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Abstract

This Note gives conditions that must be imposed to algebraic multilevel discretizations involving at the same time n
edge elements so that a gradient-prolongation commutativity condition will be satisfied; this condition is very important,
characterizes the gradients of coarse nodal functions in the coarse edge function space. They will be expressed using g
and they provide techniques to compute approximation bases at each level.To cite this article: F. Musy et al., C. R. Acad. Sci.
Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Commutativité entre gradient et prolongement et théorie des graphes. Cette Note donne des conditions qui doivent ê
imposées aux discrétisations multiniveau algébriques en éléments finis nodaux et d’arête de façon à assurer la commuta
gradient et prolongement ; cette relation importante caractérise les gradients des fonctions nodales grossières dans l
fonctions d’arête grossières. Ces conditions seront exprimées en terme de graphes et elles permettent d’introduire des m
calcul des bases d’approximation aux différents niveaux.Pour citer cet article : F. Musy et al., C. R. Acad. Sci. Paris, Ser. I 341
(2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

L’approximation numérique du champ électrique ou magnétique utilise fréquemment les éléments finis
dont la relation avec les éléments finis nodaux traduit des propriétés importantes au niveau discret [1]. Da
suit, nous considèrerons les éléments de plus bas degré :P1 en nodal et ordre 1 incomplet pour les arêtes. Dès q
traite des problèmes de grande taille, une stratégie multiniveau est un choix intéressant. Pour les systèmes
de discrétisations par éléments finis d’arête, Hiptmair a introduit des méthodes multiniveau pour une hiéra
maillages emboîtés [2].

Cependant, dans des applications réalistes, on ne dispose généralement pas de maillages structurés. L
multiniveau algébrique va donc s’imposer : il s’agit de définir des fonctions grossières nodales et d’arête g
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1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.09.037
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contributions de paquets de fonctions fines nodales et d’arête ; les combinaisons linéaires (1a) et (1b) d
respectivement ces fonctions grossières nodales et d’arête.

Par construction les gradients des fonctions nodales fines appartiennent à l’espace des fonctions d’arête fi
traduit la relation (2). Dans cette relation,Gh est la matrice d’incidence arcs-sommets du graphe orienté naturelle
associé au maillage de travail. Les orientations des arcs sont arbitraires.

Pour adapter aux méthodes algébriques les lisseurs des méthodes géométriques, Reitzinger et Schöber
troduit une représentation explicite des gradients des fonctions grossières nodales dans la base des fonctions
d’arête, donnée par la relation (3) oùGH est une matrice d’incidence arcs-sommets.

En regroupant les relations (1) à (3), nous obtenons la relation matricielle (4). La matriceα est construite pa
exemple par les méthodes définies dans [3] qui permettent d’obtenir les fonctions grossières nodales comm
de l’unité et de contraindre leurs supports à être inclus dans des ensembles géométriques convenablement

ConnaissantGh et α, nous souhaitons choisirGH comme matrice d’incidence arcs-sommets d’un graphe o
té SH . Nous donnons dans cette note une condition nécessaire et suffisante sur ce graphe, la Propositio
assure l’existence d’une solution de (4). En effet, nous associerons, par un procédé décrit dans la partie en
chaque arête fine un sous-graphe du graphe grossier, qui doit être connexe.

La connaissance de ces sous-graphes donne les degrés de liberté disponibles pour déterminer des foncti
grossières compatibles avec les fonctions nodales grossières ; en résolvant un problème de flot sur ces sou
voir (14), nous pouvons alors construire la matriceβ (Section 4).

