les termes d’ordre 1 provenant du d’ Alembertien simplifié [, on a alors
une équation homogene de degré 2 et ceci nous donne acces a des solutions plus régulieres :

Corollaire 0.2. Pour une métrique g in C°(X) N Wlé’coo(f( ), on considere I’équation

3 u — g*Pd,05u =0 )
correspondant a (1) avec

Li=y '8.(rg")op.
Notons que g et Ly vérifient alors I’hypothesése (H1). En consequence, pour des données initiales (ug,u1) ap-

partenant a H'(X) ® L*(X), (2) admet une unique solution u € F telle que u|,_, = ug, 0u|,_, = u1. Si de plus
(uo, u1) € H*(X) ® HY(X), alors la solution u vérifie

2
TRS ﬂCl(R,; Hz_l(X)).
=0

Pour le probleme de Goursat, nous fixerons les données initiales sur une hypersurface X', définie comme le graphe
d’une fonction Lipschitzienne ¢ :
XY= {(go(x),x);x GX}, p: X —R
supposée caractéristique, c’est-a-dire,

g"‘ﬁ (go(x), x)8a<p(x)85<p(x) =1 presque partout sur X.
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Comme X est simplement Lipschitz, nous avons uniquement acces aux espaces de Sobolev H*(X) pour —1 < s < 1.
Nous supposons que la métrique g et les coefficients de L ont la régularité suivante :

(H2) g e L® (R,;C](X)) N WI’OO(IR[;CO(X)), les coefficients des termes du premier ordre de L; sont dans

loc loc

Ly (Ry; C%(X)) et ceux des termes d’ordre 0 appartiennent a L%’C(f( ).

Théoreme 0.3. Sous I’hypothése (H2), ’application
Ts:&— H'(D),

u|—>u|r

est bien définie et est un isomorphisme.
1. Introduction

In 1990, in a short paper [1], Lars Hormander proposed a technique for solving the Goursat problem (the character-
istic Cauchy problem) on spatially compact space—times, for a wave equation with generic first order perturbation. The
hypersurface on which the initial data are specified is merely Lipschitz and is assumed to be weakly spacelike (i.e. it
is locally allowed to be either spacelike or null). Thus, the results allow one to solve the Cauchy problem, the Goursat
problem, or anything in between. Hérmander’s method is entirely based on energy estimates. All the construction is
done for a smooth metric and smooth coefficients of the lower order terms of the equation. He concludes his paper by
aremark, to the effect that all the bounds in the energy estimates only depend on the Lipschitz norm of the metric and
the L° norms of the coefficients of the lower order terms and that consequently the proper generality of the theorems
is a Lipschitz metric and L*° coefficients for the first order perturbation. To our knowledge, this remark has never
been proved. This Note presents some results close to those proposed by Hormander. The Cauchy problem is solved
for a Lipschitz metric and L coefficients of the first order potential. For the Goursat problem, we work with very
slightly more regular metric and first order perturbation. These results are detailed and proved in [2].

2. Geometrical and analytical framework

We work on a manifold X = R, x X, where X is a smooth compact manifold without boundary. We consider on
X a time dependent Riemannian metric g(¢), i.e. a map on X with values in the bundle of symmetric 2-forms on X.
We also define dv a fixed smooth density on X ; in local coordinates dv = ydx.

On X , we consider a wave equation of the form

Lu+ Liu=0 3)
where [J denotes the simplified d’ Alembertian
3? d 3
O= — —p 1 — af ), 4
a2 Y axe (Vg axﬁ) @
and L is a general first order differential operator
ad d
Ly =b"— +b"— +c, 5
A PR P ®)

whose coefficients #°, b* and ¢ are functions on X.
We shall specify the initial data for Eq. (3) either on X := {0}; x X for the Cauchy problem, or on a characteristic
hypersurface X' for the Goursat problem. This hypersurface X' is defined as the graph of a Lipschitz function ¢:

2:{«0()5)7)(); XEX}7 p: X —R (6)
and is assumed to be characteristic, i.e.

go‘ﬂ (¢(x), x) 040 (x)0pg@(x) =1 almost everywhere on X.
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On X, we can define Sobolev spaces H*(X) in the usual manner via local charts. Since X is only Lipschitz, we can
also define Sobolev spaces on X' but we only have access to H*(X) for —1 < s < 1. When multiplying Eq. (3) by d;u
and integrating by parts on a 4-volume whose boundary contains X; = {t} x X or X, we obtain natural expressions
of the energy on X;,

E/(u) = /{|a,u|2 + 8Pt + |} dv = ) [31 0 + [0 O] 724,
Xy
and on X,
Ex®u) =/{|u|2+ga’3(8au+8a(p3tu)(8ﬂﬁ+8,3g08,ﬁ)}dvg ~ ||u|2||§_11(2),

X

where dvy is the measure on ¥ induced by dv and parametrization (6).
3. Cauchy problem
We merely assume the following regularity for g and the coefficients of L:

(H1) the metric g is in C%(X) N WIL’COO (X), the coefficients of L; are in L (X).

loc

Theorem 3.1. Under hypothesis (H1), for any (uo, u1) € HY(X)® L*(X), Eq. (3) has a unique solution u in
F=C(R; H'(X))nC'(R;; L2(X)),
such that
Uj,_y = Uo, Olh),_g =U].
We denote by & the space of solutions of (3) in F.
The next result states that when the operator L is homogeneous of the first order and exactly cancels the first order

terms of the d’Alembertian, we can get more regular solutions. This is a trivial corollary of Theorem 3.1, but it will
be crucial for the Goursat problem.

