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Abstract

We systematically study weighted Poincaré type inequalities which are closely connected with Hardy type inequalities and
establish the form of the optimal constants in some cases. Such inequalities are then used to relate entropy with entropy production
and get intermediate asymptotics results for fast diffusion equations. To cite this article: A. Blanchet et al., C. R. Acad. Sci. Paris,
Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Inégalités de Hardy–Poincaré et applications. Nous étudions des inégalités de Poincaré qui sont étroitement reliées à des
inégalités de type Hardy et établissons la forme des constantes optimales dans certains cas. De telles inégalités sont ensuite utilisées
pour relier l’entropie avec la production d’entropie et obtenir des résultats d’asymptotiques intermédiaires pour les équations à
diffusion rapide. Pour citer cet article : A. Blanchet et al., C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Dans cette Note, nous nous intéressons à l’inégalité de Hardy-Poincaré

∫

Rd

|v|2
1 + |x|2 dμα � Cα,d

∫

Rd

|∇v|2 dμα avec dμα(x) := hα(x)dx, hα(x) := (
1 + |x|2)α (1)

pour α ∈ R \ {α∗}, α∗ = α∗(d) := −(d − 2)/2, d � 3. Si α < α∗, dμα−1 est bornée et on supposera alors∫
Rd v dμα−1 = 0. L’inégalité de Poincaré avec poids gaussien et l’inégalité de Hardy :
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∫

Rd

|v|2
|x|2 dν0,α � κ−1

α

∫

Rd

|∇v|2 dν0,α avec dν0,α(x) := |x|2α dx, (2)

pour toute fonction v régullière telle que supp(v) ⊂ R
d \ {0}, peuvent être obtenues comme limites de (1) par change-

ment d’échelle. Notre principal résultat est le suivant :

Théorème 1. Supposons que d � 3, α ∈ R \ {α∗}. L’inégalité (1) est vérifiée avec une constante Cα,d > 0 (voir
Table 1), pour tout v ∈ D(Rd), sous la condition additionnelle

∫
Rd v dμα−1 = 0 si α ∈ (−∞, α∗).

Pour tout α > α∗, Cα,d � 4/(d + 2α − 2)2 = κ−1
α et ᾱ(d) = (−d + √

5d2 − 16d + 16 + 4)/4 ∈ (1, d). D’autres
estimations sont connues, voir [3] si α ∈ (−d,−d/2) et [10] si α ∈ (−d,−(1 +d/2)). Les inégalités dans des espaces
de Sobolev à poids ont été abondamment étudiées : voir [8] et les références incluses. Plus spécifiquement pour (2), on
renverra à [7,14,12]. L’une de nos estimations repose sur le lemme de Persson, [13], comme dans [5,11], et utilise (2).
Avec HR := {v ∈ H 1(Rd ,dμα): supp(v) ⊂ B(0,R)c}, on montre que

C−1
α,d ∈ (0,Λ) avec Λ := infσess

(−h1−α∇(hα∇·)) = lim
R→∞ inf

v∈HR

∫
Rd |∇v|2 dμα∫
Rd |v|2 dμα−1

� κα.

Le cas α ∈ (−∞,−d) repose sur la linéarisation des inégalités d’interpolation optimales obtenues dans [9]. Si
α ∈ (α∗, ᾱ(d)), on utilise une méthode qui repose sur une estimation de Cauchy–Schwarz astucieuse, voir [8], et
fournit une constante optimale par comparaison avec (2). Le cas α � ᾱ(d) utilise l’inégalité de Sobolev correspondant
à l’injection H 1(Rd) ↪→ L2d/(d−2)(Rd), ou plus précisément

S

S0

∫

Rd

|u|2
(1 + |x|2)2

dx � S ‖u‖2
L2d/(d−2)(Rd )

�
∫

Rd

|∇u|2 dx,

avec égalité si u = h−(d−2)/2, appliquée à u := v hα/2.
La principale application du Théorème 1 concerne l’équation de diffusion rapide ut = �um pour une donnée

initiale positive ou nulle vérifiant
∫

Rd (u0 − hα)dx = 0, α := 1/(m − 1) (des données initiales plus générales peuvent
être obtenues par changement d’échelle). On supposera que m ∈ (0,1) avec m∗ := max{(d − 4)/(d − 2),0}, et on
notera que pour d � 4, α(m∗) = α∗(d). Par un changement d’échelle dépendant du temps, on ramène le problème à
une équation de type Fokker–Planck, vt = 1−m

m
�vm + 2 div(x v) avec donnée initiale v|t=0 = u0.

