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Abstract

In this Note, we establish the mean square convergence rate for estimators of an additive regression function under random
censorship. To build our estimator, the marginal integration method is coupled with some Inverse Probability of Censoring Weighted
[I.P .C.W.] estimates of the multivariate regression function. To cite this article: M. Debbarh, V. Viallon, C. R. Acad. Sci. Paris,
Ser. I 344 (2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Convergence en moyenne quadratique de l’estimateur de la fonction de régression additive en données censurées. Dans
cette Note, nous proposons d’établir la vitesse de convergence en moyenne quadratique de l’estimateur d’une fonction de régres-
sion additive en données censurées. Pour construire nos estimateurs, nous combinons la méthode d’intégration marginale à des
estimateurs de la fonction de régression multivariée de type Inverse Probability of Censoring Weighted [I.P .C.W.]. Pour citer cet
article : M. Debbarh, V. Viallon, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Soit (Y1,C1,X1), . . . , (Yn,Cn,Xn), n � 1, une suite de répliques indépendantes et identiquement distribuées du
triplet (Y,C,X) à valeurs dans R × R × R

d , d � 2, où Y est la variable d’intérêt, C une variable de censure et
X = (X1, . . . ,Xd) une variable de conditionnement. Soit ψ une fonction donnée, mesurable à valeurs dans R, telle
que

(A) ψ(y) = 0 si y ∈ [τ,+∞[, avec τ < TF := sup
{
t : P(Y > t) > 0

}
.

Soit mψ la fonction de régression de ψ(Y ) sachant X. Nous supposons ici que mψ est additive i.e.,

E-mail addresses: debbarh@ccr.jussieu.fr (M. Debbarh), viallon@ccr.jussieu.fr (V. Viallon).
1631-073X/$ – see front matter © 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.crma.2006.12.002



206 M. Debbarh, V. Viallon / C. R. Acad. Sci. Paris, Ser. I 344 (2007) 205–210
mψ(x) = E
(
ψ(Y ) | X = x

)
, ∀x = (x1, . . . , xd) ∈ R

d,

= μ +
d∑

�=1

m�(x�).

Soit m̂�
ψ,add l’estimateur de la fonction de régression additive mψ défini en (9) en combinant la méthode d’intégration

marginale, les idées de Jones et al. [8], et l’estimateur de la régression multivariée censurée proposé par Carbonez
et al. [4] et Kohler et al. [11]. Sous les hypothèses (C.1)–(C.4), (Q.1), (Q.2), (K.1), (K.2), (F.1), (F.2) et (H.1), (H.2)
présentées ci-dessous, nous obtenons la vitesse de convergence en moyenne quadratique de l’estimateur de m̂�

ψ,add
vers mψ , pour tout x appartenant à un certain compact,

E
(
m̂�

ψ,add(x) − mψ(x)
)2 = O

(
n−2k/(2k+1)

)
.

1. Introduction

In many statistical application domains, the variable of interest is only partially observed, because of right censor-
ing. In medical studies, for instance, considering the survival time of a patient, this variable is censored for individuals
who are still alive at the end of the study or individuals who dropped-out before the termination of the study. More-
over, in this setting, the variable of interest is often related to numerous covariates, making the use of nonparametric
estimates unsuitable because of the well-known curse of dimensionality [14]. Working under the additive model as-
sumption enables us to get round this issue. Namely, combining the marginal integration method (see Newey [13],
Linton and Nielsen [12]) with an initial I.P .C.W. estimator of the multivariate censored regression function (see Car-
bonez et al. [4] and Kohler et al. [11]), we derive a new estimate of this quantity, for which, under the additive model
assumption, the rate of mean square convergence is shown to be independent of the dimension of the covariates (see
Theorem 3.1). A similar result can be found in Camlong et al. [3] for uncensored data.

Let (Y,C,X), (Y1,C1,X1), (Y2,C2,X2), . . . be independent and identically distributed R×R×R
d -valued random

variables, d � 2. Here Y is the variable of interest, C a censoring variable and X = (X1, . . . ,Xd) a vector of con-
comitant variables. Set for all t ∈ R F(t) = P(Y > t) and G(t) = P(C > t) the right-continuous survival functions
pertaining to Y and C respectively. Denote by ψ a given real measurable function fulfilling the following assumption.

(A) ψ(y) = 0 for all y ∈ [τ,+∞[, with τ < TF := sup
{
t : F(t) > 0

}
.

