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Abstract

We define Riemannian connections on tmiversal Teichmuller space U/*°. For the Levi-Civita’s connection olf*°, the
Riemannian curvature tensor is well defined and the Ricci curvature is finite. We obtain several series of infinite dimensional
operators which convergéo cite thisarticle: H. Airault, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé

Connexions riemanniennes et courbures sur I'espace de Teichmuller univers€n définit plusieurs connexions rieman-
niennes sul espace de Teichmuller universel 2/°°. Pour la connexion de Levi-Civita sié*°, le tenseur de courbure existe et la
courbure de Ricci est finie. On obtient plusieurs séries d’opérateurs de I'espace de dimension infinie qui coReargete.
cet article: H. Airault, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Version frangaise abrégée

Soit Diff(S1) le groupe des difféomorphismes du cercle qui préservent l'orientation ek(seitsous-groupe
des transformations homographiques. Un difféomorphisifi® e’identifie avec I'applicatiory :6 — y(6) mo-
dulo 2. Soit diff(s1) l'algébre de Lie de Diffs'). L'algébre de Lie de/{ est notée s, 1), elle est engen-
drée par co8, sind, 1. Pourk un entier,k > 0, on poseu(k) = ak® + bk ol a > 0 et b est un nombre
réel. Sur I'espace vectoriél des séries de Fourier() = Zk}Oach[ cogkh) + by sin(ko) telles quellu|? =

Yis1(@)?ak) + (b)%a(k) < +o0, on considére le produit scalaire
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(ulv) = Za;;a,ga(k) + b bla(k). (1)
k=1
Comme(w’|u) = Zk>2(azb}f —ab) ka(k), ona(w’lu) = —(wlu’). Pouru, v eV,
[u, v1(0) = u@)'(0) — u'(B)v (). (2

Lorsquea (k) = k® — k et pouru, v, w dans le sous-espace vectorigl engendré pafcosko); sin(k6)}r>2, on
démontre l'identité remarquable

(Ju|[v,w]) + (Jv | [w,ul) + Jw | [u,v]) =0, (3)

ou J est la transformation de Hilber, cosk® = sink6 et J sinkd = —coskd, k > 1. Soitz la projection de
diff (S1) sur Vp. Lorsqueu, v, w € diff (S1), on définit la connexion de Levi-Civita sur le groupe quotiéfit
Diff (S1) par (cf. [12, vol. 2, p. 201])

1
Ncu,v,w)= (FLC(v)u | w) = é[([w, ul | va) + ([w, v] | 7'[14) — ([u, v] | wa)]. 4)

La courbure de cette connexion est égale a celle de la connexion obtenue dans [6]. On étudie la convergence de

séries formées par des opérateurs diagonaux dans la base orthorograaf@3k?) . 5, — SIkd) etissues de
p p g r{ )4 m Sk m}k}Z
différentes connexions. Sdit (v)u = [u, v]. La série d’opérateurEj22 Ic (Cj)z + FLC(S]')Z converge et la série
A=) " (Ic+ M)(c)liclc)) + (e + M) s)Iicls)) )
jz2

définit un opérateur de courbure borné.

1. Introduction

Among the difficulties of geometry in infinite dimension are the importance of a good choice of coordinate sys-
tem and the divergence of series associated to the operation of contraction. Infinite-dimensional geometry appears
naturally in Probability Theory [1,2,7] and in Mathematical Physics [6,5,11].uFiersal Teichmuller space
is the space of*° Jordan curves of the complex plane. In our progréfiy, will appear as thekeleton of canon-
ical probability measures which will be carried by a larger space tf&n(see [4,10]). Toy € U, correspond
two univalent functionsf.", /7 sending the inside and the outside of the unit disk on the two regions delimited

by y; thenf;, f, areC functions on the circle?. Thereforeg, (9) := [(f}jr)‘l o f, 1exp(io) is a diffeomor-
phism of the circle. Denote Diff') the group ofC>, orientation preserving diffeomorphisms of the circle. Let
‘H be the subgroup of Mébius transformations of the disk considered as operatﬂ%gthanf;, f, are defined

up to a Mébius transformation. The previous construction defines an injectivé/Map 7\ Diff (S1)/ Rot(S1).
The Beurling—Ahlfors theory of conformal welding shows that this map is surjective. The Lie algelj& i
the set ofC* vector fields on the circle, they are identified with #i& functions on the circle. The Lie alge-
bra sul, 1) of H is the linear subspace of diff!) having for basis 1, cas sind. It has been shown in [3] that
there exists anique scalar product on difs1) which is invariant under the adjoint action of(4ul). The associ-
ated metric defines eanonical Riemannian structure on &/*°. An orthonormal basis for this metric at identity is

