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Abstract

In this Note we consider a discrete-time hidden semi-Markov model and we prove that the nonparametric maximum li
estimators for the characteristics of such a model have nice asymptotic properties, namely consistency and asymptotic
To cite this article: V. Barbu, N. Limnios, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimation du maximum de vraisemblance d’un modèle semi-markovien caché. Dans cette Note nous introduisons un m
dèle semi-markovien caché à temps discret et nous prouvons que les estimateurs du maximum de vraisemblance non-p
d’un tel modèle ont de bonnes propriétés asymptotiques, à savoir la convergence et la normalité asymptotique.Pour citer cet
article : V. Barbu, N. Limnios, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Après avoir été introduits par Baum et Petrie [3], les modèles markoviens cachés (MMC) sont devenus tr
laires dans des domaines très variés, comme la biologie [5], la reconnaissance du texte et de la parole [16
processus markoviens cachés ont un désavantage important : les temps de séjour du processus caché suiv
géométriques ou exponentielles. Pour résoudre ce problème, Ferguson [9] a proposé un nouveau modèle
d’avoir des temps de séjour arbitrairement répartis pour le processus caché.

À notre connaissance, tous les travaux existants sur l’estimation des modèles semi-markoviens cachés
seulement en des approches algorithmiques (voir [11,10,17]). Il n’existe pas de littérature concernant les
tés asymptotiques théoriques de l’estimateur du maximum de vraisemblance des modèles semi-markovien
comme c’est le cas pour les modèles markoviens cachés.

Le travail présenté dans cet article porte sur les propriétés asymptotiques de l’estimateur du maximum de
blance d’un modèle semi-markovien caché.

SoientZ = (Zn)n∈N une chaîne semi-markovienne homogène, d’espace d’état finiE = {1, . . . , s}, et (J, S) =
(Jn, Sn)n∈N la chaîne de renouvellement markovien associée [1]. Notonsq(k) := (qij (k); i, j ∈ E) le noyau semi-
markovien,f (k) := (fij (k); i, j ∈ E) les lois conditionnelles de temps de séjour etp := (pij )i,j∈E la matrice de
transition de la chaîne de Markov(Jn)n∈N.

E-mail addresses:vlad.barbu@dma.utc.fr (V. Barbu), nikolaos.limnios@utc.fr (N. Limnios).
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.12.013
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Supposons que la chaîneZ n’est pas directement observée. Les observations sont décrites par un
Y = (Yn)n∈N de variables aléatoires conditionnellement indépendantes, à valeurs dansA := {1, . . . , d} fini. Po-
sonsR = (Ri;a; i ∈ E,a ∈ A) pour la loi conditionnelle de la suiteY, Ri;a := P(Yn = a | Zn = i). La chaîne
(Z,Y ) = (Zn,Yn)n∈N est appeléechaîne semi-markovienne cachée, ou, plus précisément,chaîne cachée SM1–M0.

SoitU = (Un)n∈N le temps de récurrence en arrière de la chaîne semi-markovienne(Zn)n∈N, Un := n − SN(n). La
chaîne(Zn,Un)n∈N est une chaîne de Markov d’espace d’étatE ×N (voir [14]). Notonsp̃ := (p(i,t1)(j,t2))i,j∈E, t1,t2∈N

sa matrice de transition.
Nous allons supposer dans le reste de cet article que pour touti, j ∈ E, les lois conditionnelles des tem

de séjourfij (·) ont des supports finis. Par conséquent, nous pouvons choisir un ensemble fini d’entiers
D := {0, . . . , ñ} ⊂ N tel que suppfij (·) ⊂ D, pour tout i, j ∈ E. Grâce à la condition d’indépendance con
tionnelle (2), nous avons associé la chaîne markovienne cachéeM1–M0 ((Zn,Un),Yn)n∈N à la chaîne semi
markovienne cachée initiale. SoitΘ := P × R l’espace de paramètres du modèle markovien caché, oùP := {p̃ =
(p(i,t1)(j,t2))i,j∈E, t1,t2∈D ∈ Ms(ñ+1)×s(ñ+1) | p̃ matrice stochastique} etR := {R = (Ria)i∈E, a∈A ∈ Ms×d | Ria > 0,∑

a∈A Ria = 1}. Notonsθ0 la vraie valeur du paramètre et{Y0 = y0, . . . , YM = yM} un échantillon des observation

Théorème 0.1. Sous des hypothèses de régularité(voir A1 et A2), l’estimateur du maximum de vraisemblanceθ̂ (M)

est fortement convergent versθ0, lorsqueM tend vers l’infini.