Corollaire 2. Soit, d � 3, m ∈ (0,1), m 
= m∗, α = 1/(m − 1). Alors il existe ε = ε(m,d) ∈ (0,1) et Km,d > 0 tels
que pour tout w ∈ L∞+ (Rd) avec

∫
Rd (w − 1)h1 dμα−1 = ∫

Rd (w − 1)dμα = 0, ‖w − 1‖L∞(Rd ) � ε, on ait
∫

Rd

wm − 1 − m(w − 1)

m − 1
dμα+1 � Km,d

∫

Rd

∣∣∇[(
wm−1 − 1

)
h1

]∣∣2
w dμα.

Lorsque m ∈ [(d − 1)/d,1) et m ∈ (mc, (d − 1)/d), mc := (d − 2)/d , on renverra respectivement à [9] et [4]. Des
résultats de convergence sans taux ont été obtenus récemment dans [6] pour m < mc . Le second résultat principal de
cette note, dont diverses généralisations, y compris pour m � mc , seront données dans [1], s’applique aux solutions
de l’équation de diffusion rapide de masse infinie qui se comportent à l’infini comme hα et explosent en temps fini.

Théorème 3. Soit d � 3, m ∈ (0,mc), m 
= m∗. Supposons que u0 est une fonction positive ou nulle telle que
(u0 − hα) ∈ L1(Rd),

∫
Rd (u0 − hα)dx = 0, α = 1/(m − 1). Supposons de plus que (σ0 + |x|2)1/(m−1) � u0(x) �

(σ1 + |x|2)1/(m−1) pour tout x ∈ R
d , où σ0 ∈ [1, (1 − ε)1/(m−1)] et σ1 ∈ [(1 + ε)1/(m−1),1] avec ε comme au Corol-

laire 2. Alors il existe une constante C telle que toute solution de l’équation de diffusion rapide ut = �um avec donnée
initiale u0 vérifie, pour tout t ∈ (0, T (m)),

∥∥u(·, t) − R−d(t)hα(R−1(t) ·)∥∥
L2(Rd )

� C
(

1 − t

T (m)

)γ

, γ :=
(

d

2
+ m

4Km,d (1 − m)

)
1

d(mc − m)
.
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Table 1
The value ᾱ(d) = (−d +

√
5d2 − 16d + 16 + 4)/4 ∈ (1, d), is determined by the condition 4/(d(d + 2α − 2)) = 1/(α(d + α − 2)). For any

α > α∗, d � 3 and Cα,d � 4/(d + 2α − 2)2 = κ−1
α , which is optimal for inequality (2) if α ∈ (α∗,1). In the range α < α∗, other estimates are

known: see [3] for α ∈ (−d,−d/2) and [10] for α ∈ (−d,−(1 + d/2))

α −∞ < α � −d −d < α < α∗ α∗ < α � 1 1 � α � ᾱ(d) ᾱ(d) � α � d d α > d

Cα,d
1

2|α| Cα,d � 4
(d+2α−2)2

4
(d+2α−2)2

4
d(d+2α−2)

1
α(d+α−2)

1
2d(d−1)

1
d(d+α−2)