{\/;_k coskd, J;_k sinkd}, k > 1. In this Note,

(i) we prove the identity (3) which is specific to the metitk) = k3 — k,
(i) we introduce different Riemannian connectionsi@ff, among them the Levi-Civita connection (4) which
commutes with the Hilbert transforoh.

This leads to the Riemannian curvature and Ricci curvatutéof
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2. The geometry ofH\ Diff (S1)

We calculate on Diffs1) modulo composition on the left by homographic transformations. ket Diff (S1)
andu(f) € V. To obtain right invariant vector fields, we define for smalk- 0, y.(0) = y(0) + eu(y (9)) =
(expleu) o ¥)(0) + o(e2), then X, (y) = %kzoys =u o y is right invariant since for the right translatidR(y)
=y oy1, we have R (y)[X,(y)]= Xu(y oy1) = X, (y) o y1. In the same way, we pyt (6) = y (6 + eu(9)) =
(y oexplen))(0) +0(e?), thenY, (y)(9) = d—d€|€:m/€ 0) =y'(0)u(0) wherey’(9) is the derivative oy with respect
to 0, is left invariant. For a vector field (y), the parallel transport to the right is given &yy)(©) — (Z(y) o

y1)(9) and the parallel transport to the left is given Byy) () — y{(0)Z(y)(6). Let L (y) = y1 0 y be the left
translation. We define Agh): V — V by Ad(y)@)(®) = y'(y 1) u(y~1(0)). Then Ady ~1)(u)(0) = ”;V%
For a rotation of anglep, 6 + ¢ = r¢(0), Ad(ry)(u) = u(@ + ¢). Let u,v € V and consider the vector fields
X,(y)=uoy andX,(y) = w o y; the bracket is given byX, (y), X, (y)] = [u,v] o y. For ¥, (y) = y'(Hu(-),

then[Y, (y), Yo(¥)1=y'O)lu, vl.

3. The Hilbert transform

Let J coskd = sink® and J sinkd = —cosk@, k > 1. The Hilbert transforny allows to sort out the ca®,
sinp#, ... according to whethet > p or k < p. With (2), we obtain

[J cosk6, J cospl] — [coskb, cospf] = (p — k) Sin(p + k)0,

[J sinkd, J cospf] — [sink6, cospd] = (k — p) codp + k)6 ©
and forX = sink#, or coskd andY = sinp#, or cospd, with p, k > 2,
X, JY]—[X,Y]=J(X,JY]+[JX,Y]). (7
SinceJ? = —1d, then (7) can be writtefiX, JY] +[JX, Y] = J[X, Y] — J[JX, JY]. Define
AX,Y)=J[X,Y]-[JX,Y] and B(X,Y)=J[X,Y]-[X,JY],
(8)

1 1
XY} = E([X, JYI+[JX,Y])= EJ([X, Y- [JX,JY]).

WhenX # Y, we haveB(X,Y) = JB(X,JY)aswellasA(X,Y) = JA(JX,Y) andA(X, JY) + A(JX,Y) =0.
Eq. (6) is equivalent to any of the two following(/ X, JY) = A(X,Y) or B(JX,JY) = B(X,Y). For{, }, we
have the Jacobi identity

{X, {y, Z}} + {Y, {Z,X}} + {Z,{X, Y}} =0 9)
and{JX,Y}=J{X,Y}={X, JY}. With (7), we deduce

