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Abstract

A systematic derivations of self-averaging scaling limits of parabolic waves in terms of the Wigner distribution func
presented. The convergence of the Wigner distribution to one of the six deterministic radiative transfer equations is es
One of the main contributions of this Note is a unified framework for space–time scaling limits that lead to radiative tranTo
cite this article: A.C. Fannjiang, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Transfert radiatif statistiquement stable pour des ondes paraboliques. On présente une méthode systématique de dédu
des limites normalisatrices statistiquement stables d’ondes paraboliques en termes de la distribution de Wigner. On dé
convergence de la distribution de Wigner vers une équation de transfert radiatif, parmi les six possibles. Une des p
contributions de cette Note réside dans un cadre unifié pour les limites normalisées en espace–temps menant au trans
Pour citer cet article : A.C. Fannjiang, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On commence par l’approximation parabolique (ou paraxiale) de l’équation de Helmholtz avec longueur
2π/k qui est décrite par l’équation de Schröginder (1) oùΨ est la modulation d’amplitude,k le nombre d’onde etz,
x ∈ R

2 respectivement les coordonnées longitudinales et transverses du guide d’onde. Ensuite on normalise
par les longueurs longitudinales et transversesLz, Lx du guide d’onde, la longueur de corrélationL0 de la fluctuation
de la susceptibilité électrique et la longueur d’onde. L’équation résultant de cette normalisation est (2) oùV est la
variation moyenne normalisée avec longueur de corrélation unitaire.

Les quatre paramètres les plus important sont les rapports�z = Lz/L0, �x = Lx/L0, le nombre de Fresnelγ , donné
par (3), et l’amplitude de la variationσ , et toute la famille des limites normalisatrices statistiquement stables peu
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Deux hypothèse principales sont faites sur la fluctuation moyenneV : la première est queV (z,x) est un processu
Gaussien homogène de carré intégrable dont la densité de puissance spectraleΦ(ξ,k) diminue pour|�k| = ∞, �k =
(ξ,k) avec une puissance suffisamment élevée de|�k|−1, le seconde est que le coefficient de corrélation maximalr(t)

défini en (4) est intégrable (5).
Un moyen utile pour analyser les ondes correspondants à des petits nombres de Fresnel est la distribution

dont la forme d’état pure est donnée par (6). La distribution de Wigner sous sa forme mixte est une com
convexe de ses formes d’état pure et satisfait l’équation de Wigner–Moyal (7). La distribution de Wigner préserv
majorité des informations sur la modulation d’amplitude et a une limite bien définie quandγ → 0 (voir [13] et [10]
pour plus d’éléments à ce sujet).

L’ensemble des limites normalisatrises est déduit dans deux théorèmes : le premier concerne le cas où limγ �x > 0
et le second concerne le cas où limγ �x = 0.

Théorème 0.1. Soientγ → 0, �x → ∞ tels quelim γ �x = 1. Si, de plus,�z, σ → ∞ sont liés par les relation
ci-dessous, alors la distribution de Wigner, comme solution faible de l’équation de Wigner–Moyal, converge
babilité à la solution de l’équation de transport(11)avecK(p,q) un noyau non-négatif donné par ce qui suit:

(a) Si lim σ/
√

�z = 1, lim �x/�z = 0 alorsK est donné par(12).
(b) Si lim σ/

√
�x = 1, lim �x/�z = ∞, lim �x/�

4/3
z = 0 etd � 3 alorsK est donné par(13).

(c) Si lim σ/
√

�z = 1, lim �x/�z = 1 alorsK est donné par(14).

Théorème 0.2. Soientγ → 0, �x → ∞ tels quelim γ �x = 0. Si, de plus,�z, σ → ∞ sont liés par les relation
ci-dessous, alors la distribution de Wigner converge en probabilité, en tant que fonction faible, vers la solu
l’équation de Fokker–Planck(15)avecD étant une matrice symétrique, nonnegative-définie définie par:

(a) Si lim γ �xσ/
√

�z = 1, lim �x/�z = 0 alors D est donné par(16).
(b) Si lim γ �xσ/

√
�x = 1, lim �x/�z = ∞, lim �x/�

4/3
z = 0 etd � 3 alors D est donné par(17).

(c) Si lim γ �xσ/
√

�z = 1, lim �x/�z = 1 alors D est donné par(18).

