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Abstract

Under fairly general hypotheses, we prove the existence of the families of periodic orbits obtained by Hopf bifurcatio
emphasis on their smoothness. A Banach version of a theorem of Lyapounov is obtained as a corollary. The proofs are
simple and original.To cite this article: M. Chaperon, S. López de Medrano, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

La bifurcation de Hopf pour les flots. Sous des hypothèses très générales, nous prouvons l’existence des famille
bites périodiques obtenues par bifurcation de Hopf, en insistant sur leur régularité. Nous en déduisons une version b
d’un théorème de Lyapounov. Les démonstrations sont complètes, simples et originales.Pour citer cet article : M. Chaperon,
S. López de Medrano, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Hypothèses et préliminaires

On posek = ∞ ou k = ω, et Cω signifie « analytique réel ». On se donne deux variétés banachiquesU , V et
une famille localeCk de champs de vecteurs surV dépendant du paramètreu ∈ U , c’est-à-dire une applicatio
X : (U × V, (u0, x0)) → T V de classeCk telle que chaqueXu :x �→ X(u,x) soit un champ de vecteurs surV . On
noteX̃(u, x) := (0,Xu(x)) le déploiement associé àX. On fait les hypothèses suivantes :
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H1 On aXu0(x0) = 0 ; autrement dit,(u0, x0) est un zéro dẽX. On poseE := Tx0V etL0 := dx0Xu0 :E → E.
H2 L’endomorphismeL0 admet une valeur propre simple imaginaire pure 2π iν0 avecν0 > 0 : le sous-espac

propre associé du complexifiéL0,C est une droite complexeD, et 2π iν0 n’est pas dans le spectre de l’end
morphisme deEC/D induit parL0,C.

H3 Par conséquent, siP ⊂ E désigne le 2-planL0-invariant engendré par les parties réelles et imaginaires
vecteurs propres deL0,C associés à 2π iν0, le spectre SpeċL0 du complexifié de l’endomorphismėL0 deE/P

induit by L0 ne contient ni 2π iν0, ni −2π iν0. On suppose en outreque SpeċL0 ne contient aucun multipl
entier de 2π iν0. On a donc 0/∈ SpecL0, d’où, par le théorème des fonctions implicites, la

Proposition.Au voisinage de(u0, x0), les zéros dẽX forment le graphex = ϕ(u) d’une applicationϕ de classeCk .
Il existe un unique germe d’application continueα : (U,u0) → C tel queα(u) soit valeur propre dedϕ(u)Xu et que
α(u0) = 2π iν0 ; de plus,α est de classeCk .

Nous pouvons énoncer notre dernière hypothèse :

H4 La différentielle du0�α :Tu0U → R n’est pas nulle.

En désignant parht
u le flot deXu, notre résultat porte sur lespoints périodiquesdesXu, c’est-à-dire sur lesx ∈ V

tels qu’il existeT > 0 vérifianthT
u (x) = x ; il est commode d’exprimer cela par le fait que(u, x) est un point

périodique de périodeT deX̃. On noteT0 := 1/ν0 la période primitive de la restriction de etL0 au planP .

Théorème.Sous ces hypothèses, les propriétés suivantes sont vérifiées:
(i) Les points périodiques dẽX de période voisine deT0 forment, près de(u0, x0), la réunion de deux sous

variétésCk invariantes par le flot dẽX : d’une part le graphe deϕ, ensemble des zéros dẽX et, d’autre part, une
sous-variétéW1 d’espace tangentT(u0,x0)W1 = {(δu, δx + du0ϕ(δu)): (δu, δx) ∈ Ker(du0�α) × P }.

(ii) L’intersectionW0 ∩ W1 est la sous-variétéCk formée des(u,ϕ(u)) avec�α(u) = 0. Elle est de codimen
sion 1 dansW0 et de codimension2 dansW1, de sorte que l’ouvertW1 \W0 de W1 formé de points«vraiment
périodiques» deX̃ rencontre tout voisinage de(u0, x0).