Consider the additive regression function of ψ(Y ) evaluated at X = x, defined by,

mψ(x) = E
(
ψ(Y ) | X = x

)
, ∀ x = (x1, . . . , xd) ∈ R

d, (1)

= μ +
d∑

�=1

m�(x�). (2)

In this Note, we work under the identifiability assumption Em�(X�) = 0, � = 1, . . . , d , which ensures that
μ = Eψ(Y ).

Remark 1. (i) Let IE be the indicator function of a given set E. With the particular choice ψ(·) = ψt0(·) = I(−∞;t0](·),
for any given 0 � t0 � τ , our work allows to treat the case of the censored conditional survival function (see for
instance Beran [2], Dabrowska [5], Deheuvels and Derzko [6]). Moreover, other choices of the function ψ may lead
to some properties for the conditional density function. These properties would enable to derive some results for the
conditional hazard rate and the conditional quantiles.

(ii) The choice ψ(y) = y violates our condition (A). Thus, our work does not allow to treat the ‘classical’ regression
function. However, under some additional – and quite strong – assumptions (especially the existence of a constant T

such that P(Y > T ) = 0, P(Y = T ) > 0 and P(C > T ) > 0), some modifications in our proofs would allow to treat
this special and interesting case (see for instance Kohler et al. [10]).

In the right censorship model, the variables Yi and Ci are not directly observed, so that only Xi , Zi = min{Yi,Ci}
and δi = I{Y �C } are at our disposal. Therefore, to estimate mψ , we work with the observed sample (Xi ,Zi, δi)1�i�n.
i i
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2. Additive regression estimate under random censorship

Let K1, K2, K3 and K be some kernels respectively defined in R, R
d−1, R

d and R
d . Introduce the kernel estimator

f̂n of the marginal density function f of X,

f̂n(x) = 1

nhd
n

n∑
j=1

K

(
x − Xj

hn

)
,

where (hn)n�1 is a given sequence of positive numbers. In the sequel, we denote by Gn the Kaplan–Meier [9] esti-
mator of G. Namely, for all y ∈ R,

Gn(y) = 1 −
∏

1�i�n

(
Nn(Zi) − 1

Nn(Zi)

)βi

, with βi = I{Zi�y}(1 − δi) and Nn(y) =
n∑

j=1

I{Zj �y}. (3)

To estimate the regression function defined in (1), the two following I.P .C.W. estimators will be used (see Carbonez
et al. [4], Kohler et al. [11] and Jones et al. [8]):

m̃�
ψ,n(x) =

n∑
i=1

Wn,i(x)
δiψ(Zi)

Gn(Zi)
with Wn,i(x) =

K3(
x−Xi

h1,n
)

nhd
1,nf̂n(Xi )

, (4)

and

m̃�
ψ,n,�(x) =

n∑
i=1

W�
n,i(x)

δiψ(Zi)

Gn(Zi)
with W�

n,i(x) =
K1

( x�−Xi,�

h1,n
)K2

( x−�−Xi,−�

h2,n

)
nh1,nh

d−1
2,n f̂n(Xi )

, � = 1, . . . , d, (5)

where (hj,n)n�1, j = 1,2, are two sequences of positive numbers. For all x = (x1, . . . , xd) ∈ R
d and every � =

1, . . . , d , set x−� = (x1, . . . , x�−1, x�+1, . . . , xd). To estimate the additive components, we use the marginal in-
tegration method. To do so, let q1, . . . , qd be d given integration density functions defined in R. Then, setting
q(x) = ∏d

�=1 q�(x�) and q−�(x−�) = ∏
j �=� qj (xj ), we define

η�(x�) =
∫

Rd−1

mψ(x)q−�(x−�)dx−� −
∫
Rd

mψ(x)q(x)dx, � = 1, . . . , d, (6)

in such a way that the two following equalities hold:

η�(x�) = m�(x�) −
∫
R

m�(z)q�(z)dz, � = 1, . . . , d, and mψ(x) =
d∑

�=1

η�(x�) +
∫
Rd

mψ(z)q(z)dz. (7)

In view of (5) and (6), a natural estimator of the �-th component η� is given by

η̂�
�(x�) =

∫
Rd−1

m̃�
ψ,n,�(x)q−�(x−�)dx−� −

∫
Rd

m̃�
ψ,n,�(x)q(x)dx, � = 1, . . . , d, (8)

from which we deduce an estimate m̂�
ψ,add of the additive regression function,

m̂�
ψ,add =

d∑
�=1

η̂�
�(x�) +

∫
Rd

m̃�
ψ,n(x)q(x)dx. (9)

