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Abstract

In the present Note we introduce new matrix extrapolation methods as a generalization of well known vector extra
methods. We give expressions of the obtained approximation via the Schur complement. We apply these methods t
generated sequences and give some theoretical results.To cite this article: K. Jbilou et al., C. R. Acad. Sci. Paris, Ser. I 341
(2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur des nouvelles méthodes d’extrapolation matricielle. Dans cette Note, nous introduisons de nouvelles méthodes d’e
polation matricielle comme généralisation de certaines méthodes d’extrapolation vectorielle. Les approximations obte
données sous forme de complément de Schur. Ces méthodes seront ensuite appliquées à des suites matricielles géné
ment et des résultas théoriques sont proposés.Pour citer cet article : K. Jbilou et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Les transformations de suites vectorielles les plus connues sont la méthode MPE (Minimal Polynomial E
lation) de Cabay et Jackson [7], la méthode RRE (Reduced Rank Extrapolation) de Eddy [8] et Mesina [1
méthode MMPE (Modified Minimal Polynomial Extrapolation) de Sidi, Ford et Smith [15], Brezinski [1] et P
chev [12]. L’analyse et les procedures d’implémentation de ces méthodes d’extrapolation vectorielles sont p
dans [4,9,10,14,15]. Une deuxième classe de transformations de suites vectorielles contient l’ε-algorithme topolo-
gique (TEA : Topologicalε-Algorithm) de Brezinski [4,1] et l’ε-algorithme vectoriel (VEA : Vectorialε-Algorithm)
de Wynn [16]. Des généralisations de ces méthodes ont été données dans [5,2,3].

En utilisant les formules des compléments de Schur nous développons des généralisations de ces méth
des suites de matrices. L’utilisation du complément de Schur permet de présenter ces méthodes de mani
et pourra aider au developpement de nouveaux algorithmes pour l’implémentation des méthods proposé
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1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.10.019
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introduisons les versions par blocs de ces méthodes d’extrapolation vectorielle et nous montrons comme
pliquer pour résoudre des systèmes linéaires à plusieurs seconds membres. Nous montrons aussi que ces
lorsqu’elles sont appliquées à des suites de matrices générées linéairement, sont des méthodes des sous
Krylov par blocs et qu’elles sont mathématiquement équivalentes à des méthodes connues [2,13]. Dans la
nous introduisons les méthodes d’extrapolation par blocs Bl-RRE, Bl-MPE et Bl-MMPE. Nous verrons aussi co
appliquer ces méthodes à des suites de matrices générées linéairement, et montrer, dans ce cas, que les app
produites sont les mêmes que celles produites par des méthodes connues des sous-espaces de Krylov par
la Section 3, nous définissons l’ε-transformation topologique par blocs.

Comme toutes ces transformations peuvent être exprimées sous forme de compléments de Schur, n
d’abord rappeler la définition de ces derniers [6,17]. SiM est la matrice partitionnée comme suit :M = (

A B
C D

)
,

alors le complément de Schur deD dansM , où la matriceD est supposée une matrice carrée et inversible, est d
par(M/D) = A − BD−1C.

1. Introduction

The well known vector sequence transformations methods are the minimal polynomial extrapolation (MPE)
of Cabay and Jackson [7], the reduced rank extrapolation (RRE) method of Eddy [8] and Mesina [11] and the m
minimal polynomial extrapolation (MMPE) method of Sidi, Ford and Smith [15], Brezinski [1] and Pugatchev
Analysis and computational procedures of these vector extrapolation methods could be found in [4,9,10,14,15
ond class of vector sequence transformations contains the topologicalε-algorithm (TEA) of Brezinski [4,1] and th
vectorε-algorithms (VEA) of Wynn [16]. Block generalizations of these methods are given in [5,2,3].

Using the Schur complement formulae, we develop the generalizations of these methods for matrix seque
use of the Schur complement simplifies of the presentation of the proposed methods and could be used t
algorithms for their implementation. We introduce block versions of these vector extrapolation methods an
how to apply them for solving linear systems of equations with multiple right-hand sides. We also show tha
applied to linearly generated matrix sequences, these block extrapolation methods are block Krylov subspace
and are mathematically equivalent to some known block Krylov subspace methods [2,13].

