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Abstract

Under fairly general hypotheses, we investigate by elementary methods the structure of thep-periodic orbits of a familyhu

of transformations near(u0, x0) whenhu0(x0) = x0 and dhu0(x0) has a simple eigenvalue which is a primitivep-th root of
unity. To cite this article: M. Chaperon et al., C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur les bifurcations sous-harmoniques. Sous des hypothèses très générales, nous étudions par des méthodes élém
la structure de l’ensemble des orbites de périodep d’une famille hu de transformations au voisinage de(u0, x0) lorsque
hu0(x0) = x0 et que dhu0(x0) a une valeur propre simple racine primitivep-ième de l’unité.Pour citer cet article : M. Chaperon
et al., C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Hypothèses et préliminaires

On se donne deux variétés banachiquesU , V et une famille localeCk , k � 2, d’applications deV dans lui-
même dépendant du paramètreu ∈ U , c’est-à-dire une applicationh : (U × V, (u0, x0)) → V de classeCk . Si
k = ∞ ou ω (Cω signifie « analytique réel »), on posek − 1 := k. On noteh̃(u, x) := (u,hu(x)) le déploiement
associé àh. Étant donné un entierp � 2, on fait les hypothèses suivantes :
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jlsm@hp.fciencias.unam.mx (J.L. Samaniego).
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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H1 On ahu0(x0) = x0 ; autrement dit,(u0, x0) est un point fixe dẽh. On poseE := Tx0V etL0 := dx0hu0 :E → E.
H2 Si p = 2, L0 admetρ = −1 pour valeur propre simple : le sous-espace propre associé est une droiteD, et

−1 n’est pas dans le spectre SpecL̇0 de l’endomorphismėL0 de E/D induit parL0. On suppose en outr
1 /∈ SpecL̇0.

H2′ Pourp � 3, le complexifié deL0 admet une racine primitivep-ièmeρ de l’unité pour valeur propre simple
Par conséquent, siP ⊂ E désigne le 2-planL0-invariant engendré par les parties réelles et imaginaires
vecteurs propres correspondants, le spectre SpecL̇0 du complexifié de l’endomorphismėL0 deE/P induit
parL0 ne contient niρ, ni ρ̄. On suppose en outre queSpecL̇0 ne contient aucune racinep-ième de l’unité.

On a donc 1/∈ SpecL0, d’où, par le théorème des fonctions implicites, la

Proposition 0.1. Au voisinage de(u0, x0), les points fixes dẽh forment le graphex = ϕ(u) d’une applicationϕ
de classeCk .

Voici une autre conséquence du théorème des fonctions implicites :

Proposition 0.2. Pour p = 2 (resp. > 2), il existe un unique germeα : (U,u0) → R (resp. C) d’application
continue tel queα(u) soit valeur propre dedϕ(u)hu et queα(u0) = ρ ; de plus,α est de classeCk−1.

Nous pouvons énoncer notre dernière hypothèse :

H3 La différentielle du0α :Tu0U → R (resp.C) est surjective.

Notre résultat porte sur lespoints périodiques de périodep deshu, c’est-à-dire sur lesx ∈ V tels quehp
u(x) = x ;

il est commode d’exprimer cela en disant que(u, x) est un point périodique de périodep de h̃.

Théorème. Sous ces hypothèses, les points périodiques de périodep de h̃ forment, au voisinage de(u0, x0), la
réunion de deux sous-variétés modelées surU :

(i) la sous-variétéCk des points fixes dẽh, autrement dit le grapheW1 deϕ ;
(ii) une sous-variétéWp de classeCm, où

m :=
{

k − 1 si p = 2,

min{[(k − 2)/2],p − 3} pourp > 3, d’où m = p − 3 si k = ∞ ouω.