(iii) Pour les points(u, x) ∈ W1 \W0, la périodeT (u, x) voisine deT0 considérée dans(i) est en fait la période
primitive. La fonctionT ainsi définie se prolonge par continuité en une fonctionCk surW1 vérifiantT (u,ϕ(u)) =
2π i/α(u).

Apparaît donc en(u0, x0) une famille àdim(U) paramètres d’orbites périodiques dẽX de période primitive
voisine deT0, et la réunion(disjointe) de ces orbites périodiques estW1 \W0.

Suivant une idée d’Alexander et Yorke, on en déduit une version banachique d’un théorème de Lyapoun
voici les hypothèses. On supposeV munie d’uneforme symplectiqueCk , c’est-à-dire d’une 2-forme ferméeω
telle que, pour toutx ∈ V , l’applicationTxV � v �→ ωxv (produit intérieur) soit un isomorphisme deTxV sur son
dual. On désigne parX0 un champ de vecteursCk surV tel que le produit intérieurωX0 soit une 1-forme fermé
(« champ localement hamiltonien ») et l’on considère un zérox0 deX0 où les hypothèses suivantes sont satisfai

H2′ L’endomorphismeL0 := dx0X0 de E := Tx0V admet une valeur propre simple (au sens de H2) imagin
pure 2π iν0 avecν0 > 0.

H3′ Si P ⊂ E désigne le 2-planL0-invariant engendré par les parties réelles et imaginaires des vecteurs p
du complexifié deL0 associés à 2π iν0, le spectre du complexifié de l’endomorphisme deE/P induit by L0

ne contient aucun multiple entier de 2π iν0. En particulier,L0 est inversible, donc le zérox0 deX0 est isolé.

Corollaire (Lyapounov). Sous ces hypothèses, les propriétés suivantes sont vérifiées:
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(i) Les points périodiques deX0 de période voisine deT0 := 1/ν0 forment, au voisinage dex0, une surfaceW
de classeCk passant parx0, invariante par le flot deX0 et telle queTx0W = P . L’ouvertW \{x0} deW formé de
points « vraiment périodiques » deX0 rencontre donc tout voisinage dex0.

(ii) Pour les pointsx ∈ W \{x0}, la périodeT (x) voisine deT0 considérée dans(i) est en fait la période primitive
La fonctionT ainsi définie se prolonge en une fonctionCk surW telle queT (x0) = T0.

Apparaît donc enx0 une famille à un paramètre d’orbites périodiques deX0 de période primitive voisine deT0,
et leur réunion(disjointe) estW \{x0}. Chacune d’entre elles entourex0 dansW .

1. Hypotheses and preliminaries

We let k = ∞ or k = ω, andCω means ‘real analytic’. Consider two Banach manifoldsU , V and a localCk

family of vector fields onV with parameteru ∈ U , i.e. aCk mapX : (U × V, (u0, x0)) → T V such that each
Xu :x �→ X(u,x) is a vector field. Let̃X(u,x) := (0, hu(x)) denote theunfolding associated toX. Assume the
following:

H1 We haveXu0(x0) = x0; in other words,(u0, x0) is a zero of̃X. Let E := Tx0V andL0 := dx0Xu0 :E → E.
H2 The endomorphismL0 has a simple purely imaginary eigenvalue 2π iν0 with ν0 > 0: the associated eigenspa

of the complexified endomorphismL0,C is a complex lineD of the complexified spaceEC, and 2π iν0 does
not lie in the spectrum of the endomorphism ofEC/D induced byL0,C.

H3 Therefore, ifP ⊂ E denotes theL0-invariant 2-plane generated by the real and imaginary parts of the e
vectors ofL0,C associated to 2π iν0, the spectrum SpeċL0 of the complexified of the endomorphisṁL0 of
E/P induced byL0 contains neither 2π iν0, nor −2π iν0. Assume that, moreover,SpecL̇0 does not contain
any integer multiple of2π iν0. In particular, we have 0/∈ SpecL0, hence, by the implicit function theorem:

Proposition. Near (u0, x0), the zeros of̃X form the graphx = ϕ(u) of a Ck mapϕ. There exists a unique con
tinuous map germα : (U,u0) → C such thatα(u) is an eigenvalue ofdϕ(u)Xu and thatα(u0) = 2π iν0; moreover,
α is Ck .

