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Abstract

Let T = {T (t)}t�0 be a bounded C0-semigroup on a Banach space with generator A. We define AT as the closure with respect

to the operator-norm topology of the set {f̂ (T): f ∈ L1(R+)}, where f̂ (T) = ∫ ∞
0 f (t)T (t)dt is the Laplace transform of f ∈

L1(R+) with respect to the semigroup T. Then AT is a commutative Banach algebra. It is shown that if the unitary spectrum
σ(A)∩ iR of A is at most countable, then the Gelfand transform of S ∈ AT vanishes on σ(A)∩ iR if and only if, limt→∞ ‖T (t)S‖ =
0. Some applications to the semisimplicity problem are given. To cite this article: H. Mustafayev, C. R. Acad. Sci. Paris, Ser. I
342 (2006).
 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

L’algebre de Banach engendrée par un C0-semigroupe. Soit T = {T (t)}t�0 un C0-semigroupe borné dans un espace de
Banach par générateur A. Nous définissons AT comme la clotûre par rapport à la topologie de la norme opérateur de l’ensemble
{f̂ (T): f ∈ L1(R+)}, où f̂ (T) = ∫ ∞

0 f (t)T (t)dt est la transformée de Laplace de f ∈ L1(R+) par rapport au semigroupe T.
Alors AT est une algèbre de Banach commutative. Dans cet article il est montré que, si la spectre unitaire σ(A) ∩ iR de A est au
plus dénombrable, alors la transformée de Gelfand de S ∈ AT s’annule sur σ(A) ∩ iR si et seulement si limt→∞ ‖T (t)S‖ = 0.
Nous donnons aussi quelques applications de la semisimplicité du problème. Pour citer cet article : H. Mustafayev, C. R. Acad.
Sci. Paris, Ser. I 342 (2006).
 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction and preliminaries

Let X be complex Banach space and B(X) the algebra of all bounded, linear operators on X. A family T =
{T (t)}t�0 in B(X) is called a C0-semigroup, if the following properties are satisfied: (1) T (0) = I , the identity
operator on X; (2) T (t + s) = T (t)T (s), for every t, s � 0; (3) limt→0+ ‖T (t)x − x‖ = 0, for all x ∈ X.

The generator of the C0-semigroup T = {T (t)}t�0 is the linear operator A with domain D(A) defined by

Ax = lim
t→0+

1

t

(
T (t)x − x

)
, x ∈ D(A).
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The generator is always a closed, densely defined operator. The C0-groups are defined analogously to C0-semigroups.
A C0-semigroup T = {T (t)}t�0 will be said to be bounded if supt�0 ‖T (t)‖ < ∞.

Let T = {T (t)}t�0 be a bounded C0-semigroup with generator A. Then the spectrum σ(A) of A belongs to the
closed left half-plane. σ(A) ∩ iR is called the unitary spectrum of A.

The Fourier transform f̂ (z) of f ∈ L1(R+), where f̂ (z) = ∫ ∞
0 exp(−itz)f (t)dt is a function analytic in the open

half-plane {z ∈ C, Im z < 0} and is a bounded continuous function in the closed half-plane {z ∈ C, Im z � 0}. For a
function f ∈ L1(R+), we put

f̂ (T) =
∞∫

0

f (t)T (t)dt.

The map f → f̂ (T) is a continuous homomorphism from L1(R+) into B(X). We define AT as the closure with
respect to the operator-norm topology of the set {f̂ (T): f ∈ L1(R+)}. Then AT is a commutative Banach algebra.
The maximal ideal space of AT will be denoted by MT. If S ∈ AT, its Gelfand transform will be denoted as Ŝ. It
can be easily verified that the map z → φz, homeomorphically identifies σ(A) with a closed subset of MT, where
φz :AT → C is defined by φz(f̂ (T)) = f̂ (iz). Therefore, instead of Ŝ(φz)(= φz(S)), z ∈ σ(A), we can (and will)
write Ŝ(z).

Note that if (hn)n∈N is a bounded approximate identity (b.a.i.) for L1(R+), then (ĥn(T))n∈N is a b.a.i. for AT.
Let BT(X) be the closed subspace of B(X) consisting of all Q ∈ B(X) such that limt→0+ ‖T (t)Q − Q‖ = 0. It is
easily checked that BT(X) contains AT. For T ∈ B(X), we denote by T̃ the left multiplication operator on B(X).
Then T̃ = {T̃ (t)}t�0 is a C0−semigroup on BT(X). Let Ã denote its generator. As is known [5, Lemma 5.2.2],
σ(Ã) ⊂ σ(A).

