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Abstract

One of the main goals of extreme-value analysis is to estimate the probability of rare events given a sample from an
distribution. The upper tail behavior of this distribution is described by the extreme-value indexξ . The aim of this Note is to
establish the asymptotic distribution of the estimator ofξ ∈ R introduced in Gardes and Girard [A Pickands-type estimato
the extreme-value index, Technical Report LMC-IMAG, RR-1063, 2004]. We also give its rate of convergence in some
situations.To cite this article: L. Gardes, S. Girard, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Loi asymptotique d’un estimateur de type Pickands de l’indice des valeurs extrêmes.Dans de nombreuses application
on s’intéresse à l’estimation de probabilités d’évènements rares étant donné un échantillon d’une loi inconnue. Pou
il est généralement indispensable d’estimer au préalable l’indice des valeurs extrêmesξ qui caractérise le type de décroissan
de la queue de distribution. L’objectif de cette Note est de déterminer la loi asymptotique de l’estimateur deξ ∈ R défini dans
Gardes et Girard [A Pickands-type estimator of the extreme-value index, Technical Report LMC-IMAG, RR-1063, 2
d’en déduire sa vitesse de convergence pour certains modèles.Pour citer cet article : L. Gardes, S. Girard, C. R. Acad. Sci.
Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version française abrégée

Considéronsn variables aléatoires indépendantesX1, . . . ,Xn de fonction de répartition communeF et suppo-
sons qu’il existe deux suitesan > 0 etbn et un réelξ tels que :

lim
n→∞ P

[
max(X1, . . . ,Xn) − bn

an

� x

]
= Gξ(x), (1)

avecGξ(x) = exp[−(1 + ξx)
−1/ξ
+ ] si ξ �= 0 etG0(x) = exp[−e−x], où y+ = max(0, y). Le résultat principal de

cette Note donne la loi asymptotique de l’estimateur de l’indice des valeurs extrêmesξ ∈ R proposé par Garde
et Girard [3]. Cet estimateur, noté̂ξk,n, est défini comme étant l’unique solution (cf. [2], Annexe B) de l’équa
enθ :{

ϕθ (1/k′)
ϕθ (1/k)

}
Xn−k+1,n − Xn,n

Xn−k′+1,n − Xn,n

= 1, pour 1< k′ < k < n,

où ϕt (x) = ∫ x

1 ut−1 du, x > 0, t ∈ R. Cet estimateur est similaire à (4) introduit par Pickands [6], mais il exp
l’information sur la queue de distribution contenue entreXn−k+1,n etXn,n. Dans la suite, on poseU(x) = (1/[1−
F(x)])←. Pour démontrer le résultat de convergence en loi, on introduit les deux hypothèses suivantes :
(H1) : U a une dérivée positive et il existe une fonction à variations lentes� monotone à l’infini,ρ � 0 etb(x) → 0
tels queU ′(x) = xξ−1�(x). De plus, sib(x)ϕρ(t) → 0 lorsquex, t → ∞, on a alors uniformément localeme
�(tx)/�(x) − 1∼ b(x)ϕρ(t).
(H2) : ϕδ(k

′)ϕρ(k′)b(n/k′) → 0 quandn → ∞, oùδ = min(−ξ,1/2).
Le résultat principal de cette Note est le suivant :

Théorème 0.1.PosonsVk(ξ) = ϕδ(k)[(ln(k)−1)1{ξ � 0}+1]. Supposons queF vérifie la relation(1). Sik/k′ =
c > 1, k → ∞, k/n → 0 lorsquen → ∞, et sous(H1) et (H2), on a pour toutt ∈ R :

lim
n→∞ P

[
Vk(ξ)(ξ̂k,n − ξ) � t

] =




exp(−e−t ) si 0< ξ,

exp(−e−t/2) si ξ = 0,

exp
[−[

1+ t ln(c)/ϕξ (1/c)
]−1/ξ ]

si −1/2< ξ < 0,

Φ
[−tc−ξ ln(c)/(2ξσ )

]
si ξ < −1/2,

oùσ = c−ξ (c − 1)1/2 etΦ est la fonction de répartition d’une loi normale centrée et réduite.