3. Hypotheses and results

Before stating our results, we introduce some assumptions and additional notations. Consider the following hy-
potheses pertaining to (Y,C,X). Let C1, . . . ,Cd , be d compact intervals on R and set C = C1 ×· · ·×Cd . For every sub-
set E of R

q , q � 1, and any α > 0, introduce the α-neighborhood Eα of E , defined by Eα = {x: infy∈E ‖x−y‖Rq � α},
with ‖ · ‖Rq standing for the Euclidian norm on R

q .
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(C.1): C and (X, Y ) are independent.
(C.2): G is continuous and G(τ) > 0.
(C.3): There exists a positive constant M such that supy�τ |ψ(y)| � M < ∞.
(C.4): mψ is a k-times continuously differentiable function, k � 1, and

sup
x

∣∣∣∣∂kmψ

∂xk
�

(x)

∣∣∣∣ < ∞; � = 1, . . . , d.

Denote by f�, � = 1, . . . , d , the density functions of X�, � = 1, . . . , d . The functions f and f�, � = 1, . . . , d, will be
supposed to be continuous, and we will assume the existence of a constant α > 0 such that the following conditions
hold.

(F.1): ∀x� ∈ Cα
� , f�(x�) > 0, � = 1, . . . , d , and ∀x ∈ Cα with f (x) > 0.

(F.2): f is k′-times continuously differentiable on C, k′ > kd .

The kernels K1, K2, K3 and K defined in R, R
d−1, R

d and R
d respectively, are assumed to be continuous, with

compact support and integrating to 1. Moreover, they are assumed to fulfill (K.1), (K.2) introduced below.

(K.1): The kernels K1, K2 and K3 are of order k.
(K.2): The kernel K is of order k′.

The known integration density functions q−� and q�, � = 1, . . . , d , satisfy the following assumptions:

(Q.1): q−� is bounded and continuous, � = 1, . . . , d .
(Q.2): q� has k continuous and bounded derivatives, with compact support included in C�, � = 1, . . . , d .

Finally, we will work under the following conditions on the smoothing parameters hn and hj,n, j = 1,2.

(H.1): hn = c′( logn
n

)1/(2k′+d), for a fixed 0 < c′ < ∞.
(H.2): h1,n = c1n

−1/(2k+1) and h2,n = c2n
−1/(2k+1), for fixed 0 < c1, c2 < ∞.

Theorem 3.1. Under the conditions (C.1-2-3-4), (F.1-2), (K.1-2), (Q.1-2) and (H.1-2), we have, for all x ∈ C,

E
(
m̂�

ψ,add(x) − mψ(x)
)2 = O

(
n−2k/(2k+1)

)
.

Proof. Denote by ̂̂mψ,add, ˆ̂η�, ˜̃mψ,n and ˜̃mψ,n,�, � = 1, . . . , d, [resp. m̂ψ,add, η̂�, m̃ψ,n and m̃ψ,n,�, � = 1, . . . , d] the
versions of m̂�

ψ,add, η̂�
� , m̃�

ψ,n and m̃�
ψ,n,�, � = 1, . . . , d, when f and G are known (Gn and f̂n are formally replaced by

f and G in (4) and (5)) [resp. G is known and f is unknown]. Using the classical inequality (a + b)2 � 2(a2 + b2),
if follows that, for all x ∈ C,

E
(
m̂�

ψ,add(x) − mψ(x)
)2 � 4E

(̂̂mψ,add(x) − mψ(x)
)2 + 4E

(
m̂ψ,add(x) − ̂̂mψ,add(x)

)2

+ 2E
(
m̂�

ψ,add(x) − m̂ψ,add(x)
)2 =: I1(x) + I2(x) + I3(x). (10)

First consider the term I1(x). Set

Ĉn =
∫
Rd

˜̃mψ,n(x)q(x)dx, Cn = μ +
∫

Rd−1

d∑
j=2

mj(zj )G(z−1)dz−1,

C =
∫

m1(x1)q1(x1)dx1 and G(u−1) =
∫
d−1

1

hd−1
2,n

K2

(
x−1 − u−1

h2,n

)
q−1(x−1)dx−1.
R R
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By using the inequality (
∑d

i=1 ai)
2 � d

∑d
i=1 a2

i , we obtain, for all x ∈ C,

I1(x) � 8d

d∑
�=1

E
( ˆ̂η�(x�) − η�(x�)