2. The main result

Recall [5, p. 163] that the function f ∈ L1(R+) is said to be of spectral synthesis with respect to a closed subset
K of R if it can be approximated (in L1-norm) by functions gn ∈ L1(R) such that ĝn = 0 on a neighborhood of K .
Semigroup version of the Katznelson–Tzafriri Theorem (see, [3,6] and [5, Theorem 5.2.3]) asserts that if f ∈ L1(R+)

which is of spectral synthesis with respect to iσ(A) ∩ R (in particular, if σ(A) ∩ iR is at most countable and f̂ (z)

vanishes on σ(A) ∩ iR), then limt→∞ ‖T (t)f̂ (T)‖ = 0.
The main result of this Note is the following theorem:

Theorem 2.1. Let T = {T (t)}t�0 be a C0-semigroup of contractions on a Banach space X with generator A. If the
unitary spectrum σ(A) ∩ iR of A is at most countable, then the Gelfand transform of S ∈ AT vanishes on σ(A) ∩ iR
if and only if limt→∞ ‖T (t)S‖ = 0.

For the proof we need some preliminary results.
Recall that the w∗-spectrum σ∗(ϕ) of ϕ ∈ L∞(R) is defined as the hull of the closed ideal Iϕ = {f ∈ L1(R):

ϕ ∗ f = 0}. Let AP(R) be the space of all almost periodic functions on R and let Φ be the invariant mean on AP(R).
For λ ∈ R, let Cλ(ϕ) denote the Fourier–Bohr coefficient of a function ϕ ∈ AP(R); Cλ(ϕ) = Φ[exp(−iλt)ϕ(t)]. The
Bohr spectrum σB(ϕ) of ϕ ∈ AP(R) is defined as the set of all λ ∈ R such that Cλ(ϕ) �= 0. As is well known if
ϕ ∈ AP(R) then σB(ϕ) ⊆ σ∗(ϕ) and moreover, σ∗(ϕ) = σB(ϕ). We also note that if ϕ ∈ AP(R) and f ∈ L1(R), then
ϕ ∗f ∈ AP(R) and Cλ(ϕ ∗ f ) = f̂ (λ)Cλ(ϕ). It follows that σB(ϕ ∗ f ) = {λ ∈ σB(ϕ): f̂ (λ) �= 0}. Well known Loomis
Theorem [4] states that, bounded uniformly continuous function with countable w∗-spectrum is almost periodic.

The following result is contained in [5] (Theorem 5.1.2 and Corollary 5.1.3):

Lemma 2.2. Let T = {T (t)}t�0 be a C0-semigroup of contractions on a Banach space X, with generator A such that
σ(A) ∩ iR �= iR. If inft�0 ‖T (t)x‖ > 0 for some x ∈ X\{0}, then there exist a Banach space Y �= {0}, a bounded
linear operator J :X → Y , with dense range and a C0-group of isometries U = {U(t)}t∈R on Y with generator B such
that: (i) ‖Jx‖ = limt→∞ ‖T (t)x‖ for all x ∈ X; (ii) U(t)J = JT (t) for all t � 0; (iii) σ(B) ⊂ σ(A) ∩ iR.

Another result we need for the proof of the theorem is the following lemma:
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Lemma 2.3. Let U = {U(t)}t∈R be a C0-group of isometries on a Banach space Y with generator B such that σ(B)

is at most countable. Then for every nonzero φ ∈ Y ∗, there exist a Hilbert space Hφ �= {0}, a bounded linear operator
Jφ :Y → Hφ with dense range and a C0-group of unitary operators Uφ = {Uφ(t)}t∈R on Hφ with generator Bφ such
that: (i)

⋂
φ∈Y ∗ kerJφ = {0}; (ii) Uφ(t)Jφ = JφU(t) for all t ∈ R; (iii) σ(Bφ) ⊂ σ(B).