À partir de ce théorème, nous obtenons la convergence des estimateurs du maximum de vraisemblance d
vraies du noyau semi-markovien(q0

ij (k))i,j∈E, k∈D, de la matrice de transition de la chaîne immergée(p0
i,j )i,j∈E et

de la loi conditionnelle(R0
ia)i∈E, a∈A deY .

Soitσ(θ0) la matrice d’information de Fisher asymptotique, calculée dansθ0 (voir Éq. (3)).

Théorème 0.2. Sous des hypothèses de régularité(voir A1, A2 et A3), le vecteur aléatoire√
M

[(
R̂ia(M)

)
i∈E, a∈A

− (Ria)i∈E, a∈A

]
est asymptotiquement normal, lorsqueM → ∞, d’espérance nulle et de matrice de covarianceσ(θ0)−1

22 donnée par
l’Éq. (5).

Théorème 0.3. Sous des hypothèses de régularité, le vecteur aléatoire(voir A1, A2 et A3)√
M

[(
q̃ij (k,M)

)
i,j∈E, k∈D

− (
q0
ij (k)

)
i,j∈E, k∈D

]
est asymptotiquement normal, lorsqueM → ∞, d’espérance nulle et de matrice de covarianceσq donnée par
l’Éq. (7).

1. Introduction and preliminaries

After having been introduced by Baum and Petrie [3], the hidden Markov models (HMM) have becom
popular in a wide range of applications, such as biology [5], speech and text recognition [16], etc.

In parallel with the extensive use of HMM in applications and with the related statistical inference wor
[3,13,4,15,12,7,8]), a new type of model is derived, initially in the domain of speech recognition. In fact, the
Markov processes has an important disadvantage, namely the fact that the sojourn times of the hidden pr
geometrically or exponentially distributed. In order to solve this problem, Ferguson [9] was the first to propos
model, which allows arbitrary sojourn time distributions for the hidden process. As the unobserved process
semi-Markovian, this model is called a hidden semi-Markov model (HSMM). Recent papers proposed compu
techniques for HSMM (see [11,10,17]). To the best of our knowledge, all the existing works in HSMM area co
the construction of different types of models and in the design of adapted algorithms (usually of EM type). Th
we do not have in the HSMMs’ literature studies of asymptotic properties of the maximum likelihood est
(MLE), like it is the case in the HMM context. In the sequel we investigate the asymptotic properties of the M
a HSMM, following the line of [4] and [3].

Firstly, let us set the basic notations of a discrete-time semi-Markov model. For more details, see [1,2] or [
Z = (Zn)n∈N be an homogeneous semi-Markov chain with finite state spaceE = {1, . . . , s}. Put(J, S) = (Jn, Sn)n∈N
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for the associated Markov renewal chain andX = (Xn)n∈N∗ for the inter-jumps chain. Thus, for alln ∈ N we have
Zn = JN(n), whereN(k) := max{n � 0 | Sn � k} is the discrete-time counting process of the number of jump
[1, k] ⊂ N.

Forn given setsE1, . . . ,En, we denote byME1×···×En the set of nonnegativen-dimensional arrays onE1 × · · · ×
En and byME1(N) the set of matrix-valued functions: N → ME1×E1.

Let us denote byq(k) := (qij (k); i, j ∈ E) ∈ ME(N) the discrete semi-Markov kernel (qij (k) := P(Jn+1 = j,

Xn+1 = k | Jn = i)), by p := (pij ; i, j ∈ E) ∈ ME the transition matrix of the embedded Markov chain(Jn)n∈N

(pij := P(Jn+1 = j | Jn = i)) and byf (k) := (fij (k); i, j ∈ E) ∈ ME(N) the conditional distribution of sojour
times (fij (k) = P(Xn+1 = k | Jn = i, Jn+1 = j)). We suppose thatqij (k) = 0 if i = j or k = 0. The following
assumption is needed in the sequel:

A1. The Markov chain(Jn)n∈N is irreducible.

2. Results

Suppose that we have a stationary semi-Markov chainZ, which is not directly observed. The observations
described by a chainY = (Yn)n∈N, with the state spaceA := {1, . . . , d}. The processY = (Yn)n∈N is a sequence o
conditionally independent random variables, i.e., for alla ∈ A, j ∈ E, n ∈ N

∗, the following relation holds true

P(Yn = a | Yn−1 = ·, . . . , Y0 = ·,Zn = i, . . . ,Z0 = ·) = P(Yn = a | Zn = i). (1)

DefineR = (Ri;a)i∈E, a∈A ∈ME×A the conditional distribution of the chainY , Ri;a := P(Yn = a | Zn = i).
The process(Z,Y ) = (Zn,Yn)n∈N is calleda hidden semi-Markov chain, or, more precisely,a hidden SM1–M0

chain, where the index 1 stands for the order of the semi-Markov chainZ and the index 0 stands for the order ofY ,
regarded as a Markov chain.