1. Introduction

Numerical approximation of electric or magnetic field uses often edge finite elements whose relation wit
finite elements contains important properties at discrete level [1]. In this Note we restrict ourselves to lowe
approximation:P1 for nodal elements and incomplete order 1 for edge elements. In order to solve large pro
multilevel methods are an attractive choice. While, for systems coming from edge element discretization, Hipt
proposed multilevel methods using nested meshes, engineering applications do not usually provide structure
Therefore, algebraic multilevel methods are an interesting option: we have to build coarse nodal and edge
by using aggregates of fine nodal and edge functions. If(φh

p)p=1,...,Nh and(λh
i )i=1,...,Eh respectively denote fine nod

and edge bases, the following linear combinations define coarse nodal and edge functions:

φH
n =

Nh∑
p=1

αpnφ
h
p, ∀n ∈ {1, . . . ,NH }, (1a)

λH
e =

Eh∑
i=1

βieλ
h
i , ∀e ∈ {1, . . . ,EH }. (1b)

By construction, the gradients of fine nodal functions belong to the space of fine edge functions:

∀p ∈ {1, . . . ,Nh}, grad(φh
p) =

Eh∑
i=1

Gh
ipλh

i , (2)

whereGh is the edge-node incidence matrix of the digraph naturally associated with the initial mesh. The orie
of the edges can be arbitrarily chosen.

In [5], Reitzinger and Schöberl deduced their smoother from the matrixGH involved in the relation:

∀n ∈ {1, . . . ,NH }, grad(φH
n ) =

EH∑
e=1

GH
enλ

H
e , (3)

which states that the gradients of the coarse nodal functions must also belong to the space of coarse edge
The matrixGH is an edge-node incidence matrix as in the structured case. Relation (3) does not guarantee th
of the algebraic multilevel method but it leads to relevant strategies.
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Gathering Eqs. (1), (2) and (3), we obtain the matrix relation:

Ghα = βGH . (4)

The matrixα is constructed following for instance the methods defined in [3], which provides a family of coarse
functions, making up a partition of unity, whose supports satisfy appropriate conditions.

Knowing the left-hand side of (4), we want to chooseGH as an edge-node incidence matrix of a digraphSH , and
we will give conditions on the coarse graphSH , which ensure the existence of a matrixβ satisfying (4). Moreover
the proof of the proposition indicates how to choose the degrees of freedom which enables us to define th
edge functions. It also helps us to constructβ.

2. Notation and statement of the problem

Let (Ln)n=1,...,NH be sets of indices in{1, . . . ,Nh} such that:

NH⋃
n=1

Ln = {1, . . . ,Nh}. (5)

The matrixα describes the coarse nodal basis; we assume that it is has been previously computed and
following properties:

– the coarse nodal functions make up a partition of unity, which can be algebraically stated as:

∀p ∈ {1, . . . ,Nh},
NH∑
n=1

αpn = 1, (6)

– in order to restrict the support of each coarse basis functionφH
n , the indices of the non-zero components ofφH

n

are included in the setLn, i.e.:

p ∈ {1, . . . ,Nh} \ Ln ⇒ αpn = 0. (7)

The fine nodal functionφh
p contributes to the coarse nodal functionφH

n if p belongs toLn.

We have a reciprocal set-valued functionL̃: the setL̃p is the set of coarse nodal function indices to which the
nodal functionφh

p contributes. For the fine graph in Fig. 1(a), we setL1 = {1,2,3,4,5,6,7}, L2 = {5,6,8,9,13,14}
andL3 = {7,8,10,11,12}. One obtains, for instance, the setL̃7 = {1,3}.

We define two families of sets of fine edge function indices. We will denote a directed fine edgei by pqh where
p andq are respectively the starting and ending nodes of the edgei. A similar notation is used for a directed coar
edgee = mnH .

The setCn is the set of indices of fine edges which have an extremity inLn:

Cn = {
i ∈ {1, . . . ,Eh}: i = pqh, p ∈ Ln or q ∈ Ln

}
. (8)

The fine edge functionλh
i contributes to the gradient of the coarse nodal functionφH

n if i belongs toCn. Indeed,
for the directed fine edgei = pqh, Gh

ir is equal to−1 if r = p and+1 if r = q. Moreover, ifp andq are not inLn,
the componentsαpn andαqn vanish according to (7); therefore:

i ∈ {1, . . . ,Eh} \ Cn ⇒ (Ghα•n)i = 0, (9)

whereα•n denotes then-th column ofα. The reciprocal set-valued functioñC is such that̃Ci is the set of coarse nod
function indices to whose gradient the fine edge functionλh

i contributes. On Fig. 1(b), the fine edges are numbe
setC3 is highlighted and we can note, for instance, the setC̃8 = {1,3}.