Proof. Let φ ∈ Y ∗\{0} be given. For any y ∈ Y , we define the function ȳφ(t) on R by ȳφ(t) = φ((U(−t))y).
Then ȳφ(t) is a bounded continuous function and ‖ȳφ‖∞ � ‖φ‖‖y‖. We claim that ȳφ(t) ∈ AP(R). Since the set
{f̂ (U)y: y ∈ Y, f ∈ L1(R)} is dense in Y , we may assume that y is of the form f̂ (U)z, for some f ∈ L1(R) and
z ∈ Y . Also, since

ȳφ(t) = φ
(
U(−t)f̂ (U)z

) =
∫
R

φ
(
U(s − t)z

)
f (s)ds =

∫
R

z̄φ(t − s)f (s)ds = (z̄φ ∗ f )(t),

ȳφ(t) is a uniformly continuous function. Now, let us show that σ∗(ȳφ) ⊂ σ(iB). Assume that there is a λ0 ∈ σ∗(ȳφ),
but λ0 /∈ σ(iB). Then there exists a f ∈ L1(R) such that f̂ (λ0) �= 0 and f̂ (λ) = 0 in a neighborhood of σ(iB). Hence,
f belongs to the smallest closed ideal in L1(R) whose hull is σ(iB). Using the fact (see, [1, p. 223] and [2]) that

hull
{
f ∈ L1(R): f̂ (U) = 0

} = σ(iB),

we have f̂ (U) = 0, so that ȳφ ∗ f = 0. Since λ0 ∈ σ∗(ȳφ), it follows that f̂ (λ0) = 0. This contradicts f̂ (λ0) �= 0.
Hence, σ∗(ȳφ) is at most countable. By the Loomis Theorem [4], ȳφ(t) ∈ AP(R). This proves the claim.

Let H 0
φ denote the linear set {ȳφ(t): y ∈ Y } with the inner product defined by〈

ȳφ, z̄φ

〉 = Φ
[
ȳφ(t)z̄φ(t)

]
(y, z ∈ Y),

and let Hφ be the completion of H 0
φ with respect to this inner product. Since ‖ȳφ‖ � ‖ȳφ‖∞ � ‖φ‖‖y‖, the

map Jφ :Y → Hφ , defined by Jφy = ȳφ is a bounded linear operator with dense range. It is easy to see that⋂
φ∈Y ∗ kerJφ = {0}. Now let Uφ = {Uφ(t)}t∈R be the translation group on Hφ ; Uφ(t)ȳφ(s) = ȳφ(t − s). Then

Uφ = {Uφ(t)}t∈R is a C0-group of unitary operators on Hφ and Uφ(t)Jφ = JφU(t) for all t ∈ R. We have proved
(i) and (ii).

Next we prove (iii). Let Bφ be the generator of Uφ . Let f ∈ L1(R) and y ∈ Y be given. Since f̂ (Uφ)Jφy =
Jφf̂ (U)y = ȳφ ∗ f and Cλ(ȳφ ∗ f ) = f̂ (λ)Cλ(ȳφ), it follows from the Parseval’s identity that

∥∥f̂ (Uφ)Jφy
∥∥ =

( ∑
λ∈σB(ȳφ∗f )

∣∣f̂ (λ)
∣∣2∣∣Cλ(ȳφ)

∣∣2
)1/2

� sup
λ∈σB(ȳφ)

∣∣f̂ (λ)
∣∣‖ȳφ‖ � sup

λ∈σ(iB)

∣∣f̂ (λ)
∣∣‖ȳφ‖

�
∥∥f̂ (U)

∥∥‖Jφy‖.
Also since Jφ has dense range, we obtain ‖f̂ (Uφ)‖ � ‖f̂ (U)‖. It follows that the map f̂ (U) → f̂ (Uφ) can be extended
continuously to a norm decreasing homomorphism h :AU → AUφ

. It can be seen that h∗MUφ
⊂ MU. Now, using the

fact (see, [1, p. 223] and [2]) that MUφ
= σ(iBφ) and MU = σ(iB), we obtain σ(Bφ) ⊂ σ(B). �

Proof of Theorem 2.1. Assume that for some S ∈ AT, limt→∞ ‖T (t)S‖ → 0. Let t ∈ R, iy ∈ σ(A) (y ∈ R), f ∈
L1(R+) and let

ft (s) =
{

f (s − t), s � t,

0, 0 � s < t.

Then we can write

φiy
(
T (t)f̂ (T)

) = φiy
(
f̂t (T)

) = f̂t (−y) = exp(iyt)f̂ (−y) = exp(iyt)φiy
(
f̂ (T)

)
.

Since {f̂ (T): f ∈ L1(R+)} is dense in AT, we have φiy(T (t)S) = exp(iyt)Ŝ(iy). It follows that∣∣Ŝ(iy)
∣∣ = ∣∣φiy

(
T (t)S

)∣∣ �
∥∥T (t)S

∥∥ → 0, t → ∞.