J([JX,JY]+[X,Y]) —([JX, Y]—[X,JY])=2A(X, Y),

10
J(UX, JY1+[X, Y1)+ (X, Y] - [X,JY]) =2B(X,Y). (10)

4. The scalar product on diff(S1)/ su(1, 1)

With the scalar product (1), it was remarked in [3] thak) = constant x (k3 — k) when Adh) is a unitary
operator for any homographic transformatibnin fact, letug () = cogkf), uz4+1(0) = sin(kd), the condi-
tion ([u,upl|ug) + (up | [u,uq]) =0,Vp,q > 2 andu =1, cog6), sin(@) is equivalent to(1 — k) (1 + k) +
2+ k)a(k) =0if k # 2 and—a(3) + 4a(2) = 0 which determines completedy(k) = constant x (k3 — k). In that
case, fom,n, p,jeZ, im —n)a(p)+ (n — p)a(m) + (p —m)a(n) =0if m+n+ p=0and
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(J—k)(m+p)a(j+k) —(p—k)m+ ja(p+k)
=G —-plk+j+2pak+j)+(p—ka(j+p)] fm=k+;+p.
Lemma 4.1.1f a(k) = constant x (k3 — k), for u, v, w in diff (S1), we have
(sink | [cos;j6, cospd]) + (sin j6 | [cospd, coskB]) + (sinpo | [coskd, cos;jo]) =0,

11
(coskd | [sin j6, cospd]) + (cosj6 | [cosp, sinkd]) + (sinpd | [sin @, sinkd]) = 0. (D

We verify (11) as follows. Ieﬁ’.’ be the Kronecker symbol, we add

U+ a8’ +(j = pat)s] ™’ = + pakrs, ™,
p—Ra(NSS? — (k+ pa(Ns " + k+ pa(s,™,

2(sink6 | [cos;@, cosph]) =
( )

2(sinpd | [coskt), cosjo]) = —(k + j)a(p)s; Pk + sl + (k= Ha(p)syt,
( )
( )=

2(sinjo | [cosph, cosko]

2(coskd | [sin j6, cosph]) = —(j + p)ak)s; ™’ — (j — pat)s] ™" — (j + pak)s,*,
(k= (NS + k+ (NS + ke + pra()s, ™
2(sinpé | [sinj6. sink0]) = (k + ()i’ — (k+ Ha(p)s] ™ + (k — pa(p)sy*.

From (11), we deduce that | [Jv, Jw]) + (v | [Jw, Ju]) + (w | [Ju, Jv]) = 0 or equivalently (3) is true for
u, v, w of the form co%0 or sinj6. We use the linearity in each variable to prove (3) in its generality.
From (3), we obtain more identities, Ipt, v} = %([u, Jv]+[Ju,v]) asin (8), then

2(cos;j6 | [cospl, sinko]

1
(| {v, w}) + (v [ {w, u}) + (w | {u, v}) = é((Ju [ [Jv, Jw])+ (Jv | [Jw, Jul) + (Jw | [Ju, Jv])), w2

(Ju|{v,w})+(Jv|{w,u}) (Jw|{u v}) 1((u|[v w]) (v|[w,u])+(w|[u,v])).

5. The Levi-Civita’s transfer field and related fields

We follow [12, vol. 1, p. 160 and vol. 2, p. 201], [7] and [2, p. 452]. Rarv, w € diff(S1), we define
Nc(u, v, w) by (4). We denotdic(u, v, w) = (Iic(Wu | rw) = (ILc)Y,. Sincelic(u, v, w) is antisymmet-
ric in (u, w), the adjoint/ ., satisfiesI |z = —I1c. With (3), we deduce thahe connection Iic preserves the
complex structure, I'c(u, v, w) = INc(Ju, v, Jw). The transfer field ¢ is the half sum of two antisymmetric
transfer fields

Nc= %[F3+ 5], with Fa(u, v, w) =[([w, ul | 7v), s, v, w) = ([w, v]|7u) — ([u,v] | 7w)]. (13)
ForI" = I3, I, I'(v)J # JI'(v). Foru, v, w € diff (S1), we denote”” = I'(u, v, w) and we define
M, v, w) = ([u,v] | 7w) = (M@u | 7w) = (M),
Do, v, w) = (v, w] | wu) = (R2@)u | 7w) = ()Y, (14)
Fa(u, v, w) = ([w, ul | wv) + ([w, v] | 7u) = (Fa@)u | Tw) = (TW)},,
thenlic = %[F4 — I] andl's = — (I + ). Another connection also preserves the complex structure, see [6],

