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Abstract

We consider smooth maps on compact Riemannian manifolds. We prove that under some mild condition of eventual volume
expansion Lebesgue almost everywhere we have uniform backward volume contraction on every pre-orbit of Lebesgue almos
every point.To citethisarticle: J.F. Alveset al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).
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Résumé

Contraction en arriére pour desendomor phisms en expansion. Nous considérons des transformations différentiables sur des
varietés Riemannienes compactes. Nous montrons que dans une certaine condition modérée d’expansion de volume nous pouvc
déduire que pour Lebesgue presque chaque point nous avons contraction uniforme de volume en arriére de chaquépué-orbite.
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1. Statement of results
Let M be a compact Riemannian manifold and let Leb be a volume fori dnat we call Lebesgue measure. We
take f : M — M any smooth map. Let @ a1 < a2 < a3z < --- be a sequence converging to infinity. We define
h(x):min{n>0: |deth”(x)| 261,,}, Q)
if this minimum exists, and (x) = oo, otherwise. For > 1, we take
I ={x € M: h(x) >n}. (2

Theorem 1.1. Assume that & € L?(Leb), for some p > 3, and take y < (p — 3)/(p — 1). Choose any sequence
0 < b1 < by < b3 < --- such that byb,, > biy, for every k,n € N, and assume that there is ng € N such that
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b, < min{a,, Leb(I},)~7} for every n > ng. Then, for Leb almost every x € M, there exists C, > 0 such that
|detDf" (y)| > C,b, for every y € f~"(x).

We say thatf : M — M is eventually volume expanding if there existsk > 0 such that for Lebesgue almost every
xeM

supE log|detDf" (x)| > A. (3)
n=1n

Leth and I}, be defined as in (1) and (2), associated to the sequenee’”.

Corollary 1.2. Assume that f is eventually volume expanding. Given « > 0 there is 8 > 0 such that for Lebesgue
almost every x € M thereare C, > O such that for everyn > 1andany y € f~"(x)

(i) if Leb(I;,) < O(e~*"), then |detDf" (y)| > Cy €P";
(i) if Leb(I},) < O(e ") for some t > 0, then |detDf" (y)| > C, €"";
(iii) if Leb(I},) < O(n~*) and « > 4, then |detDf" ()| > CynP.

Specific rates will be obtained in Section 4 for some eventually volume expanding endomorphisms. In particular
non-uniformly expanding maps such as quadratic maps and Viana maps will be considered.

2. Concatenated collections

Let (U,), be a collection of measurable subsetsbfvhose union covers a full Lebesgue measure subskt.of
We say thatU,),, is aconcatenated collection if:

xeU, and f"(x)eU, = x¢€Utm.

Givenx € |U,>1 Ux, we defineu(x) as the minimunm € N for which x € U,. Note that by definition we have
x € Uy(x). We define thehain generated by x € |, 51 Un 8sC(x) = {x, f(x), ..., FrO=1(x)),

Lemma 2.1. Let (U,), be a concatenated collection. If Zn>12’};3 Leb(f7/(u=1(n))) < oo, then we have
supu(y): y € U@lUn and x € C(y)} < oo for Lebesgue almost every x € M.

Assume that for a givem € M there exists an infinite number of chai@g = {y;, f(y;), ..., ij_l(yj)}, j=1,
containingx with s; — oo. For eachj > 1 let 1<r; <s; be such that = f'7(y;). First we verify that limr; = oo.
If not, then replacing by a subsequence, we may assume that thatre-i§ such thatr; < N for every j > 1.
This implies thaty; € vazl f~H(x) for every j > 1. At this point we need the smoothness faf By compactness
of M, the pointsx in M such that #f~'(x)) = co are singular values of’, i € N. By Sard’s theorem, the set of
singular values of @1 map is a zero Lebesgue measure set. So, for almastal we have #vazl i (x)) < oo.
As the number of chains is infinite, we obtain a contradiction. Sirce> co andx = f"i(y;) € f'/ (u*l(sj)),
then we haver € |, >, =5 £/ (u™1(n)), ¥k > 1. The assumptiol,,~; Y"1~ Leb(f/ (u~(n))) < oo implies that
Leb(U,@k U’};(l) f4(u=t(n))) - 0, whenk — oo. This completes the proof of Lemma 2.1.

Lemma 2.2. Let (U,), be a concatenated collection. If sugu(y): y € U,@lUn andx € C(y)} < N and x isnhot a
periodic point, then f~"(x) CU, U---U U,y for all n > 1.