Ainsi, la loi asymptotique dêξk,n est normale siξ < −1/2 ou une loi des valeurs extrêmes siξ > −1/2. Nous
déduisons de ce théorème la vitesse de convergence de l’estimateurξ̂k,n. Soit α, β > 0, θ ∈ R\{0} et posons
ln2(x) = ln(ln(x)), x > 1. On considère les deux modèles suivants :

�(x) = α + θx−β + o(x−β), (Modèle A) et �(x) = θ
[
ln(x)

]−β
{

1+ O

(
ln2(x)

ln(x)

)}
, (Modèle B).

Dans la suite, on utilise la notation suivante. Soit(un) et (vn) deux suites positives. L’écritureun � vn signifie que
0< lim inf un/vn � lim supun/vn < ∞.

Corollaire 0.2. Supposons quek = ck′, k → ∞, k/n → 0 et queF vérifie l’hypothèse(H1).
(i) Si � appartient au modèle A et siϕδ(k)(k/n)β → 0 alors les hypothèses du Théorème0.1sont satisfaites e

la vitesse de convergence deξ̂k,n est donnée par:

Vk(ξ) � ln(n)1{0< ξ} + ln2(n)1{ξ = 0} + nδ/[1+δ/β]−ε1{ξ < 0}
où ε ∈]0, δ/(1+ δ/β)[ est arbitrairement petit.
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(ii) Si � appartient au modèle B et siϕδ(k) ln(k)/ ln(n) → 0 et ϕδ(k) ln2(n)/ ln(n) → 0 alors les hypothèses d
Théorème0.1sont satisfaites et la vitesse de convergence deξ̂k,n est donnée par:

Vk(ξ) = ln2(n)1{0< ξ} + ln2
2(n)1{ξ = 0} + ln1−ε(n)1{ξ < 0}

où ε ∈]0,1[ est arbitrairement petit.

Nous renvoyons le lecteur à [3] pour une illustration du comportement de l’estimateur sur simulations. S
comportement dans le domaineξ < 0 y est souligné.

1. Definitions

Suppose one is given a sequenceX1, . . . ,Xn of independent and identically distributed (i.i.d.) observati
from some distribution functionF with associated survival distribution function	F . Suppose there exist sequenc
an > 0 andbn and someξ ∈ R such that:

lim
n→∞ P

[
max(X1, . . . ,Xn) − bn

an

� x

]
= Gξ(x), (2)

with Gξ(x) = exp[−(1 + ξx)
−1/ξ
+ ] if ξ �= 0 andG0(x) = exp[−e−x], wherey+ = max(0, y). Necessary and su

ficient conditions onF for the convergence (2) can be found in [4]. The aim of this Note is to establis
asymptotic distribution of the extreme-value index estimator proposed in [3] and to give its rate of conve
Let U be the tail quantile function of the distribution functionF defined byU(x) = (1/[1 − F(x)])← and let
ϕt (x) = ∫ x

1 ut−1 du, x > 0, t ∈ R. Gardes and Girard [3] propose to estimate the extreme-value indexξ ∈ R by ξ̂k,n

defined as the unique root of the equation inθ (see [2], Appendix B for a proof):{
ϕθ (1/k′)
ϕθ (1/k)

}
Xn−k+1,n − Xn,n

Xn−k′+1,n − Xn,n

= 1, for 1< k′ < k < n. (3)

This estimator is similar to the one of Pickands [6]:

ξ̂ P
k,n = 1

ln(2)
ln

(
Xn−k+1,n − Xn−2k+1,n

Xn−2k+1,n − Xn−4k+1,n

)
, for k = 1, . . . ,

⌊
n

4

⌋
, (4)

but it takes into account the information on the distribution tail given by the spacing betweenXn−k+1,n andXn,n.