Optimality ? ? yes ? ? yes ?
See Proposition. . . 5 4 3 3 2 2 2

1. Introduction and main result

This Note is devoted to the following inequalities∫

Rd

|v|2
1 + |x|2 dμα � Cα,d

∫

Rd

|∇v|2 dμα with dμα(x) := hα(x)dx, hα(x) := (
1 + |x|2)α (1)

for α ∈ R \ {α∗}, α∗ = α∗(d) := −(d − 2)/2, d � 3. Notice that
∫

Rd dμα−1 is finite if α < α∗, and in such a case, we
further assume that

∫
Rd v dμα−1 = 0. We call inequality (1) a Hardy–Poincaré inequality because Poincaré’s inequality

with Gaussian weight and Hardy’s inequality:∫

Rd

|v|2
|x|2 dν0,α � κ−1

α

∫

Rd

|∇v|2 dν0,α with dν0,α(x) := |x|2α dx, (2)

for any smooth function v such that supp(v) ⊂ R
d\{0}, can be viewed as limits of (1) by a scaling argument. Remark

that (2) is optimal, with optimal constant κα = (d + 2α − 2)2/4.

Theorem 1. Assume that d � 3, α ∈ R \ {α∗}. Then (1) holds for some positive constant Cα,d , for any v ∈ D(Rd),
under the additional condition

∫
Rd v dμα−1 = 0 if α ∈ (−∞, α∗).

The proof will be split in several partial results and explicit estimates are summarized in Table 1. For simplicity,
we consider only the case of the Euclidean space R

d , but some of our result can be extended to domains in R
d or to

manifolds. The inequality applies to any function v in the natural weighted Sobolev space obtained as the completion
of D(Rd) with respect to the norm ‖v‖α := (

∫
Rd |∇v|2 dμα + ∫

Rd |v|2 dμα+1)
1/2. One of our partial results relies

as in [5,11] on an abstract spectral argument involving Persson’s characterization of the continuous spectrum of an
operator, see [13], and exploits the information given by (2). Inequalities with weights have been studied by many
authors, see for instance [8] and references therein. For a review on Hardy’s inequality, we refer more specifically
to [7]; see also[14,12]. We do not claim originality for inequality (1) for all values of α since many partial results
are scattered in the existing literature. Our goal is to give a unified and systematic presentation, with in mind the
application to porous media (α > 0) and fast diffusion (α < 0) equations. An illustration with new results in the range
α ∈ (−d/2, α∗) is given in last section. More details will be given in [1].

2. Proof of the main result

Proposition 2. Assume that d � 3, α > 0. Then (1) holds with 1/Cα,d = (d − 2 + α)min{α,d} for any v ∈ D(Rd).
The constant Cα,d is optimal if α = d .

Proof. Let hα(x) := (1 + |x|2)α . By Hölder’s and Sobolev’s inequalities, with S0 := ‖h−d/2‖2
L2(Rd )

, we get

S

S0

∫

Rd

|u|2
(1 + |x|2)2

dx � S ‖u‖2
L2d/(d−2)(Rd )

�
∫

Rd

|∇u|2 dx,

where the equality case is achieved by h−(d−2)/2 and S is the best constant in Sobolev’s inequality. Applied to
u := v hα/2, this gives
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S

S0

∫

Rd

|v|2(1 + |x|2)α−2 dx �
∫

Rd

[
|∇v|2 − α

d + (d − 2 + α)|x|2
(1 + |x|2)2

|v|2
](

1 + |x|2)α dx.

Define Ia := ∫
Rd h−a dx. To compute S/S0 = (d − 2)2(Id−1 − Id)/Id , we notice that an integration by parts gives

Id−1 − Id = dId−1/(2(d − 1)), so that S/S0 = d(d − 2). Collecting the estimates, we obtain

(d − 2 + α)

∫

Rd

|v|2(1 + |x|2)α−2(
d + α|x|2)dx �

∫

Rd

|∇v|2(1 + |x|2)α dx,

which proves the estimate on Cα,d for any α > 0. All above inequalities become equalities for u = h−(d−2)/2, if
α = d . �
Proposition 3. Let d � 3, α ∈ (α∗,∞). Then (1) holds for any v ∈ D(Rd) with Cα,d := 4/(d − 2 + 2α)2 if α ∈ (α∗,1]
and Cα,d := 4/[d (d − 2 + 2α)] if α � 1. The constant Cα,d is optimal for any α ∈ (α∗,1].