La méthode de preuve est basée sur la méthode de fonction test perturbée [4,12,16]. La limitation princ
résultats ci-dessus est la condition lim�x/�

4/3
z = 0 dans les Théorèmes 0.1(b) et 0.2(b). Ceci est dû au fait q

n’utilise que le premier correcteur afin que la preuve soit courte ; on s’attend à ce que cette condition soit re
des corrections supplémentaires sont faites dans l’analyse.

1. Introduction

Wave propagation in random media is an important problem for both fundamental and practical reasons
tunately the full governing equations of wave propagation in random media are often extremely challenging
even for computers. It is thus very important to identify asymptotic regimes where simplified description
effective and to devise efficient numerical schemes for computer simulation.

A widely used, simplified description of random waves is given by theory of radiative transfer. In this no
present a unified framework for the self-averaging regimes where a quadratic functional of the amplitude mod
called the Wigner distribution, has a deterministic limit in the form of a transport equation in the phase spac
ically speaking, the space–time scaling framework presented here is different from previous works in the l
even though it leads to similar radiative transfer equations (cf. [7]).

Besides the limiting transport equations, the self-averaging aspect of the approximation is of paramoun
tance. From the perspective of the quantum open system as modeled by the Schrödinger equation with
potential, self-averaging means that if one is only interested in large-scale observables compared to the
fluctuations of the environment then the quantum dynamics can have a classical, probabilistic (i.e. jump
sion processes in momentum) description which depends only on the covariance structure of the environme
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independent of the particular realization. The transition from a unitary evolution to an irreversible process is
come of the phase-space coarse-graining by the test functions (the large-scale observables). Our results are
demonstration of decoherence, a mechanism believed to be responsible for the emergence of the classical w
the quantum one (see [11] and references therein). The self-averaging property also finds important tech
application in time reversal experiments of waves (see [2,3,8,9] and references therein).

2. Self-averaging scaling

Our starting point is the universal parabolic wave (or Schrödinger) equation

i2k
∂

∂z
Ψ (z,x) + 	Ψ (z,x) + k2χ̃ (z,x)Ψ (z,x) = 0. (1)

Here, in the context of quantum dynamics,z would be the physical time andx ∈ R
d the physical space and in th

context of parabolic (paraxial) approximation of wave beam in a dielectric medium,z would be the longitudina
coordinate andx ∈ R

d the transverse coordinates. We have adopted the latter perspective for the rest of the not
note that even in this casez is a time-like variable. Also, the wave functionΨ (z,x) then is the amplitude modulatio
k is the wavenumber,̃χ(z,x) is the relative fluctuation of the electric susceptibility and	 is the Laplacian w.r.t. the
transverse coordinatesx ∈ R

d .
Let us nondimensionalize the equation by two reference scales of observationLz for the longitudinal coordinat

andLx for the transverse coordinates. We introduce the rescaled quantitiesx → xLx , z → zLz and write the electric
susceptibility fluctuation as

χ̃(zLz,xLx) = 2
�2
x

�2
z

U(z,x) + µV (z�z,x�x), �z = Lz

L0
, �x = Lx

L0

where the first term is the fluctuation on the macro-scale and the second term the fluctuation on the micro-scaµ

the standard variation andL0 its the correlation length. Note thatV is the normalized small-scale electric susceptibi
fluctuation with unit correlation length. After substitution and rescaling we then rewrite (1) as

i
∂Ψ

∂z
+ γ

2
	Ψ + γ −1U(z,x)Ψ + σV (z�z,x�x)Ψ = 0 (2)

with the dimensionless Fresnel number

γ = Lz

kL2
x

(3)

and the dimensionless parameterσ = kLzµ/2.
The four most important parameters involved are the ratios�z = Lz/L0, �x = Lx/L0, the Fresnel numberγ and

the magnitude of the fluctuationσ . The entire family of self-averaging scaling limits can be roughly describe
γ → 0, �z, �x → ∞ such that limγ �x < ∞ while σ → ∞ in various ways according to the relation amongγ , �z, �x .

2.1. Assumptions on medium fluctuation

First we assume thatUz(x) = U(z,x) ∈ C([0,∞);S(Rd)) whereS(Rd) is the space of Schwartz functions onR
d .

Next, we assume thatVz(x) = V (z,x) is a centered,z-stationary,x-homogeneous random field admitting the sp
tral representation

Vz(x) =
∫

exp(ip · x)V̂z(dp)

with thez-stationary spectral measurêVz(·) satisfying

E
[
V̂z(dp)V̂z(dq)

] = δ(p + q)Φ0(p)dp dq.