L’intersectionW1 ∩Wp est la sous-variétéCk−1 formée des(u,ϕ(u)) avecα(u) = ρ. Pourp = 2 (resp.p > 2),
elle est de codimension1 (resp.2) aussi bien dansWp que dansW1, de sorte que l’ouvertWp \W1 deWp formé des
points«vraiment périodiques» de périodep de h̃ rencontre tout voisinage de(u0, x0) ; en outre, la sous-variét
Wp \W1 estCk−1.

L’espace tangentT(u0,x0)(W1 ∩ Wp) est bien sûr{(δu,du0ϕ(δu)): du0α(δu) = 0}. Pourm > 0,

T(u0,x0)Wp =
{

T(u0,x0)(W1 ∩ Wp) ⊕ ({0} × D) si p = 2,

T(u0,x0)(W1 ∩ Wp) ⊕ ({0} × P) sinon.

Remarque. Apparaît donc en(u0, x0) une famille à dim(U) paramètres d’orbites de périodep. Le casp = 2 était
sûrement bien connu, au moins en dimension finie. Il n’en va pas vraiment de même du casp > 2, même si les
langues d’Arnol’dsont les projections dansU de nos variétésWp dans le cas particulier des familles générique
2 paramètres. Dans la définition dem pourp > 2, nous ne savons pas si[(k − 2)/2] est optimal maisp − 3 l’est,
comme le montre l’exemple suivant : pourU = V = C, la famille polynomialehu(z) := (ρ + u)z − z̄p−1 satisfait
à nos hypothèses avecu0 = x0 = 0, ϕ(u) = 0 etα(u) = ρ + u ; la sous-variétéWp est donnée paru = z̄p−1/z (en
effet, ce sont des points périodiques et ils forment une surfaceCp−3 distincte du graphe deϕ) ; elle n’est donc pas
Cp−2, et cet exemple est typique de ce qui arrive en général.
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1. Hypotheses and preliminaries

Consider two Banach manifoldsU , V and a localCk family, k � 2, of mappings ofV into itself with paramete
u ∈ U , i.e. aCk maph : (U × V, (u0, x0)) → V . If k = ∞ or ω (Cω means ‘real analytic’), we setk − 1 := k. Let
h̃(u, x) := (u,hu(x)) (unfolding associated toh). Given an integerp � 2, assume the following:

H1 We havehu0(x0) = x0; in other words,(u0, x0) is a fixed point of̃h. LetE := Tx0V andL0 := dx0hu0 : E → E.
H2 If p = 2, L0 admitsρ = −1 as a simple eigenvalue: the associated eigenspace is a lineD, and−1 does not

lie in the spectrum SpeċL0 of the endomorphisṁL0 of E/D induced byL0. Assume, moreover,1 /∈ SpecL̇0.
H2′ For p � 3, the complexifiedL0,C of L0 admits a primitivep-th root ρ of unity as a simple eigenvalue

Therefore, ifP ⊂ E denotes theL0-invariant 2-plane generated by the real and imaginary parts of the c
sponding eigenvectors, the spectrum SpecL̇0 of the complexified of the endomorphisṁL0 of E/P induced
by L0 contains neitherρ, nor ρ̄. Assume that, moreover,SpecL̇0 does not contain anyp-th root of unity.

In particular, we have 1/∈ SpecL0, hence, by the implicit function theorem,

Proposition 1.1. Near(u0, x0), the fixed points of̃h form the graph of aCk mapϕ.

Here is another consequence of the implicit function theorem, proven in the sequel:

Proposition 1.2. For p = 2 (resp.> 2), there exists a unique continuous germα : (U,u0) → R (resp.C) such that
α(u) is an eigenvalue ofdϕ(u)hu and thatα(u0) = ρ; moreover,α is Ck−1.

We can now state our last hypothesis:

H3 The differential du0α :Tu0U → R (resp.C) is onto.