This Note is organized as follows. In Section 2, we introduce the polynomial block extrapolation methods B
Bl-MPE and Bl-MMPE. We will also see how these methods could be applied for linearly generated matrix seq
and show in this case that the approximations produced by these block extrapolation methods are the same as
duced by well known block Krylov subspace methods. In Section 3 we define the block topologicalε-transformation
As all of these transformations could be expressed as a Schur complement, we will recall the definition of th
complement [6,17]. IfM is the matrix partitioned asM = [

A B
C D

]
, then the Schur complement ofD in M , where

D is square and nonsingular, is given by(M/D) = A − BD−1C.

2. The block extrapolation methods

2.1. The polynomial block extrapolation methods

Let (Sn) be a sequence of matrices ofR
N×s and consider the transformationTk from R

N×s to R
N×s defined by

Tk :Sn → T
(n)
k = Sn +

k∑
i=1

Gi(n)A
(n)
i , n � 0 (1)

where the auxiliaryN × s matrix sequences(Gi(n))n; i = 1, . . . , k are given and thes × s coefficientsA(n)
i will be

determined. Let̃Tk denotes the new transformation obtained fromTk as follows

T̃
(n)
k = Sn+1 +

k∑
Gi(n + 1)A

(n)
i , n � 0. (2)
i=1
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We define the generalized residual ofT
(n)
k by R̃(T

(n)
k ) = T̃

(n)
k − T

(n)
k also given by

R̃
(
T

(n)
k

) = �Sn +
k∑

i=1

�Gi(n)A
(n)
i .

The forward difference operator� acts on the indexn, i.e., �Gi(n) = Gi(n + 1) − Gi(n), i = 1, . . . , k. We will
see later that when solving linear systems of equations, the sequence(Sn)n is generated by a linear process a
then the generalized residual coincides with the classical residual. The matrix coefficientsA

(n)
i are obtained from th

orthogonality relation

R̃
(
T

(n)
k

) ∈ span
{
Y

(n)
1 , . . . , Y

(n)
k

}⊥ (3)

whereY
(n)
1 , . . . , Y

(n)
k are givenN × s matrices. IfW̃k,n andL̃k,n denote the block subspaces̃Wk,n = span{�G1(n),

. . . ,�Gk(n)} (the subspace generated by the columns of�G1(n), . . . ,�Gk(n)) and L̃k,n = span{Y (n)
1 , . . . , Y

(n)
k }

(generated by the columns ofY
(n)
1 , . . . , Y

(n)
k ), then from (2) and (3), the generalized residual satisfy the follow

relations

R̃
(
T

(n)
k

) − �Sn ∈ W̃k,n (4)

and

R̃
(
T

(n)
k

) ∈ L̃⊥
k,n. (5)

The relations (4) and (5) show that the generalized residualR̃(T
(n)
k ) is obtained by projecting, orthogonally tõLk,n,

the columns of the matrix�Sn onto the block subspacẽWk,n. In a matrix form,R̃(T
(n)
k ) can be written as̃R(T

(n)
k ) =

�Sn − �Gk,n(L
T
k,n�Gk,n)

−1LT
k,n�Sn, where�Gk,n andLk,n are theN × ks matrices generated by the columns

the matrices�G1(n), . . . ,�Gk(n) andY
(n)
1 , . . . , Y

(n)
k respectively. The approximationT (n)

k is given by

T
(n)
k = Sn − Gk,n

(
LT

k,n�Gk,n

)−1
LT

k,n�Sn, (6)

whereGk,n is theN × ks block matrixGk,n = [G1(n), . . . ,Gk(n)]. Note thatT (n)
k is well defined if and only if the

ks × ks matrixLT
k,n �Gk,n is nonsingular. LetTk,n be the matrix given by

Tk,n =
(

Sn Gk,n

LT
k,n�Sn LT

k,n �Gk,n

)
. (7)

The approximationT (n)
k is then expressed as a Shcur complement

T
(n)
k = (

Tk,n/L
T
k,n �Gk,n

)
. (8)

If we set Gi(n) = �Sn+i−1; i = 1, . . . , k and Yi(n) = �Gi(n); i = 1, . . . , k we obtain the block Reduced Ra
Extrapolation (Bl-RRE) method. In this case, the approximationT

(n)
k is given by

T
(n)
k,Bl-RRE= (

Tk,n/�GT
k,n�Gk,n

)
.