Let e = mnH be an edge of the coarse graphSH ; we define:

Ie = Cn ∩ Cm. (10)
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Fig. 1. Representation of the fine and coarse graphs, sets(Ln)n=1,...,3, C3 and Ie3: (a) fine graph with node indices. Sets(Ln)n=1,...,3 are
surrounded; (b) fine graph with edge indices. SetC3 is represented by bold edges; (c) coarse graph; (d) setIe3 is represented by bold edges.

By analogy with the structured case and for restricting the support ofλH
e , we enforce:

i ∈ {1, . . . ,Eh} \ Ie ⇒ βie = 0. (11)

The fine edge functionλh
i contributes to the coarse edge functionλH

e if i belongs toIe. The set-valued functioñI is
such thatĨi is the set of coarse edge function indices to which the fine edge functionλh

i contributes. The coarse gra
in Fig. 1(c) is related to the fine in Fig. 1(a). SetIe3 is represented in Fig. 1(d).

The following statement can be easily deduced from (8) and the definition ofGh:

Lemma 2.1. If i denotes the edge pqh, C̃i = L̃p ∪ L̃q .

In order to simplify notations, we introduce the setF̃ = {i ∈ {1, . . . ,Eh}: Ĩi �= ∅}, since some fine edge functio
might not contribute to any coarse edge functions.

For any fine edgei, let SH,i be the induced subgraph defined byC̃i : the vertices ofSH,i are the vertices ofSH ,
which are indexed by the elements ofC̃i and the edges ofSH,i are those edges ofSH whose extremities are vertice
of SH,i .

The following lemma is a direct consequence of definition (10):

Lemma 2.2. For any edge i ∈ F̃ , the edges of SH,i are those edges of SH which are indexed by Ĩi .

We may now state precisely our main result, which gives a necessary and sufficient condition on the coar
SH permitting the resolution of (4):

Proposition 2.3. For all matrices α satisfying conditions (6) and (7), there exists a matrix β satisfying (11)and solving
(4) iff for all i, the induced subgraph SH,i is connected.

3. The essential steps of the proof

First step. Many relations in (4) reduce to 0= 0: this is the case forn /∈ C̃i .
Indeed, according to (9) the(i, n) coefficient of the right-hand side of (4) vanishes.
Conversely, ife does not belong tõIi , according to (11) and the definition ofĨi , βie vanishes and:

EH∑
e=1

βieG
H
en =

∑
e∈Ĩi

βieG
H
en. (12)

On the other hand if the directed coarse edgee denoted bylmH belongs toĨi , Lemma 2.2 implies thatl andm belongs
to C̃i . However, forGH

en not to vanish for alle, m or l must be equal ton, which means thatn belong toC̃i , and this
contradicts the assumptionn /∈ C̃i .

Second step. We look at all the other equations, i.e. those for whichn ∈ C̃i . We note that (12) remains and that t
edges indexed bỹIi are precisely those of the graphSH,i according to Lemma 2.2.
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We assume nowi ∈ F̃ and we defineGH,i as the edge-node incidence matrix ofSH,i and the(i, n) equation of (4)
is rewritten:∑

e∈Ĩi

βieG
H,i
en = Θi,n whereΘi,n =

∑
r∈Ln

Gh
irαrn. (13)

This could be satisfied for all couples(i, n) such thatn ∈ {1, . . . ,NH } andi ∈ Cn or equivalentlyi ∈ {1, . . . ,Eh} and
n ∈ C̃i . For a fixedi, we may write thatβi•, thei-th row ofβ satisfies the system:∑

e∈Ĩi

βieG
H,i
en = Θi,n, ∀n ∈ C̃i . (14)