Thep-periodic pointsof hu are thosex ∈ V such thathp
u(x) = x. This amounts to saying that(u, x) is ap-periodic

point of h̃. Here comes our main result:

Theorem. Under the above hypotheses, thep-periodic points ofh̃ form, near(u0, x0), the union of two subman
folds modelled onU :

(i) theCk submanifold of fixed points ofh̃, i.e. the graphW1 of ϕ;
(ii) a Cm submanifoldWp, where

m :=
{

k − 1 if p = 2,

min{[(k − 2)/2],p − 3} for p > 3, hencem = p − 3 if k = ∞ or ω.

The intersectionW1∩Wp is theCk−1 submanifold consisting of those(u,ϕ(u)) with α(u) = ρ. For p = 2 (resp.
p > 2), it has codimension1 (resp.2) both inWp and inW1, so that the open subsetWp \W1 of Wp containing
the ‘truly p-periodic’ points ofh̃ intersects every neighbourhood of(u0, x0); moreover, the submanifoldWp \W1
is Ck−1 even forp > 2.

The tangent spaceT(u0,x0)(W1 ∩ Wp) of course is{(δu,du0ϕ(δu)): du0α(δu) = 0}. For m > 0,

T(u0,x0)Wp =
{

T(u0,x0)(W1 ∩ Wp) ⊕ ({0} × D) if p = 2,

T(u0,x0)(W1 ∩ Wp) ⊕ ({0} × P) otherwise.

Remark. For p > 2 andU = R2, when the familyhu is generic, theArnol’d tonguesare the projections inU of
our W ’s. In the definition ofm, we do not know whether[(k − 2)/2] is optimal butp − 3 is, as shown by the
p
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following example: forU = V = C, the polynomial familyhu(z) := (ρ +u)z − z̄p−1 satisfies our hypotheses wi
u0 = x0 = 0, ϕ(u) = 0 andα(u) = ρ + u; the submanifoldWp is given byu = z̄p−1/z (indeed, those are period
points and they form aCp−3 surface distinct from the graph ofϕ); it is notCp−2, and this example is typical.

2. Proof of the theorem

Taking charts, we may assume thatV = E, that U = Tu0U and that(u0, v0) = (0,0). Proposition 1.1 then
follows from the implicit function theorem, applied to the equationhu(x) − x = 0. The change of variable
(u, x) �→ (u, x − ϕ(u)) enables us to replace the initial family by(u, x) �→ hu(ϕ(u) + x) − ϕ(u) or, in other
words, to assume thatϕ = 0, i.e.hu(0) = 0 for everyu.

Proof of Proposition 1.2. If p = 2, choose any nonzerov0 ∈ D, any closed complementary subspaceH of
D in E, and identifyE to R × H by the isomorphism(x,w) �→ x v0 + w. Then,L0 takes the form

( −1 b0
0 d0

)
,

whered0 :H → H is a realisation ofL̇0. Proposition 1.2 follows from the implicit function theorem, appli
to the polynomial equationF(L,λ,w) := L(1,w) − λ(1,w) = 0 at (L0,−1,0); indeed, the partial(δλ, δw) �→
(b0δw − δλ, (d0 + IdH )δw) of F with respect to(λ,w) at (L0,−1,0) is an automorphism because so isd0 + IdH .
Denoting the implicit function by(λ(L),w(L)), we getα(u) = λ(dϕ(u)hu) and the associated eigenvectorv(u) :=
(1,w(dϕ(u)hu)), which is aCk−1 function ofu too.

For p > 2, we can submitL0,C to the same treatment and get bothα and aCk−1 mapv : (U,u0) → EC such
that eachv(u) is a nonzero eigenvector of(Tϕ(u)hu)C = Dhu(0)C associated to the eigenvalueα(u). �
Proof of the theorem if p = 2. The mapR × H 	 (x,w) �→ xv(u) + w ∈ E is, for u close to 0= u0,
an isomorphism dependingCk−1 on u and conjugatingDhu(0) to an endomorphism ofR × H of the form( α(u) b(u)

0 d(u)

)
. Now, since we haveα(0) = −1 /∈ Specd(0), we can kill b(u) by the change of variables(x,w) �→

(x − b(u)(d(u) − α(u) IdH )−1w,w). Composing those two changes of variables, we get aCk−1 family of isomor-
phismsQ(u) : R × H → E such thatQ(u)−1Dhu(0)Q(u) = ( α(u) 0

0 d(u)

)
.