Proof. We compute ∇hα = 2α x hα−1 and observe that �hα = 2α hα−2[d +2(α −α∗)|x|2] has a sign. An integration
by parts and the Cauchy–Schwarz inequality shows that∣∣∣∣

∫

Rd

|v|2�hα dx

∣∣∣∣ � 2
∫

Rd

|v||∇v||∇hα|dx � 2

( ∫

Rd

|v|2 |�hα|dx

)1/2( ∫

Rd

|∇v|2|∇hα|2|�hα|−1 dx

)1/2

.

As in [8], we remark that �hα has a constant sign and get the estimate∣∣∣∣
∫

Rd

|v|2�hα dx

∣∣∣∣ =
∫

Rd

|v|2|�hα|dx � 4
∫

Rd

|∇v|2|∇hα|2|�hα|−1 dx.

Weights can be estimated on both sides of the inequality:

|�hα| = 2|α|(1 + |x|2)α−1 d + (d − 2 + 2α)|x|2
1 + |x|2 � 2|α|min

{
d, (d − 2 + 2α)

} hα(x)

1 + |x|2 ,

|∇hα|2
|�hα| = 2|α||x|2

d + (d − 2 + 2α)|x|2 hα(x) � 2|α|
d − 2 + 2α

hα(x),

which proves the result for α 
= 0. The case α = 0 is obtained by taking the limit α → 0 or h0(x) := log(1 + |x|2).
From Section 1, we know that Cα,d := 4/(d − 2 + 2α)2 = κ−1

α is optimal in (2) and that (2) holds as a consequence
of (1) by a scaling argument, with same constant. This proves the optimality statement. �
Proposition 4. Let d � 3, α ∈ (−∞, α∗). Then (1) holds for some Cα,d � 4/(d + 2α − 2)2, for any v ∈ D(Rd) such
that

∫
Rd v dμα−1 = 0.

Proof. On L2(Rd , dμα−1), consider the closable quadratic form v �→ Q[v] := ∫
Rd |∇v|2 dμα and denote by −L the

unique non-negative self-adjoint operator on L2(Rd ,dμα−1) associated with the closure of Q. By Persson’s Theorem,
see [13,11], with HR := {v ∈ H 1(Rd ,dμα): supp(v) ⊂ B(0,R)c},

infσess(−L) = lim
R→∞ inf

v∈HR

Q[v]∫
Rd |v|2 dμα−1

� κα,

where κα is the constant in (2). The lowest eigenvalue of −L is λ1 = 0 and corresponding eigenfunctions are the
constants. Since λ1 is non-degenerate, Q[v] � λ2

∫
Rd |v|2 dμα−1 for some λ2 ∈ (0, κα], for any v ∈ L2(Rd ,dμα−1)

such that
∫

Rd v dμα−1 = 0. This proves the result for C−1
α,d = λ2 − λ1 ∈ (0, infσess(−L)]. �

Proposition 5. Let d � 3, α ∈ (−∞,−d]. Then (1) holds with C−1
α,d � 2 |α|, for any v ∈ D(Rd) such that∫

d v dμα−1 = 0.

R
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Proof. Let F [u] := 1
2

(
m

m−1

)2 ∫
Rd |∇um−1 − ∇um−1∞ |2udx − 1

m−1

∫
Rd [um − um∞ − mum−1∞ (u − u∞)]dx where

u∞(x) := (σ + 1−m
2m

|x|2)1/(m−1), σ > 0 and m ∈ ((d − 1)/d,1) is such that m = 1 + 1/α. According to the
Gagliardo–Nirenberg inequality, see [9], for any nonnegative function u ∈ L1(Rd) such that

∫
Rd udx = ∫

Rd u∞ dx,
F [u] � F [u∞] = 0. With σ = (1 − m)/(2m), a Taylor expansion at order two in ε of F [u∞(1 + ε u1−m∞ v)] gives
inequality (1) with C−1

α,d � 2 |α|. �
3. Applications to the fast diffusion equations

For any m ∈ (0,1) with m 
= m∗ = m∗(d) := max{(d − 4)/(d − 2),0}, let α = α(m) := 1/(m − 1) and notice that
for d � 4, α(m∗) = α∗(d). We recall the notations dμα(x) := hα(x)dx with hα(x) := (1 + |x|2)α .