2.1. Consistency of MLE

Let U = (Un)n∈N be the backward-recurrence times of the semi-Markov chain(Zn)n∈N, Un := n − SN(n). The
chain(Zn,Un)n∈N is a Markov chain with state spaceE × N (see [14]). We denote bỹp := (p(i,t1)(j,t2))i,j∈E, t1,t2∈N

the transition matrix of the Markov chain(Z,U).
Reduced state space: We shall consider that all the conditional distributions of sojourn times,fij (·), i, j ∈ E, have

finite support. Consequently, we can choose a finite set of integersD := {0, . . . , ñ} such that suppfij (·) ⊆ D, for all
i, j ∈ E.

Note that, especially from a practical point of view, there is only little loss of generality which follows from
assumption, since in applications we always take into account just a finite support for a distribution. In conclu
the work in the rest of the paper will be done under the assumption:

A2. The conditional sojourn time distributions have finite support⊂ D.

Taking into account the conditional independence relation (1), for alla ∈ A,j ∈ E andt ∈ D we have

Ri;a = P(Yn = a | Zn = i) = P(Yn = a | Zn = i, Un = t). (2)

Consequently, starting from the initial hidden semi-Markov chain(Zn,Yn)n∈N, we have an associated hidd
Markov chain((Zn,Un),Yn)n∈N. Let Θ := P × R be the parameter space of the hidden Markov model, w
P := {p̃ = (p(i,t1)(j,t2))i,j∈E, t1,t2∈D ∈ Ms(ñ+1)×s(ñ+1) | p̃ stochastic matrix} andR := {R = (Ria)i∈E, a∈A ∈ Ms×d |
Ria > 0,

∑
a∈A Ria = 1}. Noteθ0 the true value of the parameter.

For technical reasons, we consider that the time scale of all the processes isZ instead ofN. In conclusion, our work
is carried out within the framework of [3] and we have the following results.

Theorem 2.1. Under assumptionsA1 and A2, given a sample path of observations{Y0 = y0, . . . , YM = yM}, the
MLE θ̂ (M) of θ0 is strongly consistent, asM tends to infinity.

We stress the fact that the convergence in the preceding theorem is in the quotient topology, in order to re
model identifiable. Thus, we have obtained the consistency of the maximum likelihood estimators of(R0 )i∈E, a∈A
ia
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)i,j∈E, t1,t2∈D, denoted by(R̂ia(M))i∈E, a∈A and(p̂(i,t1)(j,t2)(M))i,j∈E, t1,t2∈D . The following theorem

uses these results in order to prove the consistency of the MLE of(q0
ij (k))i,j∈E, k∈D and of(p0

i,j )i,j∈E .

Theorem 2.2. Under assumptionsA1 and A2, given a sample path of observations{Y0 = y0, . . . , YM = yM}, the
MLEs (̂qij (k,M))i,j∈E, k∈D and(p̂i,j (M))i,j∈E of (q0

ij (k))i,j∈E, k∈D and of(p0
i,j )i,j∈E are strongly consistent, asM

tends to infinity.

2.2. Asymptotic normality of MLE

For {Y0 = y0, . . . , Yn = yn} a sample path of observations, denote bypθ(Y
n
0 ) the associated likelihood function an

by σYn
0
(θ0) := −Eθ0(

∂2 logp(Yn
0 )

∂θu∂θv
|θ=θ0)u,v the Fisher information matrix computed inθ0.

Let

σ
(
θ0) = (

σu,v

(
θ0))

u,v
:= −Eθ0

(
∂2 logPθ (Y0 | Y−1, Y−2, . . .)

∂θu∂θv

∣∣∣∣
θ=θ0

)
u,v

(3)

be the asymptotic Fisher information matrix computed inθ0 (see [3] or [8] for the definition ofσ(θ0) as a limiting
matrix of Fisher information matrices).

From Theorem 3 of [6] we know thatσ(θ0) is nonsingular if and only if there exists an integern ∈ N such that
σYn

0
(θ0) is nonsingular. Consequently, all our work will be done under the following assumption:

A3. There exists an integern ∈ N such that the matrixσYn
0
(θ0) is nonsingular.