Let fu(x,w) = f (u, x,w) ∈ R andgu(x,w) = g(u, x,w) ∈ H denote the components ofQ(u)∗h2
u(x,w) :=

Q(u)◦h2
u ◦Q(u)−1(x,w). We should solve theCk−1 systemf (u, x,w) = x andg(u, x,w) = w. As ∂wg0(0,0) =

d(0)2 does not have 1 in its spectrum, the second equation defines aCk−1 implicit functionw = W(u,x) = Wu(x),
which satisfiesWu(0) = 0 sincegu(0,0) = 0, and(Wu)

′(0) = 0 because∂xgu(0,0) = 0. Substituting in the firs
equation, we should solve

fu

(
x,Wu(x)

) = x, (1)

whose solutionx = 0 gives the fixed points. After factoring them out, (1) becomes

F(u,x) = 1, (2)

whereF(u,x) = ∫ 1
0 Dfu(tx,Wu(tx))(1, (Wu)

′(tx))dt is Ck−1. Indeed,Dfu(x,w) andDgu(x,w) areCk−1 func-
tions of (u, x,w), being the components ofQ(u)−1 ◦ Dh2

u(Q(u)(x,w)) ◦ Q(u), and it follows that(Wu)
′(x) =

(IdH −∂wgu(x,Wu(x)))−1 ∂xgu(x,Wu(x)) is aCk−1 function of(u, x).
Choose a decompositionU = R × U0, u = (µ, ν), such that∂να(0) = 0, hence∂µα(0) �= 0 by H3. As

(Wu)
′(0) = 0, we haveF(u,0) = ∂xfu(0,0) = α(u)2 (hence the part aboutW1 ∩ W2 in the theorem) and

∂µF(0,0) = −2∂µα(0) �= 0. Therefore, (2) defines aCk−1 implicit function µ = M(ν,x) andW2 is the graph
(µ,w) = (M(ν, x),W(M(ν, x), ν, x)). Let us prove that this function is tangent to 0 at 0, hence the part a
T(u0,x0)W2 in the theorem: asDW(0) = 0, we should show thatDM(0) = 0, i.e.∂(ν,x)F (0) = 0, i.e.∂xF (0) = 0,
i.e. 1

2∂2
xf (0) = 0. Now, asD2h2

0(0) = D2h0(0)◦ (Dh0(0)×Dh0(0))+Dh0(0)◦D2h0(0), denoting byf1(u, x,w)

the first component ofQ(u)∗h (x,w), we do get∂2f (0) = ∂2f (0) − ∂2f (0) = 0. �
u x x 1 x 1
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Proof of the theorem for p > 2. We start again by a diagonalization result:

Lemma 2.1. There exist a Banach spaceH and aCk−1 family of isomorphismsQ(u) : C × H → E such that the
derivative ofQ(u)∗hu = Q(u)−1 ◦ hu ◦ Q(u) at 0 is

( α(u) 0
0 d(u)

)
, d(u) ∈ L(H).

Proof. With the notation of the proof of Proposition 1.2, letH be any closed complementary subspace of
2-planeP generated byv(0) and�v(0). Foru close to 0= u0, the mappingC × H 	 (x + iy,w) �→ xv(u) −
y�v(u) + w ∈ E is an isomorphism dependingCk−1 onu and conjugatingDhu(0) to an endomorphism ofC × H

of the form
( α(u) b(u)

0 d(u)