Corollary 6. Let d � 3, m ∈ (0,1), m 
= m∗, α = 1/(m − 1). Then there exists ε = ε(m,d) ∈ (0,1) and Km,d > 0
such that for any positive w ∈ L∞(Rd) with

∫
Rd (w − 1)h1 dμα−1 = ∫

Rd (w − 1)dμα =0, ‖w − 1‖L∞(Rd ) � ε,

E :=
∫

Rd

wm − 1 − m(w − 1)

m − 1
dμα+1 � Km,d I with I :=

∫

Rd

∣∣∇[(
wm−1 − 1

)
h1

]∣∣2
w dμα.

Proof. Let κ0(ε) := maxs∈[1−ε,1+ε] sm−1−m(s−1)

(m−1) (s−1)2 . On the one hand, E(t) � κ0(ε)
∫

Rd |w − 1|2 dμα+1. On the other
hand, using inequality (1), we get∫

Rd

|w − 1|2 dμα+1 =
∫

Rd

∣∣(w − 1)h1
∣∣2 dμα−1 � Cα,d

∫

Rd

∣∣∇(
(w − 1)h1

)∣∣2 dμα.

Expanding the square and integrating by parts, we obtain, for some function f to be fixed later,∫

Rd

∣∣∇(
f (w)h1

)∣∣2 dμα =
∫

Rd

∣∣f ′(w)
∣∣2|∇w|2 dμα+2 + 4|α|

∫

Rd

|x|2∣∣f (w)
∣∣2 dμα − 2d

∫

Rd

∣∣f (w)
∣∣2 dμα+1.

Let fm(s) := sm−1 − 1, κ1(ε) := maxs∈[1−ε,1+ε] | f ′
2(s)

f ′
m(s)

|2 and κ2(ε) := mins∈[1−ε,1+ε] | f2(s)
fm(s)

|2. With these notations,

∣∣f ′
2(w)

∣∣2 � κ1(ε)
∣∣f ′

m(w)
∣∣2

,
∣∣f2(w)

∣∣2 � κ1(ε)
∣∣fm(w)

∣∣2 and
∣∣fm(w)

∣∣2 �
(
κ2(ε)

)−1∣∣f2(w)
∣∣2

,

and κ1(ε) � κ2(ε). Hence, using successively f = f2 and f = fm, we get∫

Rd

∣∣∇(
f2(w)h1

)∣∣2 dμα � κ1(ε)

∫

Rd

∣∣∇(
fm(w)h1

)∣∣2 dμα + 2d

[
κ1(ε)

κ2(ε)
− 1

]∫

Rd

∣∣f2(w)
∣∣2 dμα+1.

For ε small enough, 2d[κ1(ε)/κ2(ε) − 1] < 1/Cα,d and the result holds with

Km,d = κ0(ε)κ1(ε)κ2(ε)Cα,d

κ2(ε) + 2d[κ2(ε) − κ1(ε)]Cα,d

1

1 − ε
. �

The inequality in Corollary 6 is motivated by the study of the asymptotic behavior of the solutions to the
fast diffusion equation ut = �um for some nonnegative initial datum u0. For simplicity, we shall assume that∫

Rd (u0 − hα)dx = 0, α = 1/(m − 1). The general case can be deduced using an appropriate scaling. Let mc :=
(d − 2)/d , d � 3. Two different regimes have to be distinguished. If m ∈ (mc,1), solutions are well defined in
C0(R+,L1(Rd)) and one is interested in understanding the behavior as t → ∞. If m ∈ (0,mc) with m 
= m∗, at least
some solutions vanish in a finite time T = T (m), and one is interested in the asymptotic behavior as t → T . For this
purpose, we perform the following time-dependent rescaling

u(t, x) = 1

Rd(t)
v

(
τ(t),

x

R(t)