If Gi(n) = �Sn+i−1; i = 1, . . . , k andYi(n) = Gi(n); i = 1, . . . , k we get the block Minimal Polynomial Extrapol
tion (Bl-MPE) method.

Finally if Gi(n) = �Sn+i−1; i = 1, . . . , k andYi(n) = Yi ; i = 1, . . . , k (arbitraryN × s matrices) we obtain th
block Modified Minimal Polynomial Extrapolation (Bl-MMPE) method.
Note that if theN × ks matrix �Gk,n is of full rank the approximations produced by the Bl-RRE method
well defined while those generated by the Bl-MPE and Bl-MMPE methods may not exist. As Bl-RRE is
thogonal projection method, the corresponding generalized residual satisfies the following minimization p
‖R̃(T

(n)
)‖F = min ˜ ‖�Sn − Z‖F ; where‖X‖ denotes the Frobenius norm ofX.
k,Bl-RRE Z∈Wk,n



784 K. Jbilou et al. / C. R. Acad. Sci. Paris, Ser. I 341 (2005) 781–786

ical

l

is note.

).
2.2. The block topological ε-transformation

In [1], Brezinski proposed a generalization of the scalarε-algorithm [13] for vector sequences called the topolog
ε-algorithm (TEA). In this section we introduce the block topologicalε-transformation (Bl-TET).
We consider approximationsEk(sn) = T

(n)
k of the limit or the anti-limit of the sequence(Sn) such that

T
(n)
k = Sn +

k∑
i=1

�Sn+i−1A
(n)
i , n � 0. (9)

We introduce the new transformatioñTk,j , j = 1, . . . , k defined by

T̃
(n)
k,j = Sn+j +

k∑
i=1

�Sn+i+j−1A
(n)
i , j = 1, . . . , k. (10)

We setT̃ (n)
k,0 = T

(n)
k and define thej -th generalized residual as follows

R̃j

(
T

(n)
k

) = T̃
(n)
k,j − T̃

(n)
k,j−1.

Therefore the coefficients involved in the expression (10) ofT
(n)
k are computed such that eachj -th generalized residua

is orthogonal to some chosenN × s matrixY , that is

Y TR̃j

(
T

(n)
k

) = 0; j = 1, . . . , k. (11)

Let Dk,n denotes the following matrix

Dk,n =


Y T�2Sn Y T�2Sn+1 · · · Y T�2Sn+k−1

Y T�2Sn+1 Y T�2Sn+2
. . . Y T�2Sn+k

...
...

. . .
...

Y T�2Sn+k−1 Y T�2Sn+k · · · Y T�2Sn+2k−2

 (12)

we also define the matricesAn = [(A(n)
1 )T, . . . , (A

(n)
k )T]T andZn = [(Y T�Sn)

T, . . . , (Y T�Sn+k−1)
T]T. Then the re-

lation (11) can be written as follows

Dk,nAn = −Zn.

If the block matrixDn,k is nonsingular thenAn = −D−1
k,nZn and hence the matrix coefficientsA(n)

1 , . . . ,A
(n)
k are

uniquely defined. In this case, the approximationT
(n)
k exists, is unique and can be expressed by

T
(n)
k = Sn − �Sk,nD−1

k,nZn (13)

where�Sk,n = [�Sn, . . . ,�Sn+k−1]. We can also expressT (n)
k as the following Schur complement

T
(n)
k = (Mk,n/Dk,n) whereMk,n =

[
Sn �Sk,n

Zn Dk,n

]
.

An interesting point will be to develop recursive algorithms for the block extrapolation methods defined in th
This work is under investigation.

