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Abstract

For the 3D system of equations describing large-scale ocean dynamics in the Cartesian coordinate system existence and unique-
ness of a solution on an arbitrary time interval [0, T'] is proved and the norm ||, || is shown to be continuous in time on [0, T']. To
cite this article: G.M. Kobelkov, C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

L’existence d’une solution en 3D pour la dynamique de ’océan a grande échelle. L’auteur considere le systéme 3D d’équa-
tions décrivant la dynamique de I’océan a grande échelle en coordonnées cartésiennes. Il démontre, pour tout coefficient de viscosité
et toute donnée initiale, I’existence et ’unicité d’une solution sur un intervalle de temps [0, T'] arbitrairement, ainsi que la conti-
nuité en temps sur I'intervalle [0, 7] de la norme ||l ||. Pour citer cet article : G.M. Kobelkov, C. R. Acad. Sci. Paris, Ser. I 343
(2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

In a number of papers of J.-L. Lions, R. Temam, etc. [5,6,4,3,2] study of the system of large-scale ocean dynamics
was carried out. Theorems on existence and uniqueness of a solution ‘in the small’ and ‘in the large’ under the
assumptions on smallness of a domain, time interval or initial data and even under the assumption of smallness of
a domain in z direction were proved. In this Note we prove the existence and uniqueness of a solution for the 3D
primitive equations ‘in the large’ without any smallness assumption.

Only for simplicity we consider the system of large-scale ocean dynamics in the Cartesian coordinates and assume
the right-hand side to be equal to zero. We also simplify the system by reducing the heat equation and the salinity one
to the density equation being the sum of them with some coefficients. In what follows, all considerations are also valid
for the original system.

Let £2 be a cylinder in R3 of the form 2 = 2’ x [0, 1], where £2’ is a domain on the x, y-plane with a piecewise
smooth boundary. The boundary 952 is represented as 32 = S; U S, S =982’ x [0, 1], so Sy consists of the upper
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and bottom surfaces of the cylinder and § is its lateral surface, Q; denotes the domain Q; = §2 x [0, t]; so, Q7 =
2 x[0,T].

Let u = (uy, up, u3) be a velocity vector; by @ we denote the vector-function @ = (uy, us). In what follows, one
assumes that the indices i and j range 1,2, and the index k—from 1 to 3. Space variables are denoted by x =
(x1,x2,x3) as well as x, y, z and x" = (x1, x3).

We use the following notations:

wv = P Vv, vy =Vv=@0v,dhv), diva=0u+ dus,
Xk
AN =07+035, lvly=Ilv] ol =l
=0 2> q= Lq($2)> = Lp-
As usual, by ¢ with and without indices we denote various constants in the inequalities not depending on the functions

entering these inequalities.
The system of equations describing the large-scale ocean dynamics has the form [7,5]

ap
0, —vAa+la+ V'p + ugty, =0, £ = _gp,
t P UpUy, 8x3 8P (1/)

diva =0, pr —div(v1 Vp) + ugpy, =0.

Boundary and initial conditions for (1") are

ou ou J
ﬁ~n=—uxn=0 on S, —u:O on Sy, u3; =0 onJS;, _p=0 on 952,
on on on
| (1"
(0, x) = g (v), / div'igdz =0, p(x,0) = po(x);

0

we assume summation over repeating indices in products; g is the acceleration of gravity, n is the outer unit normal
to S, % is the normal derivative and a x b = a;by — azb;. The operator [ is of the form G = w(uy, —uy) and is
skew-symmetric.

Proof of the existence of a solution to (1’), (1”) ‘in the large’ is based on the following chain of a priori estimates.
The first is obtained by taking the scalar product in L;(§2) of the last equation (1”) and 03:

T

4 2 4

max 341 [ ool dr <l @
0

So, from the second equation of (1") and (2) it follows

max | 03p(t <c . 3
ogrgr” 3P|, <cllpolla €))
Taking the scalar product of the first equation of (1’) and a, after some trivial transformations and the use of (2) one
gets

T
max ||ﬁ(t)“2+v/IIﬁx||2dt<c||ﬁo||2+cTEc. 4)
0T

0

Now it is possible to obtain an a priori estimate for the pressure function p. The main idea is to represent p as
p = p1+ p2, where p, fol p2dz =0, is an antiderivative of p; in z and py, (p?, 1) =0, is a function of two variables
(x and y) only. For the norm of p; the estimate ||p>|l4 < c||d3p2]l4 < ¢ follows from (3). To estimate the norm
of pi, let us take the scalar product of the first equation of (1”) and V’(A’ y~1 p?; here we use the Neumann boundary
conditions to invert A’. Since p is a function of the x and y variables only, it becomes possible to estimate the scalar
product properly. Namely, we represent the scalar product as an iterated integral in z and £2’, apply the Holder and
multiplicative inequalities for the 2D case and then use that p; does not depend on z. As for estimating the integral over
the boundary 92’, we differentiate the first boundary condition in the tangent direction and use the second boundary
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condition. So, this integral is transformed to the form containing derivatives of the normal components which admits
proper estimation. It should be noted that in the case when 2’ is a polygon the integral over 352’ vanishes. Thus, the
estimate for p is of the form
1/2 1/2 1/2
Jmax lp2lla <cllpolla, lpilla < c(llvel /2 + 1012 + 1)10) 72, 5)

where v = 02.