The transverse power spectrum density is related to the full power spectrum densityΦ(ξ,p) as Φ0(p) =∫
Φ(ξ,p)dξ . The power spectral densityΦ(�k) satisfiesΦ(�k) = Φ(−�k), ∀�k = (ξ,p) ∈ R

d+1 because the electr
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susceptibility field is assumed to be real-valued. HenceΦ(w,p) = Φ(−w,p) = Φ(w,−p) = Φ(−w,−p) which is
related to the detailed balance of the limiting scattering operators described below.

More specifically we make the following two assumptions.

Assumption 1. V (z,x) is a Gaussian process with a spectral densityΦ(�k), �k = (ξ,p) ∈ R
d+1 which is uniformly

bounded and decays at|�k| = ∞ with sufficiently high power of|�k|−1.

We note that the assumption of Gaussianity is not essential and is made here to simplify the presentation
Let Fz andF+

z be the sigma-algebras generated by{Vs : ∀s � z} and{Vs : ∀s � z}, respectively and letL2(Fz)

andL2(F+
z ) denote the square-integrable functions measurable w.r.t. to them respectively. The maximal co

coefficientr(t) is given by

r(t) = sup
h∈L2(Fz)

E[h]=0, E[h2]=1

sup
g∈L2(F+

z+t )

E[g]=0, E[g2]=1

E[hg]. (4)

Assumption 2. The maximal correlation coefficientr(t) is integrable:

∞∫
0

r(s)ds < ∞. (5)

Assumption 2 is very natural when the medium fluctuations decorrelate on large scales as in, for exam
turbulent atmosphere [6]. It implies certain mixing property of medium fluctuation in the time-like variablez which
dramatically simplifies and improves the results (presented below) over the previous ones in the literature.

2.2. Radiative transfer equations

We consider a family of scaling limits withγ → 0, �z and�x → ∞ such that limγ �x < ∞. This, of course, is no
sufficient to ensure the existence of scaling limit until we specify the strength ofσ .

For low-Fresnel-number waves it is convenient to use the Wigner distribution [13,10]

Wz(x,p) = 1

(2π)d

∫
e−ip·yΨ

(
z,x + γ y

2

)
Ψ

(
z,x − γ y

2

)
dy (6)

which is always real-valued and satisfies a closed-form (Wigner–Moyal) equation

∂Wz

∂z
+ p · ∇Wz + UzWz + σVzWz = 0, (7)

with

UzWz(x,p) = i
∫

eiq·xγ −1[Wz(x,p + γ q/2) − Wz(x,p − γ q/2)
]
Û (z,dq), (8)

VzWz(x,p) = i
∫

eiq·x�x
[
Wz(x,p + �xγ q/2) − Wz(x,p − �xγ q/2)

]
V̂ (z�z,dq). (9)

Because of the linearity of (7) the mixed-state Wigner distribution which is a convex combination of the pu
ones (6) with differentΨ ’s also satisfies the same equation. We consider the weak formulation

〈Wz, θ〉 − 〈W0, θ〉 =
z∫

0

〈Ws,p · ∇θ〉ds +
z∫

0

〈Ws,Usθ〉ds + σ

z∫
0

〈Ws,Vsθ〉ds (10)

for any smooth test functionθ with a compact support on the phase space where〈f,g〉 = ∫
f (x,p)g(x,p)dx dp for

any two real-valued functions on the phase space.
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Many useful quantities can be recovered from the Wigner distribution, which is a kind of quasi-probability d
function on the phase space. Indeed one can recover from the Wigner distribution all but a constant factor, d
only onz, about the wave amplitude by using this property

Ψ (z,x1)Ψ
∗(z,x2) =

∫
W

(
z,

1

2
(x1 + x2),q

)
exp

[
iγ −1q · (x1 − x2)

]
dq.

The family of self-averaging scaling limits can be divided into two groups depending on whether limγ �x is positive
(set to one) or zero.

The following result is a reformulation and extension of those of [7]. The main differences from [7] are (i) th
plified Assumption 1, (ii) the additional macroscopic inhomogeneities represented byU which introduces a nontrivia
complication in constructing the perturbed test function and, most importantly, (iii) a different, unified framew
space–time scaling in terms ofγ, �x, �z.