3. Application to linear systems with multiple right hand sides

Consider the multiple linear system of equations

AX = B (14)

whereA is a realN × N nonsingular matrix,B is a matrix ofRN×s andX∗ denotes the unique solution of (14
Starting from an initial guessS0, we construct the sequence(Sn)n by
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Sn+1 = CSn + B; n = 0,1, . . . (15)

with C = I − A. Note that if the sequence(Sn) is convergent, it’s limitS = X∗ is the solution of the multiple linea
system (14). From (15) we have�Sn = B − ASn = R(Sn) the residual of the vectorSn. Therefore using (3) and (15
it follows that the generalized residual of the approximationT

(n)
k becomes the true residual̃R(T

(n)
k ) = R(T

(n)
k ). Note

also that since�2Sn = −A�Sn we have�Gk,n = −AGk,n. For simplicity and until specified, we shall setn = 0,
denoteT

(0)
k = Xk and drop the indexn in all our notations. When applied to the sequence generated by (15

block extrapolation methods above produce approximationsXk such that the corresponding residualsRk = B − AXk

satisfy the relations

Xi
k − Xi

0 ∈ W̃k = AṼk and Ri
k ⊥ L̃k; i = 1, . . . , s

whereRi
k is thei-th column ofRk . Remark that̃Vk = Kk(A,R0), (Kk(A,R0) is the block Krylov subspace generat

by the columns of the matricesR0, AR0, . . . ,A
k−1R0) andW̃k = Kk(A,AR0). Then we haveL̃k ≡ W̃k for Bl-RRE,

L̃k ≡ Ṽk for Bl-MPE andL̃k ≡ Ỹk = span{Y1, . . . , Yk} for Bl-MMPE whereY1, . . . , Yk are chosenN × s matrices.

Theorem 3.1. When applied to linearly matrix sequences, the Bl-RRE, the Bl-MPE are block Krylov subspace methods
and are mathematically equivalent to the block GMRES and the block FOM methods respectively.

The acute angleθk,i ; i = 1, . . . , s betweenRi
0 and the block Krylov subspacẽWk is defined by

cosθk,i = max
z∈W̃k−{0}

( |(Ri
0, z)|

‖Ri
0‖2‖z‖2

)
.

In the following theorem, we give some relations satisfied by the residual norms.

Theorem 3.2. Let θk,i be the acute angle between Ri
0 and W̃k ; i = 1, . . . , s and let φk,i denote the acute angle between

Ri
0 and Qk Ri

0; i = 1, . . . , s where Qk is the oblique projector onto Kk(A,AR0) and orthogonally to Kk(A,R0). Then
we have the following relations

(1) ‖RBl-RRE
k ‖2

F = ∑s
i=1(1− cos2 θk,i)‖Ri

0‖2
2.

(2) ‖RBl-MPE
k ‖2

F = ∑s
i=1 tan2 φk,i‖Ri

0‖2
2.

(3) ‖RBl-RRE
k ‖2

F � (1− cos2 θk)‖R0‖2
F and ‖RBl-MPE

k ‖2
F � tan2 φk‖R0‖2

F

where θk = max1�i�s θk,i and φk = max1�i�s φk,i .

Let us apply now the blockε-transformation to the sequence(Sn) generated by the linear process (15). Using
fact that�2Sn+i = (I − A)�2Sn+i−1 and�2Sn+i = −A�Sn+i−1; i = 1, . . . , k, the matrixDk,n defined by (12) ha
now the following expression

Dk,n = −LT
k A�Sk,n (16)

whereLk is theN × ks matrix whose block columns areY,CTY, . . . ,CTk−1
Y with C = I − A. As n will be a fixed

integer, we setn = 0 for simplicity and denoteDk,0 by Dk and�Sk,0 by �Sk . On the other hand, it is not difficult t
see that

Z0 = LT
k �S0. (17)

SettingX0 = S0 and using the relations (13), (16) and (17), the approximationXBl-TET
k = T

(0)
k is given by

XBl-TET
k = X0 + �Sk

(
LT

k A�Sk

)−1LT
k R0

whereR0 = B − AX0 = �S0 and�Sk = −[AR0,A
2R0, . . . ,A

k−1R0]. The k-th residual produced by Bl-TET i
given as

R
(LT

k A�Sk

)
k = R0 − A�Sk

(
LT

k A�Sk

)−1LT
k R0.