Assume that su@(y): y € Un>lU,, andx € C(y)} < N,andtake € f~"(x). Letz; = f/(z) foreachj > 0. We
distinguish the casese C(z) andx ¢ C(z). If x € C(z), and sincer is not a periodic point, them < #C (z) = u(z) by
definition ofu(-) andu(z) < N, sinceN is an upper bound far(z), x € C(z). Hencen <u(z) < N <n+ N and we
conclude that € Uy ;) C U, U---UU,yn. If x ¢ C(2), then lettinguo = u(z) we must haverp < n. Letus = u(z,,).
If ug+u1 < n we takeus = u(zuy+u,). We proceed in this way until we find the fitst n such thak < uo+- - - +u;.
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Note thatu; = u(z,o+--+u,_,), @and by the choice of we must haver € C(z,5+...+u4,_,). Our assumption implies that
U(Zugt-tu,_1) <N, and saug + - - - + u; <n + N. By construction we have
Z€ Uuoy f”O(Z) =Zug € Uula fuo-i_ul(z) = Zug+uy € Uuz, ceey fu0+~--+u5_1(z) = Zug+-4u;_1 € qu-

By the definition of a concatenated collection we concludegt@at, ;- tu, -
3. Proofsof main results

Letus now prove Theorem 1.2. Suppose thatL” (Leb), for somep > 3. This implies thaEn>1nP Leb(h—1(n))

< o0, and so there exists some constaht- 0 such that Leth—1(n)) < Kn~? for everyn > 1. Now, taking
0<y < (p—3)/(p—21 we have for som&’ > 0

in<iLeb(h—1(k))>l_y Z (K'/nP™H7 < 0.

DefiningU,, = {x € M: |detDf"(x)| > b 1, then we have the{tUl, U,, ...} is a concatenated collection with respect
to the Lebesgue measure. Moreover, settitjg= U, \ (U1 U---U U,_1) one observes thdf C Um>n h=(m), for
otherwise there would bee Uy N h=(m) with m < n, and SQuy = by > |detDf™ (x)| > a,,, Which is not possible.
As |detDf/(x)| < b; for everyx € U,y andj < n, we get Leli f/ (U;)) < b; Leb(U,;) for eachj <n. Hence

Z ZLeb (f (U Z Zb Leb(U,

n=ng+1 j=0 n=ng+1 j=0
oo nog—1
< ). ) bjlen(y, Z Zb Leb(U
n=no+1 j=0 n=no+1 j=ng
no—1
Zb + Z Zb Leb(U,
n=ng+1 j=ng

Now, we just have to check that the last term in the sum above is finite. Indeed,

Z Zb Leb(U Z Zb ZLeb hr) < Y nby ZLeb LK)
n=ngp+1 j=ng n=ng+1 j=ng k=n n=ng+1
-V oo

Z (Z Leb(h 1(k))> ZLeb h ()

n=ngp+1 k=

[e%e) [ee) 1—V

=y n(ZLeb(h_l(k))) < 00.
n=ng+1 k=n

Using the fact thatf is eventually volume expanding we deduce that the set of periodic poinfshafs zero
Lebesgue measure. Otherwise, there would be soirfiee which Lel(Fix(f")) > 0 and almost every < Fix(f")
having an expanding direction, by eventual volume expansion. By an implicit theorem function argument we deduce
that Fix(f™) has zero Lebesgue measure in a neighborhood @éfpplying Lemmas 2.1 and 2.2, we get for each
generic pointx € M a positive integer numbe¥, such that ify € f~"(x) theny € U,, for some 0< s < Ny.
Therefore,|detDf"**(y)| > b,4s > b,. TakingC, = K ~Nx, whereK = sup(|detDf(z)|:z € M}, we obtain Theo-
rem 1.1:
|detDf" ()|

|detDf* (x)]

Now we explain how we use Theorem 1.1 to prove Corollary 1.2. Recall that in Corollary 1.2 we,have'"
for eachn € N. Assume first that Letd},) < O(e ") for somec’ > 0. Then it is possible to chooge> 0 such that
b, =€ forn > ng. The other two cases are obtained under similar considerations.

|detDf" (y)| = > Cyby.
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4. Examples. non-uniformly expanding maps

An important class of dynamical systems where we can immediately apply our results is the class of non-uniformly
expanding dynamical maps introduced in [2]. As particular examples of this kind of systems we present below one
dimensional quadratic maps and the higher dimensional Viana maps.

Quadratic maps. Let f,:[—1,1] — [—1, 1] be given byf,(x) = 1 — ax2, for 0 < a < 2. Results in [3,6] give
that for a positive Lebesgue measure set of paramegieis non-uniformly expanding. Freitas [5] proves that for
Benedicks—Carleson parameters there@@re> 0 such that Lely;,) < C e " for everyn > 1. Thus, it follows from
Corollary 1.2 thathere exists 8 > 0 such for Lebesgue almost every x € I thereis C, > 0 such that |(f")'(y)| >
C. e for every y € f7(x).

Viana maps. Let ag € (1, 2) be such that the critical point = 0 is pre-periodic for the quadratic map(x) =
ap — x2. Let SY =R/Z andb: S* — R given byb(s) = sin(2rs). For fixed smalke > 0, consider the may from
S x R into itself given byf(s, x) = (8(s), §(s,x)), whereg (s, x) = a(s) — x2 with a(s) = ap + ab(s), andg is the
uniformly expanding map a$* defined byg(s) = ds (modZ) for some integet! > 2. Fora > 0 small enough there
is an intervall c (-2, 2) for which f(Sl x I) is contained in the interior a$* x 7. Thus, any magf sufficiently
close to f in the C° topology hasS! x I as a forward invariant region. Moreover, there &g > 0 such that
Leb(I;,) < Ce V" for everyn > 1; see [1,4,7]. Thus, it follows from Corollary 1.2 thaere exists 8 > 0 such for
Lebesgue almost every X € S x I thereis Cx > 0 such that |detDf"(Y)| > Cx efvn for everyY e f7"(X).
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