Fa(u,v,w)=TIcWJu,Jv, Jw) = (FA(v)u | w) =(Ta)p,- (15)
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Let A(v, w) andB(v, w) as in (8). Then
(B, w) |u) — (Bv,u) | w) = (Jv | [w,ul) + ([Jw, v] | u) — ([Ju, v] | w),
(A(v, w) | u) — (A(v, u) | w) = (FA(Jv)u | w), (16)
JLs(Jv)u + Ta(v)u =27 B(u, v).
To prove the last identity, we remark with (3) that
(McUvu | Jw) — (Mc@u | w) =2(J[u, Jv] + [u,v] | w) = =2(J B(u, v) | w). 17)

With (3), we obtain thai (u, v, w) = %[({w, u} | wv) + {w, v} | 7u) — (u, v} | Tw)] satisfies

1 1
Iy (u, v, w) = EFLC(Ju, Jv, Jw) + E([u, wl | Jv). (18)

For Iic, the torsion is zero. Considel,(u, v, w) = Iic(Ju, Jv, Jw), the torsionTr, (u,v) is not zero,
(Tr,(u,v) | w) = ([Jv, Ju] | Jw) — (J[v,u] | Jw). The two tensordic and 4 have the same curvaturin
complex coordinates, I c, for p, k > 2,isgiven by

e@ryett =i EPERAE) g0
a(p+k)
M@ e ™ = —i(p + k) Lispro x €7CP0 =15 o x [éP7, 7K,

o . S (19)
Nce P ek =i(p + k) Lz pro x €57P0 =15 o x [e71P9, K0,

_j (2p + K)o (k) e_i(p+k)9

I e—ip@ e—ik@ —
Lc( ) «(p+5)

6. Composition of transfer fields: expression with symbols

Forj > 2, letey;(0) = ¢;(0) = 2% andey; 1 1(0) =s;(0) = U If ' = Iic, I’y or any T as above, we

_ NG Va(h'
denotelc/., = I'(€,, €k, €;) = (I' (€x)er | €). Let 87 be the Kronecker symbol. The symbol

o G Vap)
=0 Ja() k)

is convenient to calculate in a systematic way the compositidi'af

fork, j, p > 2, (20)

1 1 c s
S[Ajkp + Apij1 = 5[([0,7, siller) + (lepr ekl 157) = (Isj. cxl 1 ¢p) ]| = (Tic)eps; = —(TLC)ehe;»
1 1 c
S[Ajp = Apijl = S[=(lep. i1 s) = (leps sl ¢j) + (ejs s ep) | = =(Tic)sie
1 s
= S[(Is7e5p1 1)+ (1575611 5) = (spsel /)] = —(FLe)ils, -

The following operatord; are diagonal in the bas{s,., sm}x>2 and the seriey_ ;- , E; converge,

1
((NMce))? + ULe)s)2))em = —5[AL, + A2, ]em.

2
[(Iic + I (cj)Tic(c)) + Uic + ) (s)Tic(s)) em
1 (2m — j)(m + j)
= —EAmjrAmrjcm = —Wlm>j+26m,
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[Fa(ep) Tale) + Tals ) Ta(s ) em

1
= |:_(AjmrAjrm - ArmjArjm + Afjm) +

1 2
2 _(Amjr +AmjrAmrj) Cm,s

2

1 1
[Ta(cj)I2(cj) + Talsj)Ta(sj) |em = [E(Afjm - Af,m) + E( ,2,,j, - A,z,,,j)}cm,

2

1
[P1(epT2e)) + Ta(s) Talsem = [——[Airm +A%n] -5

1 2
_(Amrj - Amjr) Cm,

1 1
[Iic(cj)Ia(c)) + Tic(s)Tasj)]em = |:§Afjm + EAmjr(Amjr - Arnrj)]cm~

The operatort defined by (5) is a bounded operator with the metrik) = k° — k,

@2m — j)(m—+j)
2Acy =— Z AmjrAmerm =—- Z #11412}%—20/71

=2 jiz2 @(m)
3 1
=~ % + afinite number of terms ir-. (21)
m

A is related to theéangent processes introduced in the works [7,9]. Among all the Driver's connections, see [8],
I'c and I are the only ones for which_; -, I'?(c;) + I'*(sj) converge. The serie} -, I'?(c;) + I'(s)
converge forl ¢ and Iy, it diverge forl” = I'3, I's and 'y, 1.
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