Note that thek-th approximation defined by Bl-TET is uniquely defined iff theks×ks matrixLTA�Sk is nonsingular.
k
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Theorem 3.3. When applied to linearly generated sequences, Bl-TET is a block Krylov subspace method and is
mathematically equivalent to the block Lanczos method.

The following result gives an expression of the residual norm in the case whereY = R0.

Theorem 3.4. Let ϕk,i be the acute angle between Ri
0 and FkR

i
0; i = 1, . . . , s where Fk denotes the oblique projector

onto Kk(A,AR0) and orthogonally to Kk(A
T, Y ). If Y = R0, then we have∥∥RBl-TET

k

∥∥2
F

=
s∑

i=1

(
tan2 ϕk,i

)∥∥Ri
0

∥∥2
2.

Note that in practice, extrapolation methods as compared to Krylov subspace methods are quit difficult t
ment for large linear systems.

4. Conclusion

We have presented in this Note new block extrapolations methods. We applied these block methods t
sequences generated by a linear process and show that, in this case, these methods are theoretically equiva
well known Krylov subspace methods. However, in practice the above extrapolation methods could not be ap
large linear systems and new algorithms for their computation are needed. This work is under investigation.

Acknowledgements

We would like to thank the referee for his valuable comments.

References

[1] C. Brezinski, Généralisation de la transformation de Shanks, de la table de la Table de Padé et l’epsilon-algorithm, Calcolo 12 (1975
[2] C. Brezinski, The block Lanczos and Vorobyev methods, C. R. Acad. Sci. Paris, Sér. I 331 (2000) 137–142.
[3] C. Brezinski, Block descent methods and hybrid procedures for linear systems, Numer. Algorithms 29 (2002) 21–32.
[4] C. Brezinski, M. Redivo Zaglia, Extrapolation Methods. Theory and Practice, North-Holland, Amsterdam, 1991.
[5] C. Brezinski, M. Redivo Zaglia, Vector and matrix sequence transformations based on biorthogonality, Appl. Numer. Math. 21 (19

373.
[6] C. Brezinski, M. Redivo Zaglia, A Schur complement approach to a general extrapolation algorithm, Linear Algebra Appl. 368 (200

301.
[7] S. Cabay, L.W. Jackson, A polynomial extrapolation method for finding limits and antilimits for vector sequences, SIAM J. Numer. A

(1976) 734–752.
[8] R.P. Eddy, Extrapolation to the limit of a vector sequence, in: P.C.C. Wang (Ed.), Information Linkage Between Applied Mathema

Industry, Academic Press, New York, 1979, pp. 387–396.
[9] K. Jbilou, H. Sadok, Analysis of some vector extrapolation methods for linear systems, Numer. Math. 70 (1995) 73–89.

[10] K. Jbilou, H. Sadok,LU -implementation of the modified minimal polynomial extrapolation method, IMA J. Numer. Anal. 19 (1999) 549
[11] M. Mes̀ina, Convergence acceleration for the iterative solution ofx = Ax + f , Comput. Methods Appl. Mech. Engrg. 10 (2) (1977) 165–1
[12] B.P. Pugatchev, Acceleration of the convergence of iterative processes and a method for solving systems of nonlinear equati

Comput. Math. Math. Phys. 17 (1978) 199–207.
[13] Y. Saad, Iterative Methods for Sparse Linear Systems, PWS Press, New York, 1995.
[14] A. Sidi, Convergence and stability of minimal polynomial and reduced rank extrapolation algorithms, SIAM J. Numer. Anal. 23

197–209.
[15] A. Sidi, W.F. Ford, D.A. Smith, Acceleration of convergence of vector sequences, SIAM J. Numer. Anal. 23 (1986) 178–196.
[16] P. Wynn, Acceleration technique for iterated vector and matrix problems, Math. Comp. 16 (1962) 301–322.
[17] F.-Z. Zhang, The Schur Complement and its Applications, Springer, New York, 2005.