Theorem 2.3. Under assumptionsA1, A2 andA3, the random vector√
M

[(
R̂ia(M)

)
i∈E, a∈A

− (
R0

ia

)
i∈E, a∈A

]
(4)

is asymptotically normal, asM → ∞, with zero mean and covariance matrixσ(θ0)−1
22 , where we have considere

the following partition of the matrixσ(θ0)−1:

s2 × (ñ + 1)2 sd︷︸︸︷ ︷︸︸︷
σ
(
θ0

)−1 =
[

σ(θ0)−1
11

σ(θ0)−1
21

σ(θ0)−1
12

σ(θ0)−1
22

]
}
}

s2 × (ñ + 1)2

sd
.

(5)

Before giving the result concerning the asymptotic normality of the semi-Markovian kernel estimator, we
introduce some notations. For allk = 2, . . . , ñ andi ∈ E, let us consider the scalarsαi;k := ∏k−2

t=0 p(i,t)(i,t+1) and the
matricesBi;k ∈ M(s−1)×(ñ−1), whose elementsBi;k(u, v), u = 1, . . . , s − 1, v = 1, . . . , ñ − 1, are defined by

Bi;k(u, v) :=


0 if v > k − 1,

p(i,k−1)(u,0)

∏k−2
t=0 p(i,t)(i,t+1)/p(i,v−1)(i,v) if v � k − 1, u < i,

p(i,k−1)(u+1,0)

∏k−2
t=0 p(i,t)(i,t+1)/p(i,v−1)(i,v) if v � k − 1, u � i.

Let us putσ̃ := σ(θ0)−1. We consider the following partition of the matrix̃σ :

s−1︷︸︸︷
σ̃1,1 . . .

s−1︷︸︸︷
σ̃1,sñ

ñ−1︷ ︸︸ ︷
σ̃1,sñ+1 . . .

ñ−1︷ ︸︸ ︷
σ̃1,sñ+s

...
...

...
...

σ̃sñ,1 . . . σ̃sñ,sñ σ̃sñ,sñ+1 . . . σ̃sñ,sñ+s σ̃A

σ̃sñ+1,1 . . . σ̃sñ+1,sñ σ̃sñ+1,sñ+1 . . . σ̃sñ+1,sñ+s

...
...

...
...

σ̃sñ+s,1 . . . σ̃sñ+s,sñ σ̃sñ+s,sñ+1 . . . σ̃sñ+s,sñ+s

σ̃B σ̃C



} s − 1
...

} s − 1
} ñ − 1
...

} ñ − 1

.
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Theorem 2.4. Under assumptionsA1, A2 andA3, the random vector√
M

[(
q̃ij (k,M)

)
i,j∈E, k∈D

− (
q0
ij (k)

)
i,j∈E, k∈D

]
(6)

is asymptotically normal, asM → ∞, with zero mean and covariance matrixσq given by

σq =
 M1,1 . . . M1,ñ

...
...

Mñ,1 . . . Mñ,ñ

 , (7)

where the block matricesMu,v ∈ Ms(s−1)×s(s−1) are as follows:

M1,1 =
 σ̃1,1 . . . σ̃1,s

...
...

σ̃s,1 . . . σ̃s,s

 ,

for 2� v � ñ, M1,v =
 α1;vσ̃1,sv−s+1 + σ̃1,sñ+1B

�
1;v . . . αs;vσ̃1,sv + σ̃1,sñ+sB

�
s;v

...
...

α1;vσ̃s,sv−s+1 + σ̃s,sñ+1B
�
1;v . . . αs;vσ̃s,sv + σ̃s,sñ+sB

�
s;v

 ,

for 2� u � ñ, Mu,1 =
 α1;uσ̃su−s+1,1 + B1;uσ̃sñ+1,1 . . . α1;uσ̃su−s+1,s + B1;uσ̃sñ+1,s

...
...

αs;uσ̃su,1 + Bs;uσ̃sñ+s,1 . . . αs;uσ̃su,s + Bs;uσ̃sñ+s,s

 ,

for 2� u,v � ñ, Mu,v = (Mu,v(l, r))l,r=1,...,s is a block matrix, having the matrix

Mu,v(l, r) := (αl;uσ̃su−s+l,sv−s+r + Bl;uσ̃sñ+l,sv−s+r )αr;v + (αl;uσ̃su−s+l,sñ+r + Bl;uσ̃sñ+l,sñ+r )B
�
r;v

on the position(l, r), 1� l, r � s.
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