Theorem 2.1. Letγ → 0, �x → ∞ such thatlim γ �x = 1.
If in addition �z, σ → ∞ in one of the following ways the Wigner distribution, as a weak solution of the Wig

Moyal equation, converges in probability in the spaceC([0,∞);L2(R2d)) to the solution of the transport equation

∂

∂z
�Wz(x,p) + p · ∇ �Wz(x,p) − ∇xU · ∇p �Wz(x,p) = 2π

∫
K(p,q)

[ �Wz(x,q) − �Wz(x,p)
]
dq (11)

whereK(p,q) is a nonnegative kernel given as follows.

(a) If lim σ/
√

�z = 1, lim �x/�z = 0 thenK(p,q) = Φ(0,q − p); (12)

(b) If lim σ/
√

�x = 1, lim �x/�z = ∞, lim �x/�
4/3
z = 0 andd � 3 then

K(p,q) = δ

( |q|2 − |p|2
2

)[∫
Φ(w,q − p)dw

]
; (13)

(c) If lim σ/
√

�z = 1, lim �x/�z = 1 thenK(p,q) = Φ

( |q|2 − |p|2
2

,q − p
)

. (14)

Theorem 2.2. Let γ → 0, �x → ∞ such thatlim γ �x = 1. If in addition�z, σ → ∞ in one of the following ways th
Wigner distribution converges in probability in the spaceC([0,∞);L2(R2d)) as a weak function to the solution
the transport equation

∂

∂z
�Wz + p · ∇ �Wz − ∇xU · ∇p �Wz = ∇p · D∇p �Wz (15)

whereD is a symmetric, nonnegative-definite matrix given as follows.

(a) If lim γ �xσ/
√

�z = 1, lim �x/�z = 0 thenD = π

∫
Φ(0,q)q ⊗ q dq; (16)

(b) If lim γ �xσ/
√

�x = 1, lim �x/�z = ∞, lim �x/�
4/3
z = 0 andd � 3 then

D(p) = π |p|−1
∫

p·p⊥=0

∫
Φ(w,p⊥)dwp⊥ ⊗ p⊥ dp⊥; (17)

(c) If lim γ �xσ/
√

�z = 1, lim �x/�z = 1 thenD(p) = π

∫
Φ(p · q,q)q ⊗ q dq. (18)

Eq. (15) with (16), (17) and (18) is the geometrical optics limit of Eq. (11) with (12), (13) and (14), respecti
The standard radiative transfer scaling is the one that leads to Eq. (11) with the kernel (14). This has be

lished previously in [1] for a special Markovian fluctuationVz in the absence of large-scale inhomogeneitiesU = 0.
Eq. (11) with (12) is closely related to the mean Wigner distribution in the white-noise model proved in [6],
Eq. (11) with (13) is closely related to thez-independent model [15,5] where the convergence of the mean fieldE[Wz],
in small and large times respectively, is proved (see also [14]). In thez-independent model the convergence of the
field is not known.
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The main idea of the proof is to consider the infinitesimal operator (pseudo-generator)A for the process (10
and use perturbed test functions [4,12,16]. For a function on the probability spaceC([0,∞);L2

w(R2d)) of the form
fz ≡ f (〈Wz, θ〉) with f ∈ C∞(R) Afz is given by

Afz = f ′
z

[〈Wz,p · ∇θ〉 + 〈Wz,Uzθ〉 + σ 〈Wz,Vzθ〉]. (19)

For us, the most important property ofA is that

fz −
z∫

0

Afs ds is aFz-martingale. (20)

We then construct a perturbed test functionf
γ
z which approachesfz as γ → 0 in the suitable sense. Using t

perturbed test function we first prove tightness and obtain a limit�Wz. Forf γ
z we show that the quadratic variation

the martingale vanishes in the limit andAf
γ
z converges toĀfz given by

Āf (z) ≡ f ′
s

[〈 �Wz,p · ∇xθ
〉 + A0

( �Wz

) + A1
( �Wz, θ

)]
(21)

with A0 = −〈Wz,∇xU · ∇pθ〉 andA1 being the bilinear form associated with the scattering operator on the right
side of Eq. (11) or (15). Therefore we conclude that the limiting process is deterministic.

The main restriction of the above results lies in the condition lim�x/�
4/3
z = 0 in the case of Theorems 2.1(

and 2.2(b). This is because we use only the first corrector for the brevity of argument; we expect the conditi
relaxed if more correctors are used in the analysis.
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