2. Main result

To establish the asymptotic distribution of the estimatorξ̂k,n, two conditions are introduced:
(H1): U has a positive derivative and there exist a slowly varying function� ultimately monotone,ρ � 0
and b(x) → 0 such thatU ′(x) = xξ−1�(x). Moreover, if b(x)ϕρ(t) → 0 asx, t → ∞, then uniformly locally
�(tx)/�(x) − 1∼ b(x)ϕρ(t).
(H2): ϕδ(k

′)ϕρ(k′)b(n/k′) → 0 asn → ∞, whereδ = min(−ξ,1/2).
The second order parameterρ � 0 tunes the rate of convergence of�(tx)/�(x) to 1. We refer to [1] for more detail
on slow variation theory. Our main result is the following:
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Theorem 2.1.LetVk(ξ) = ϕδ(k)[(ln(k)−1)1{ξ � 0}+1]. Suppose that relation(2)holds. Ifk/k′ = c > 1, k → ∞,
k/n → 0 asn → ∞, and(H1), (H2) are satisfied, we have for allt ∈ R:

lim
n→∞ P

[
Vk(ξ)(ξ̂k,n − ξ) � t

] =




exp(−e−t ) if 0< ξ,

exp(−e−t/2) if ξ = 0,

exp
[−[

1+ t ln(c)/ϕξ (1/c)
]−1/ξ ]

if −1/2< ξ < 0,

Φ
[−tc−ξ ln(c)/(2ξσ )

]
if ξ < −1/2,

(5)

whereσ = c−ξ (c − 1)1/2 andΦ is the cumulative distribution function of the standard normal distribution.

Theorem 2.1 states that the asymptotic distribution ofξ̂k,n is Gaussian ifξ < −1/2 and an extreme-value di
tribution if ξ > −1/2. If ξ = −1/2, we prove thatVk(ξ)(ξ̂k,n − ξ) converges to a non-degenerate distribution w
non-explicit cumulative distribution function.

Now, we deduce from Theorem 2.1 the rate of convergence of the estimatorξ̂k,n. Let α, β > 0, θ ∈ R\{0} and
define ln2(x) = ln(ln(x)), x > 1. The following models of slowly varying functions� are considered:

�(x) = α + θx−β + o(x−β), (Model A) and �(x) = θ
[
ln(x)

]−β
{

1+ O

(
ln2(x)

ln(x)

)}
, (Model B).

Model A has been first introduced by Hall [5]. It includes for instance Burr and Fréchet distributions. Mo
includes for instance Gaussian and Weibull distributions. In both models, the decay of the slowly varying f
� is described by the parameterβ.

In the sequel, the following notation is adopted. Let(un) and(vn) be two non-negative deterministic sequenc
The notationun � vn means that 0< lim inf un/vn � lim supun/vn < ∞. The following corollary gives the rate o
convergence of̂ξk,n for Model A and Model B.

Corollary 2.2. Suppose thatk = ck′, k → ∞ and thatF satisfies assumption(H1).
(i) If � belongs to Model A and ifϕδ(k)(k/n)β → 0 then convergence(5) holds. In this case, the rate of conve

gence of̂ξk,n is given by:

Vk(ξ) � ln(n)1{0< ξ} + ln2(n)1{ξ = 0} + nδ/[1+δ/β]−ε1{ξ < 0}
whereε ∈]0, δ/(1+ δ/β)[ is arbitrarily small.

(ii) If � belongs to Model B and ifϕδ(k) ln(k)/ ln(n) → 0 and ϕδ(k) ln2(n)/ ln(n) → 0 then, convergence(5)
holds. Furthermore, the rate of convergence ofξ̂k,n is given by:

Vk(ξ) � ln2(n)1{0< ξ} + ln2
2(n)1{ξ = 0} + ln1−ε(n)1{ξ < 0}

whereε ∈]0,1[ is arbitrarily small.

We refer to [3] for an illustration of these results on finite sample situations. The estimatorξ̂k,n reveals good
performances forξ < 0.