)
. Now, we can killb(u) by the variable change(z,w) �→ (z + c(u)w,w), c(u) ∈ L(H,C),

providedα(u)c(u)−c(u)◦d(u) = b(u); as the hypothesis Specd(0) �	 ρ implies that the spectrum Specd(u) of the
complex endomorphismt d(u) : c �→ c ◦ d(u) of L(H,C) does not containα(u) for smallu, this equation has th
unique solutionc(u) = (α(u) IdL(H,C) −t d(u))−1b(u), aCk−1 function ofu. Composing our two variable change

we do get aCk−1 family of isomorphismsQ(u) : C×H → E such thatQ(u)−1◦Dhu(0)◦Q(u) = ( α(u) 0
0 d(u)

)
. �

Denoting byfj (u, z,w) ∈ C and gj (u, z,w) ∈ H the components ofQ(u)∗hj
u(z,w), we have to solve the

system of classCk−1 fp(u, z,w) = z andgp(u, z,w) = w. As ∂wgp(0,0,0) = d(0)p does not have 1 in its spe
trum, the second equation defines aCk−1 implicit functionw = W(u, z) = Wu(z) satisfyingWu(0) = 0 and (since
∂zfp(u,0) = 0) DWu(0) = 0. Thus, we should solve

fp

(
u, z,Wu(z)

) = z, (3)

whose spurious solutionz = 0 again gives the fixed points, but this time if we divide the left-hand side byz we get
a function which may even be discontinuous. However, we can prove

Lemma 2.2. Fix a decompositionU = R2 × U0, u = (µ, ν), such that∂να(0) = 0 and therefore∂µα(0) is an
isomorphism. Then, we have the following:

(i) The solutions of(3) near(0,0) form the union of{z = 0} and the graphµ = M(ν, z) of a continuous function
Ck−1 in {z �= 0}.

(ii) Therefore, near(u0, x0) = (0,0), the manifoldWp is the set of those(u,Q(u)(z,w)) such that(µ,w) =
(M(ν, z),W(ν, z)), whereW(ν, z) := W(M(ν, z), ν, z) is continuous,Ck−1 in {z �= 0}.

(iii) All the statements of the theorem are true, except perhaps smoothness.

Proof. In polar coordinatesz = r eiθ , we havefp(u, r eiθ ,Wu(r eiθ )) = r eiθF (u, r, θ), where

F(u, r, θ) = e−iθ

1∫
0

∂(z,w)fp

(
u, tr eiθ ,Wu(tr eiθ )

)(
eiθ ,DWu(tr eiθ )eiθ )dt

satisfiesF(u,0, θ) = e−iθ ∂zfp(u,0,0)eiθ = α(u)p since DWu(0) = 0. After factoring out the fixed point
r eiθ = 0, Eq. (3) to be solved becomes

F(u, r, θ) = 1. (4)

Now, we have that∂µF(0,0, θ) = ∂µαp(0), which is an isomorphism. Moreover,we can make the crucial remar
thatF is Ck−1. Indeed,

(a) ∂(z,w)fj (u, z,w) and∂(z,w)gj (u, z,w) are the components ofQ(u)−1 ◦ Dh
j
u(Q(u)(z,w)) ◦ Q(u), therefore

∂(z,w)fj and∂(z,w)gj areCk−1;
(b) and so is∂ W : (u, z) �→ (Id −∂ g (u, z,W (z)))−1 ◦ ∂ g (u, z,W (z)).
z H w p u z p u
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It follows that the solutions of (4) near{(u, r) = (0,0)} are given by aCk−1 implicit function µ = M̃(ν, r, θ).
As F(u,0, θ) = α(u)p is independent ofθ , so isM̃(ν,0, θ), hence (i)–(ii) withM(ν, r eiθ ) = M̃(ν, r, θ).