The next a priori estimate is obtained after taking the scalar product of the first equation of (1) and 6%
1d,. IR O N ADa
1T Jac) Hi —v(AQ, 8%0) + (V' p, 8%0) + (uely,, 4%6) = 0. 6)

The last scalar product is equal to zero and the first one gives —(Af, 470) = Jo v|Val?dx + %||vx||2. As for the
remaining scalar product, it can be estimated as

AD A v N A A
|(V'p, 6%0)| < Envxn2 + (Il 2 + [l el + vll® + 1)) 7

Using these estimates and Gronwall’s inequality, from (6) one gets
T
max ||ﬁ(t)||j+// 0% )i, ? dx dr < c. )
0T
02

From the estimates obtained, it follows that fOT I p||2 dr <ec.
Differentiating (1") in z and using the same technique and the previous relations, it is possible to get the new
estimates

T
~ 4 A 2 (A 2
max |, (z v u u dxdr <c, 9
max [0+ [ [ 6P o) axdr < ©)
0 R
T
max_|p.|I> + / oz I?dr < c. (10)
0T
0

The final step in obtaining a priori estimates consists in differentiating (1) in 7. Using similar techniques and the
estimates obtained, we have

T

Org%(nﬁmnz + o) + /(||ﬁzx||2 +llowl1?) e < er (Iolly, + llpolly,2)- (1)
0

Taking into account all the obtained a priori estimates, we get the overall estimate

max 0 i i
Ogth(llpI|4+Ilpzll+ll ell + Nusll + 18114 + 18, + lloc1l)

T
2 2 2 A 12 e Ra 12 12 d a2 h 112
+/(|Ipx|| F 1o I A e ll” A 1 A 11808 1 A ([ |+ 180 17+ 1, ]17) dr
0

<er(lolly, + lleolly,2)- (12)

Let us now proceed to the proof of existence and uniqueness of a solution. Introduce the following spaces:

e V;,—a space of vector functions v = (v, v) from W;(QT), satisfying the boundary conditions (1”) and such
that ¥, € Wi(Q7) and f, div'¥(x',z,1)dz = 0;
e R—a space of functions r € W21 (Qr) such thatr, € Wzl 07).
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As for the relation for p, take the scalar product of the last equation of (1”) and r € R and integrate the result in ¢
from O to ¢. Integrating by parts gives

[ ot vipr—wpriaxart [ priax = [ ariody=o, (13
O 2 2

Taking then the scalar product of the first equation of (1’) and v € V; and further integration in ¢ give
/ (=89, + Vi ¥ + 189+ V' p - § + gy, 9) dr dt + / 9],y dx — / fi0¥],—o dx = O: (14)
O 2 2

here u3 is determined from u via the relations divu =0, u3 (¢, x’, 0) = 0.
It is possible to transform (14) to exclude the vertical component of the velocity as well as the pressure function:

X3 X3
/ % + vl ¥, + 69— gp f div' ¥z — iy, + f div’ 8dz 6, | drde
o 0 0
—i—/ﬁf’I,:;dx - /ﬁ0€’|,:0dx =0. (15)
2 2

Thus, a weak solution to (1), (1"") is a pair of functions @1 € V;, p € R satisfying for all v € V,, r € R and arbitrary
t € [0, T'] the relations (13), (15).

Using (12), it is not difficult to prove uniqueness of a solution.

The existence of a solution follows from the results of [2,8], where existence of the local in time solution in the 3D
case has been proven, and the estimate (12). Continuity of the norm ||@, || in 7 follows from (12) and the imbedding of
W, into C in 1D case.

Thus, the following statement has been proven:

Theorem. Let Gig € W3(R2), po € Wi (£2), fol div'tgdz = 0 and W satisfies the boundary conditions (1"). Then
for any v, vi > 0 and any arbitrary T > 0 the problem (1), (1) has in Q1 a unique weak solution such that
a2, ﬁ%, U, ﬁ%x, 0,0, € La(Q7), and p?, px, pox, pix € L2(Q7). The norm |0 || is continuous in t.

A similar result but with a totally different method has been recently obtained in [1] under the assumption of a
smooth boundary 9£2’.

Acknowledgements

The author is grateful to V.A. Kondrat’ev, Yu.A. Kuznetsov and V.B. Zalesny for useful discussions and support.
The author also thanks O. Pironneau for useful discussions and R. Temam for careful reviewing of the paper.

References

[1] Ch. Cao, E.S. Titi, Global well-posedness of the three-dimensional viscous primitive equations of large scale ocean and atmosphere dynamics,
math.AP/0503028, 16 Nov 2005.

[2] F. Guillén-Gonzéez, N. Masmoudi, M.A. Rodrigues-Bellido, Anisotropic estimates and strong solutions of the primitive equations, Differential
Integral Equations 14 (1) (2001) 1381-1408.

[3] Ch. Hu, R. Temam, M. Ziane, The primitive equations on the large scale ocean under the small depth hypothesis, Discrete and Continuous
Dynamical Systems 9 (1) (January 2003).

[4] R. Lewandowski, Analyse Mathématique et Océnographie, Masson, Paris, 1997.

[5] J.L. Lions, R. Temam, S. Wang, On the equations of the large-scale ocean, Nonlinearity 5 (1992) 1007-1053.

[6] J.L. Lions, R. Temam, S. Wang, New formulations of the primitive equations of the atmosphere and applications, Nonlinearity 5 (1992) 237—
288.

[7] G.I. Marchuk, A.S. Sarkisyan (Eds.), Mathematical Models of Ocean Circulation, Nauka, Novosibirsk, 1980 (in Russian).

[8] R. Temam, M. Ziane, Some mathematical problems in geophysical fluid dynamics, in: S. Frielander, D. Serr (Eds.), in: Handbook of Mathe-
matical Fluid Dynamics, vol. 3, Elsevier, 2004, pp. 535-658.