Now let S ∈ AT be such that Ŝ(z) ≡ 0 on σ(A) ∩ iR. First we prove that limt→∞ ‖T (t)Sx‖ = 0 for all x ∈ X. If
limt→∞ ‖T (t)x‖ = 0 for all x ∈ X, then there is nothing to prove. Hence, we may assume that inft�0 ‖T (t)x‖ > 0 for
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some x ∈ X\{0}. By Lemma 2.2 there exist a Banach space Y �= {0}, a bounded linear operator J :X → Y with dense
range and a C0-group of isometries U = {U(t)}t∈R on Y with generator B such that: (i) ‖Jx‖ = limt→∞ ‖T (t)x‖ for
all x ∈ X; (ii) U(t)J = JT (t) for all t � 0; (iii) σ(B) ⊂ σ(A) ∩ iR.

Let φ ∈ Y ∗\{0} be given. By Lemma 2.3 there exist a Hilbert space Hφ �= {0}, a bounded linear operator
Jφ :Y → Hφ , with dense range and a C0-group of unitary operators Uφ = {Uφ(t)}t∈R on Hφ with generator Bφ

such that: (iv) ∩φ∈Y ∗ kerJφ = {0}; (v) Uφ(t)Jφ = JφU(t) for all t ∈ R; (vi) σ(Bφ) ⊂ σ(B).

Since S ∈ AT, there exists a sequence (fn)n∈N in L1(R+) such that ‖f̂n(T) − S‖ → 0. It follows that φz(f̂n(T)) =
f̂n(iz) → 0-uniformly for z ∈ σ(A) ∩ iR. From (iii) and (vi) we have σ(Bφ) ⊂ σ(A) ∩ iR, so that f̂n(iz) →
0-uniformly for z ∈ σ(Bφ). Since for every f ∈ L1(R+),∥∥f̂ (Uφ)

∥∥ = sup
z∈σ(Bφ)

∣∣f̂ (iz)
∣∣,

it follows that ‖f̂n(Uφ)‖ → 0. Further, from (ii) and (v) we can write Uφ(t)JφJ = JφJT (t) (t � 0), which implies
that f̂n(Uφ)JφJ = JφJ f̂n(T). By taking the limit as n → ∞, we obtain JφJS = 0 for all φ ∈ Y ∗. It follows from (iv)
that JS = 0. By (i) this means that limt→∞ ‖T (t)Sx‖ = 0 for every x ∈ X.

Next, let T̃ = {T̃ (t)}t�0 be a C0-semigroup on BT(X) with generator Ã. Note that S̃ ∈ AT̃. Since σ(Ã) ⊂ σ(A),

the set σ(Ã)∩ iR is at most countable. On the other hand, ̂̃S(z) = Ŝ(z) = 0 for all z ∈ σ(Ã)∩ iR. Now, it follows from
what is proved above that limt→∞ ‖T̃ (t)S̃Q‖ = 0 for all Q ∈ BT(X). In particular, we have limt→∞ ‖T (t)SQ‖ = 0
for all Q ∈ AT. Let (Qn)n∈N be a b.a.i. for AT. Then for any ε > 0 and for some n ∈ N, we have ‖SQn − S‖ < ε.
This implies ‖T (t)S‖ < ‖T (t)SQn‖ + ε for all t � 0. As t → ∞, we obtain that limt→∞ ‖T (t)S‖ < ε. �
3. Semisimplicity

Let A be a complex commutative Banach algebra. If the Gelfand transform on A is injective, then A is said to be
semisimple. If A is a closed commutative subalgebra of B(X), then A is semisimple if and only if it does not contain
a nonzero quasi-nilpotent operator.

The following example shows that there exists a uniformly bounded C0-semigroup with one-point unitary spectrum
that generates a non-semisimple algebra.

Example 3.1. Let V be the Volterra operator on the Hilbert space L2[0,1], defined by (Vf )(t) = ∫ t

0 f (s)ds and let
T = {e−tV }t�0. Notice that the exponential formula, yields ‖e−tV ‖ = 1 for all t � 0. On the other hand, V is a nonzero
quasi-nilpotent operator and V ∈ AT. Hence, AT is not semisimple.

As an immediate corollary of the Theorem 2.1 we have the next result.

Corollary 3.2. Let T = {T (t)}t�0 be a bounded C0-semigroup on a Banach space X with generator A such that
the unitary spectrum σ(A) ∩ iR of A is at most countable and inft�0 ‖T (t)x‖ > 0 for all x ∈ X\{0}. If the Gelfand
transform of S ∈ AT vanishes on σ(A) ∩ iR, then S = 0. In particular, AT is semisimple.
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