Corollary 3.2. For a metric g in cox)n WIL’COO (X), we consider the equation
E)tzu — g“ﬁaaaﬂu =0 @)
corresponding to (3) with

L=y "9(rg*)ds.

Note that g and L then satisfy hypothesis (H1). As a consequence of Theorem 3.1, for any initial data (uo,u1) €
HY(X) ® L2(X), (7) admits in F a unique solution w such that u|,_, = ug, d;u|,_, = u1. Moreover, if (ug,u;) €
H%(X) ® H'(X), then the solution u satisfies u € ﬂlzzo CL(R;; H1(X)).

Ideas of the proof of Theorem 3.1.
(i) Uniqueness. We consider u € F a solution of (3) and T > 0 large enough.! We wish to prove that there exists a

continuous function C{(7, g, L1) of T > 0, the Lipschitz norms on -7, T[ x X of g and g’1 and the L® norms
on ]—T, T[ x X of the coefficients of L, such that, for any ¢,s € [T, T],

Ei(u) <O T8 LIS p ),

1 Simply meaning here that 7 > max,cx |¢(x)[, sothat ¥ C ]-T,T[ x X.
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This is done by regularizing u purely in space. The equation gives the missing regularity in time and we have
a family in leOC (X), for which we can perform energy estimates, this family converges towards u in the correct
spaces for the convergence of the energy estimates.

(ii) Existence. We regularize the metric and coefficients of L; but we keep the initial data. We get a family {uy} of
solutions of the regularized equations that is bounded in

C(I-7.T1; H' X)) nC' (I-T, T1; L*(X)).

We use standard weak convergence and compactness arguments to infer the existence in F of a solution u of (3)
such that #(0) = uo. We then need to interpret the trace of d;u. We do this in a weak sense: we use the equation
to show that

Fw—u) — 0 inL*(1-T, T H (X)) —w.
This allows us to write
oru(t) — oruy () = 0;u(0) — d,ur(0) + / 8t2(u —ug)(t)dr,
10,11
and since
du—u) — 0 inL*(-T,T[x X) —we> L*(-T,T; H (X)) — w,
we infer

dur(0) — d,u(0) in H'(X) — w.
4. The Goursat problem

We assume the following regularity for g and the coefficients of L;:

(H2) the metric g is in L2 (R,;CL(X)) N WIIO’OO(RI; CY(X)), the coefficients of the first order terms of L; are in

loc C
Ly (Ry; CY(X)) and the coefficients of the zero-order terms of L are in Ly (X).

Then we have

Theorem 4.1. Under the assumption (H2) the application

Ts: € — H'(Y),
U—> Uy

is well defined and is an isomorphism.
Ideas of the proof of Theorem 4.1. We follow Hormander’s technique.

(i) Energy estimates. We prove two reciprocal energy estimates: let T > max,cy |¢(x)|, there exists a positive func-
tion Co(T, g, L1), continuous in 7', the Lipschitz norms of g and g_1 and the L norms of the coefficients of L
on]—T,T[ x X, such that, for all u € &,

1Tzl 5 = Ex@) < Co(T, g, L) Eo(w), ®)
Eo(u) < Co(T. g, L) Ex (). ©)

These are standard energy estimates proved by integration by parts provided we have access to smooth solutions
(at least locally H? on X) which is not the case here. To make up for it, we write Eq. (3) as (7) plus first order
perturbation Liu (containing Lju and the first order terms coming from the d’ Alembertian). Then we regularize
the first order perturbation and the initial data at t = 0, but not the metric. We get solutions uj of the regularized
equations. Each uy is in H, 2 (X) thanks to Corollary 3.2, and satisfies estimates of the type (8), (9), that can

loc
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(ii)

J.-P. Nicolas / C. R. Acad. Sci. Paris, Ser. I 344 (2007) 621-626

simply be proved by integration by parts, with bounds uniform in k. All the equations have the same principal
part, this allows to get for uy — u; estimates of the type (8), (9) with a source term (L’f — Lll)ul. We simply need
to show that this term tends to zero in say LI]OC (R,; L%(X)). This is where we need the first order terms of L; to
bein L5 (R;; C%(X)), so as to get strong enough convergence of the coefficients of i’l‘ . The zero order coefficient
needs not be more regular than locally L°°. This translates exactly into hypothesis (H2) and allows us to show
the strong convergence of uy in H 1 (X)), which guarantees that E x (uy) tends towards Ex (u). The convergence
of Eo(uy) towards Eo(u) is ensured because the initial data for uy are regularizations of the data for u. This gives
the right estimates for u.
Surjectivity. Given v € H'(X), we prove the existence of u € € such that Txu = v. We regularize the metric, the
coefficients of L and v. In order to make sure that the hypersurface X is spacelike for the regularized metric, we
need to slow down the propagation. We thus work with a regularized equation of the form
2u u ~

37 - kk)/”%()f(kg“ﬁ)i—ﬂ) +Lfu=0. uy=ve. duy =0, (10)
where 0 < Ax < 1, Ax — 1, Xg is an approximation of g, I:II‘ of L1 and vy of v. The results of [1] give us a solution
uy of (10) ; the sequence {uy} is bounded in C([—-T, T]; HY (X)) NnC ([T, T1; L*(X)) for any T > 0 large
enough. Standard weak convergence and compactness arguments give us the result.
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