3. Proofs

Let us defineϕ∗
t (x) = (1+ tx)1{t �= 0} + ex1{t = 0}. The following function will play an important role:

Hn(x) =
{

ϕx(1/k′)
ϕx(1/k)

}
Xn−k+1,n − Xn,n

Xn−k′+1,n − Xn,n

=
{

ϕx(1/k′)
ϕx(1/k)

}
(1+ Zn),

with Zn = (Xn−k+1,n − Xn−k′+1,n)/(Xn−k′+1,n − Xn,n) andx ∈ R.
To prove Theorem 2.1, two auxiliary results are necessary. Lemma 3.1 is dedicated to the study ofϕ∗.
t
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Lemma 3.1.Let (un) and(vn) be two sequences such thatun ∼ vn (i.e.un/vn → 1).
(I) For x ∈ (0,∞), ϕ∗

t [ϕt (x)] = xt+1{t=0}.
(II) Let t = 0. If un → ∞ andun − vn → α thenϕ∗

t (vn) ∼ ϕ∗
t (un)e−α .

(III) Let t �= 0. If un → ∞ thenϕ∗
t (vn) ∼ ϕ∗

t (un).
(IV) Let t �= 0. If un → −1/t with vn = un(1+ εn), then:

(i) If moreoverεn/ϕ
∗
t (un) ∼ αn whereαn does not converge to∞ or to 1, thenϕ∗

t (vn) ∼ ϕ∗
t (un)(1− αn).

(ii) If moreoverεn/ϕ
∗
t (un) → ∞ thenϕ∗

t (vn) ∼ −εn.

The proof of this basic result is not detailed here. Clearly, the distribution ofHn(x) is determined byZn. The
following lemma provides the asymptotic distribution ofZn (see [3], Lemma 6 for a proof).

Lemma 3.2.Under the conditions of Theorem2.1,

lim
n→∞ P

[
k′δ−1{ξ=0}ϕ∗

ξ

(
−ϕξ (1/c)

Zn

)
� t

]
=




exp(−t−1/ξ ) if 0 < ξ,

exp(−t−1) if ξ = 0,

1− exp(−t−1/ξ ) if −1/2< ξ < 0,

P[T < t
√

c] if ξ = −1/2,

Φ
[−tϕξ (1/c)

√
c/σ

]
if ξ < −1/2,

where the random variableT is the(non-degenerate) limit in distribution of

Tn =
√

k	F(Xn,n)

	F(Xn−k′+1,n)
+

√
k

ϕξ (1/c)

(
ϕξ

( 	F(Xn−k′+1,n)

	F(Xn−k+1,n)

)
− ϕξ

(
1

c

))
.

Proof of Theorem 2.1. Let Fn(t) = P[Vk(ξ)(ξ̂k,n − ξ) � t]. We have,

Fn(t) = P

[
ξ̂k,n � ξ + t

Vk(ξ)

]
= P

[
Hn

(
ξ + t

Vk(ξ)

)
� 1

]
= P

[
(1+ Zn)

ϕ−ξ−t/Vk(ξ)(k/c)

ϕ−ξ−t/Vk(ξ)(k)
� 1

]
,

sinceHn is a non-decreasing function and sinceHn(ξ̂k,n) = 1. Routine calculations yield:

Fn(t) = P

[
−ϕξ (1/c)

Zn

� tn

]
, with tn = −ϕξ (1/c)

ϕ−ξ−t/Vk(ξ)(k/c)

ϕ−ξ−t/Vk(ξ)(k) − ϕ−ξ−t/Vk(ξ)(k/c)
.

Remarking thatϕ∗
ξ is an increasing function forξ � 0 and decreasing forξ < 0, we have,

Fn(t) =




P

[
(k′)δ−1{ξ=0}ϕ∗

ξ

(
−ϕξ (1/c)

Zn

)
� (k′)δ−1{ξ=0}ϕ∗

ξ (tn)

]
if ξ � 0,

P

[
(k′)δϕ∗

ξ

(
−ϕξ (1/c)

Zn

)
� (k′)δϕ∗

ξ (tn)

]
if ξ < 0.