)
, τ (t) = 1

2
logR(t), R(t) =

(
1 − t

T (m)

)1/(d(m−mc))

, T (m) = 1 − m

2dm(mc − m)

with T (m) < 0 and t ∈ (0,∞) if m > mc, and T (m) > 0 and t ∈ (0, T (m)) if m < mc . The equation for v

is now of Fokker–Planck type vt + div[v(∇(vm−1) − 2x)] = 0 with initial data v|t=0 = u0. Let w := v/hα ,
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α = 1/(m − 1), and define the entropy and entropy production respectively by E(t) := ∫
Rd

wm−1−m(w−1)
m−1 dμα+1

and I(t) := ∫
Rd |∇[(wm − 1)(1 +|x|2)]|2 w dμα . A simple computation and Corollary 6 show that d

dt
E = m

m−1 I, which
is the key observation, while

∫
Rd (w − 1)dμα = ∫

Rd (v −hα) = 0 accounts for mass conservation. For solutions of the
fast diffusion equation with infinite mass and tails not far from the ones of the Barenblatt profile hα , if m < mc , T is
finite and we have the following result:

Theorem 7. Let d � 3, m ∈ (0,mc), m 
= m∗, and assume that u0 is a nonnegative function such that (u0 − hα) ∈
L1(Rd),

∫
Rd (u0 −hα)dx = 0, α = 1/(m−1). Assume moreover that (σ0 +|x|2)1/(m−1) � u0(x) � (σ1 +|x|2)1/(m−1)

for a.e. x ∈ R
d , where σ0 ∈ [1, (1 − ε)1/(m−1)] and σ1 ∈ [(1 + ε)1/(m−1),1] with ε as in Corollary 6. Then there exists

a constant C such that any solution of the fast diffusion equation ut = �um with initial datum u0 satisfies, for any
t ∈ (0, T (m)),

∥∥u(·, t) − R−d(t)hα(R−1(t) ·)∥∥
L2(Rd )

� C
(

1 − t

T (m)

)γ

, γ :=
(

d

2
+ m

4Km,d (1 − m)

)
1

d(mc − m)
.

No smallness assumptions are required on σ0 − 1 > 0 and 1 − σ1 > 0 if we further assume that
‖u0/hα − 1‖L∞(Rd ) < ε. In the rescaled variables, we also obtain a moment estimate, that is a control on
‖v(·, t) − hα‖L2(Rd ,dμ1−α). Generalizations to other Lp-norms, p ∈ [1,+∞], will be given in [1]. Our results also

apply to m ∈ (mc,1) under the weaker assumptions u0 ∈ L1+(Rd) and lim supR→∞ sup|x|>R(|x|−2/(m−1)u0(x)) < ∞,
since the assumptions of Theorem 7 are then satisfied for t large enough, see [2] for details. For m ∈ [(d − 1)/d,1)

and m ∈ (mc, (d − 1)/d) with mc := (d − 2)/d , we refer to [9] and [4] respectively. Convergence results with-
out rate have recently been obtained in [6] for m < mc . The case m = mc can be dealt with using the time-
dependent rescaling given by τ(t) = t , R(t) = et , while m = m∗ is out of reach with our methods. The assumption
(σ0 + |x|2)1/(m−1) � u0(x) � (σ1 + |x|2)1/(m−1) is not a technical assumption, since a compactly supported initial
datum has completely different asymptotics, see [15].

Sketch of the proof of Theorem 7. First of all, we observe that E(t) converges to 0 as t → ∞. Using Corollary 6,
we obtain that

∫
Rd |w − 1|2 dμα+1 = ∫

Rd |v − hα|2 dμ1−α is controlled by E(t) � E(0) exp(−mK−1
m,d t/(1 − m)). The

result follows by noting that
∫

Rd |v − hα|2 dx �
∫

Rd |v − hα|2 dμ1−α and by undoing the change of variables. �
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