Thus, we solve line by line forβ and we see that (14) is a flow problem whose solution is of the form:

βi• = β ′
i• + β ′′

i• (15)

with (β ′′
i•)t ∈ ker(GH,i)t andβ ′

i• a particular solution.
More precisely, letT i be a spanning tree forSH,i ; call Γ i the edge-node incidence matrix associated withT i ; we

know thatΓ i has|C̃i | − 1 rows and|C̃i | columns, and it is of rank|C̃i | − 1. We choose a vertexm in Γ i and we solve
the system:∑

e∈E(T i )

β ′
ieΓ

i
en = Θi,n, ∀n ∈ C̃i \ {m}, (16)

whereE(T i ) denotes the set of indices of the edges ofT i . The system (16) is a regular system of|C̃i | − 1 equations
with |C̃i | − 1 unknowns, and we putβ ′

ie equal to 0 ife is in Ĩi \ E(T i ).
It remains to show that the forgotten equation of indexm in (16) is automatically satisfied. Indeed, by denotini

by pqh, we sum the right-hand side of (14) with respect ton ∈ C̃i :∑
n∈C̃i

Θi,n =
∑

n∈L̃p∪L̃q

αqn − αpn = 0, (17)

since in view of (6) and (7),
∑

n∈L̃p∪L̃q
αpn = ∑

n∈L̃p
αpn = 1 and

∑
n∈L̃p∪L̃q

αqn = ∑
n∈L̃q

αqn = 1.

On the other hand, if we sum the left-hand side of (14) with respect ton ∈ C̃i , we obtain:∑
n∈C̃i

∑
e∈Ĩi

βieG
H,i
en =

∑
e∈Ĩi

βie

∑
n∈C̃i

GH,i
en = 0, (18)

since each line ofGH,i contains only two non-zero coefficients+1 and−1.

If i /∈ F̃ , |C̃i | = |L̃p| = |L̃q | = 1 and the relation
∑EH

e=1 βieG
H
en = Θi,n is satisfied from (12) and (17).

Now we assume thatSH,i is not connected and we denote byĈi the nodes of a connected component. For the s

reasons as in (18), ifβ satisfies (11) one gets
∑

n∈Ĉi

∑EH

e=1 βieG
H
en = 0.

However we can construct a matrixα satisfying (6) and (7) such that
∑

n∈Ĉi

∑Nh

r=1 Gh
irαrn �= 0. In fact, in view

of (7), for i = pqh we can write:

∑
n∈Ĉi

Nh∑
r=1

Gh
irαrn =

∑
n∈Ĉi

αqn − αpn =
∑

Ĉi∩L̃q

αqn −
∑

Ĉi∩L̃p

αpn. (19)

SinceĈi is strictly included inL̃p ∪ L̃q , we will haveĈi ∩ L̃p �= L̃p or Ĉi ∩ L̃q �= L̃q . Depending on the situation
we can construct a suitable matrixα such that:( ∑

Ĉi∩L̃q

αqn = 1 and
∑

Ĉi∩L̃p

αpn = 0

)
or

( ∑
Ĉi∩L̃q

αqn = 0 and
∑

Ĉi∩L̃p

αpn = 1

)
.

For these matricesα, the condition defined by (4) cannot be ensured.
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4. Construction of the coarse edge functions

For a coarse graph satisfying the condition of Proposition 2.3 and by using the decomposition (15), any co
matrice can be writtenβ = β ′ +β ′′, where the complete matrices are defined by gathering the lines of indexi βi•, β ′

i•
andβ ′′

i•. The computation of eachβ ′
i• can be done by solving system (16). As concernsβ ′′

i•, a basis of the kernel o
(GH,i)t is given by a set ofki independent cycles ofSH,i . Then,

∑
i∈F̃ ki degrees of freedom should be determin

by minimizing an appropriate energy functional; such a problem is introduced in [4] and can be related to expl
in [3].
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