To prove (iii), first notice that nowW1 is defined byz = 0 and thatF(u,0, θ) = 1 writesα(u)p = 1, which
nearu = 0 is equivalent toα(u) = ρ sinceα is continuous andα(0) = ρ. This establishes the characterization
W1 ∩ Wp in the theorem. Let us now prove thatif M is differentiable, thenDM(0,0) = 0. SinceDW(0,0) = 0,
this will imply that (after our coordinate changes)T(0,0)Wp = {(µ,w) = (0,0)}, hence the formula forT(u0,x0)Wp

in the theorem. As d̃M(0,0, θ) = ∂νM(0,0)dν + ∂zM(0,0)eiθ dr when the right-hand side is defined, we sho
prove forp > 3 thatDM̃(0,0, θ) = 0 or, in other words,∂(ν,r,θ)F (0,0, θ) = 0. Since∂(ν,θ)F (0,0, θ) = 0, this
means proving that∂rF (0,0, θ) = 0, i.e. 1

2 e−iθ ∂2
z fp(0)(eiθ ,eiθ ) = 0. Now, differentiatingQ(0)∗hp

0 twice yields

∂2
z fp(0)(Z,Z) = ∑p−1

0 ρ−j−1∂2
z f1(0)(ρjZ,ρjZ), which is 0, as∂2

z f1(0)(Z,Z) = aZ2 + bZ�Z + c�Z2. �
This proves our theorem ifm = 0. Otherwise, to actually factor byz and get more smoothness, we cannot

directly the left-hand side of (3) into normal form. Instead, we use

Lemma 2.3. If (u, z) is a solution of (3), thenz is ap-periodic point ofΦu : z �→ f1(u, z,Wu(z)).

Proof. If y = (z,w) is a p-periodic point ofQ(u)∗hu, so is Q(u)∗hj
u(y) for all j � 1, hencegj (u, y) =

W(u,fj (u, y)) for all j ∈ N. It follows at once by induction thatΦj
u(z) = fj (u, y) for all j ∈ {0, . . . , p}, which

implies thatΦp
u (z) = fp(u, y) = z as required. �

Lemma 2.4. Assumingm > 0, let the decompositionU = R × U0, u = (µ, ν), be the same as in Lemma2.2. Near
(0,0) ∈ U × C, the set of those(u, z) such thatz is a p-periodic point ofΦu form the union of{z = 0} and the
graphµ = M1(ν, z) of a Cm function. By Lemmas2.2 and 2.3, we must haveM1 = M , which shows thatW1 is
Cm and completes the proof of the theorem.

Proof. Note that, because of properties (a)–(b) in the proof of Lemma 2.2, bothΦu(z) andDΦu(z) areCk−1

functions of(u, z). Therefore, Taylor’s formula implies thatΦu(z) = α(u)z+T2+· · ·+Tm+1+Tm+2 whereTj is a
homogeneous polynomial of degreej in z, z̄ whose coefficients areCk−j functions ofu for j � m+1 andCk−m−2

functions ofu, z for j = m + 2. Since we havem � p − 3, we can make forj = 2, . . . ,m + 1 aCk−j change of
coordinates of the formz �→ z + cj (u)z̄j so that in the end the coefficient ofz̄j in Tj is 0 for 1� j � m + 1, hence
Φu(z) = z(a(u, z) + b(u, z)z̄m+2/z) with a, b of classCk−m−2. Now, F1(u, z) := a(u, z) + b(u, z)z̄m+2/z is Cm

like z̄m+2/z since we havem � k − m − 2. It follows thathj
u(z) = zFj (u, z) with Fj of classCm andFj (u,0) =

α(u)j . Therefore, the equationFp = 1 defines aCm implicit functionµ = M2(ν, z). As our changes of coordinate
areCm and tangent to the identity, the graph ofM2 is the graph of aCm functionM1 in the original coordinates.�
Remark. Here are three reasons why we do not use a center manifold:
– Wecannot, as dx0hu0 may have other spectral values on the unit circle.
– Center manifolds ofC∞ or analytic maps are notC∞ in general—see [1], where the same idea is used to s
that a manifold of periodic orbits isC∞ or analytic.
– Lemma 2.3 is trivial, whereas the center manifold theorem is not.

This work owes much to the dissertation [2] and to discussions with Shirley Bromberg.
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