(6)

The asymptotic behavior of the left-hand side random term(k′)δ−1{ξ=0}ϕ∗
ξ (−ϕξ (1/c)/Zn) is given by Lemma 3.2

Let us now focus on the right-hand side deterministic term(k′)δ−1{ξ=0}ϕ∗
ξ (tn). Different cases have to be consi

ered:
If ξ > 0, the following sequence of asymptotic equivalences holds

tn ∼ kξ+t/Vk(ξ) ϕξ (1/c)

1− cξ+t/Vk(ξ)
∼ kξ+t/Vk(ξ) c

−ξ

ξ
.

Since Vk(ξ) ∼ ln(k)/ξ , we have thatkt/Vk(ξ) → etξ as n → ∞. Thus, tn ∼ (k′)ξ /ξ etξ → ∞ as n → ∞.
Lemma 3.1(III) implies thatϕ∗

ξ (tn) ∼ 1+ (k′)ξ etξ ∼ (k′)ξ etξ . Thus,

lim (k′)δ−1{ξ=0}ϕ∗(t ) = etξ . (7)

n→∞ ξ n
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If ξ = 0, we havetn = ln(c) ct/ ln2(k)−kt/ ln2(k)

1−ct/ ln2(k)
. Using the expansions,

ct/ ln2(k) = 1+ t
ln(c)

ln2(k)
+ O

(
1

ln4(k)

)
and kt/ ln2(k) = 1+ t

1

ln(k)
+ t2 1

2 ln2(k)
+ o

(
1

ln2(k)

)
,

we find that tn = ln(k)[1 + t/2−ln(c)
ln(k)

+ o( 1
ln(k)

)]. Since tn → ∞ and ln(k) − tn → −t/2 + ln(c) as n → ∞,
Lemma 3.1 (II) implies thatϕ∗

ξ (tn) ∼ ϕ∗
ξ (ln(k))exp[t/2− ln(c)] = k′ exp(t/2). Thus,

lim
n→∞(k′)δ−1{ξ=0}ϕ∗

ξ (tn) = et/2. (8)

When ξ < 0, we have:tn = − 1
ξ

c−ξ −1
c−ξ −ct/Vk(ξ) c

t/Vk(ξ)[1 − (k′)ξ+t/Vk(ξ)]. Remarking thatct/Vk(ξ) = 1 + t
ln(c)
Vk(ξ)

+
O( 1

Vk(ξ)
), and that(k′)t/Vk(ξ) = 1+ o(1) lead to the following expansion:

tn = −1

ξ

[
1+ t

ln(c)

Vk(ξ)

][
1+ o

(
1

Vk(ξ)

)][
1+ t

ln(c)

(c−ξ − 1)Vk(ξ)
+ o

(
1

Vk(ξ)

)][
1− (k′)ξ + o(kξ )

]
.

Then,tn = un(1 + εn), with un = − 1
ξ
[1 + t ln(c)

Vk(ξ)
] andεn = t

δ ln(c)

c−ξ −1
k−δ − (k′)ξ + o(k−δ) + o(kξ ). Two situations

have to be considered:
If −1/2� ξ < 0, it follows that limn→∞ εn

ϕ∗
ξ (un)

= − 1
tξ ln(c)

[ tξ ln(c)

c−ξ −1
+c−ξ ], and Lemma 3.1 (IV) (i) impliesϕ∗

ξ (tn) ∼
ϕ∗

ξ (un)[1+ 1
tξ ln(c)

(
tξ ln(c)

c−ξ −1
+ c−ξ )] and thus

lim
n→∞(k′)δ−1{ξ=0}ϕ∗

ξ (tn) = 1+ t
ξ ln(c)

c−ξ − 1
. (9)

If ξ < −1/2, εn/ϕ
∗
ξ (un) → (1− c−ξ )−1 asn → ∞. Thus, Lemma 3.1(IV)(i) yields

lim
n→∞(k′)δ−1{ξ=0}ϕ∗

ξ (tn) = − t

2
ln(c)

c−ξ−1/2

1− c−ξ
. (10)

Collecting (6)–(10) with Lemma 3.2 concludes the proof.�
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