)2 + 8E
(
Ĉn − Cn − C

)2 +O
(
n−2k/(2k+1)

)
. (11)

Under (F.1-2), (K.1), (Q.1-2) and (H.2), following the same lines as in Camlong et al. [3], it can be shown that, for all
x ∈ C,

I1(x) = O
(
n−2k/(2k+1)

)
as n → ∞. (12)

Next, consider the function I2. The Jensen’s inequality yields, for all x ∈ C,

I2(x) � 16d

d∑
�=1

∫
Rd−1

E
(
m̃ψ,n,�(x) − ˜̃mψ,n,�(x)

)2
q2−�(x−�)dx−�

+ 16d

d∑
�=1

∫
Rd

E
(
m̃ψ,n,�(x) − ˜̃mψ,n,�(x)

)2
q2(x)dx + 8

∫
Rd

E
(˜̃mψ,n(x) − m̃ψ,n(x)

)2
q2(x)dx. (13)

Using the decomposition 1/f = 1/f̂n + (f̂n − f )/(f̂nf ), it is easily derived that, for all � = 1, . . . , d , there exists a
constant 0 < M1 < ∞, such that, for all x ∈ C and for n large enough, we have, under (Q.2),

E
(
m̃ψ,n,�(x) − ˜̃mψ,n,�(x)

)2

� M1E

(
1

h1,nh
d−1
2,n

∣∣∣∣K1

(
x� − Xi,�

h1,n

)
K2

(
x−� − Xi,−�

h2,n

)∣∣∣∣ × sup
x∈Cα

∣∣f̂n(x) − f (x)
∣∣)2

. (14)

Under our assumptions, we can use, for example, the result of Ango-Nze and Rios [1], which ensures that,

sup
x∈Cα

∣∣f̂n(x) − f (x)
∣∣ = O

((
logn

n

)k′/(2k′+d))
a.s.

By combining this result with (13) and (14), it is readily shown that, for all x ∈ C,

I2(x) = O
((

logn

n

)2k′/(2k′+d))
= O

(
n−2k/(2k+1)

)
as n → ∞. (15)

Finally, to evaluate I3(x), first observe that, for all x ∈ C,

I3(x) � 8d

d∑
�=1

∫
Rd−1

E
(
m̃�

ψ,n,�(x) − ˜̃mψ,n,�(x)
)2

q2−�(x−�)dx−�

+ 8d

d∑
�=1

∫
Rd

E
(
m̃�

ψ,n,�(x) − ˜̃mψ,n,�(x)
)2

q2(x)dx + 4
∫
Rd

E
(˜̃m�

ψ,n(x) − m̃ψ,n(x)
)2

q2(x)dx. (16)

But, under (A), we have

∣∣m̃�
ψ,n(x) − m̃ψ,n(x)

∣∣ � sup
y�τ

∣∣ψ(y)
∣∣ sup
y�τ

∣∣Gn(y) − G(y)
∣∣ sup
y�τ

1

Gn(y)G(y)

n∑
i=1

∣∣Wn,i(x)
∣∣. (17)

Obviously, a similar upper bound can be obtained for |m̃�
ψ,n,�(x) − m̃ψ,n,�(x)|, � = 1, . . . , d . Moreover, under the

assumptions (A) and (C.2), we have G(τ) > 0 and F(τ) > 0. Thus, we can apply the iterated law of the logarithm of
Földes and Rejtő [7], which ensures that

sup
∣∣Gn(y) − G(y)

∣∣ = O
(√

log logn

n

)
a.s.
y�τ
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Besides, under the conditions imposed on K and f , the term
∑n

i=1 |Wn,i(x)| is almost surely uniformly bounded on C,
for n large enough. Combining these two last results with (16) and (17), it follows, under (C.2) and (C.3) that, for all
x ∈ C,

I3(x) = O
(

log logn

n

)
as n → ∞. (18)

By combining (10), (12), (15) and (18), we achieve the proof of Theorem 3.1. �
Remark 2. The result of Földes and Rejtő [7] does not apply if (A) is not satisfied, and the conclusion of Theo-
rem 3.1 is generally false when this assumption does not hold, unless some additional hypotheses are imposed (see
Remark 1(ii)).
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