We can now state our last hypothesis:

H4 The differential du0�α :Tu0U → R is nonzero.

Denoting byht
u the flow ofXu, theperiodic pointsof Xu are thosex ∈ V such thathT

u (x) = x for some positiveT .
This amounts to saying that(u, x) is a T -periodic point ofX̃. Let T0 = 1/ν0 be the primitive period of etL0

restricted toP . Now comes our main result:

Theorem.Under the above hypotheses, we have the following:
(i) Near (u0, x0), the periodic points of̃X whose period is close toT0 form the union of twoCk submanifolds

invariant by the flow of̃X: the set of zeros of̃X, i.e. the graphW0 of ϕ, and a submanifoldW1 with T(u0,x0)W1 =
{(δu, δx + du0ϕ(δu)): (δu, δx) ∈ Ker(du0�α) × P }.

(ii) The intersectionW0 ∩ W1 is the Ck submanifold consisting of those(u,ϕ(u)) with �α(u) = 0. It has
codimension1 in W0 and2 in W1, so that the open subsetW1 \W0 of W1 consisting of ‘truly periodic’ points of̃X
intersects every neighbourhood of(u0, x0).

(iii) For (u, x) ∈ W1 \W0, the periodT (u, x) close toT0 considered in(i) is in fact the primitive period. The
functionT so defined extends by continuity to aCk function onW1 which satisfiesT (u,ϕ(u)) = 2π i/α(u).

Thus, there appears at(u0, x0) a dim(U)-parameter family of periodic orbits of̃X whose primitive period is
close toT0, and their(disjoint) union isW1 \W0.

Following an idea of Alexander and Yorke, we shall deduce from this a Banach version of a theor
Lyapounov, whose hypotheses we now state. We assumeV endowed with aCk symplectic form, i.e. a closed
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differential 2-formω such that, for everyx ∈ V , the mapTxV � v �→ ωxv (interior product) is an isomorphism o
TxV onto its dual space. We denote byX0 a Ck vector field onV such that the interior productωX0 is a closed
1-form (‘locally Hamiltonian vector field’) and we consider a zerox0 of X0 satisfying the following hypotheses:

H2′ The endomorphismL0 := dx0X0 of E := Tx0V admit a simple (in the sense of H2) purely imaginary eig
value 2π iν0 with ν0 > 0.

H3′ Denoting byP ⊂ E theL0-invariant 2-plane generated by the real and imaginary parts of the eigenvec
L0,C associated to 2π iν0, the spectrum of the complexified map of the endomorphism ofE/P induced byL0
does not contain any integer multiple of 2π iν0. Thus,L0 is invertible and thereforex0 is an isolated zero ofX0.

Corollary (Lyapounov). Under these hypotheses, we have the following:
(i) Nearx0, the periodic points ofX0 whose period is close toT0 := 1/ν0 form aCk surfaceW passing through

x0, invariant by the flow ofX0 and such thatTx0W = P . The open subsetW \{x0} ofW consisting of ‘truly periodic’
points ofX0 therefore intersects every neighbourhood ofx0.

(ii) For x ∈ W \{x0}, the periodT (x) close toT0 considered in (i) is in fact the primitive period. The functionT

so defined extends to aCk function onW such thatT (x0) = T0.
Thus, there appears atx0 a one parameter family of periodic orbits ofX0 whose primitive period is close toT0,

and their(disjoint) union isW \{x0}. Each bounds inW a disk containingx0.

2. Proof of the theorem

Taking charts, we may assumeV = E, U = Tu0U and(u0, v0) = (0,0). The first part of the proposition follow
from the implicit function theorem applied to the equationXu(x) = 0. The change of variables(u, x) �→ (u, x −
ϕ(u)) enables us to assume thatϕ = 0, i.e.Xu(0) = 0 for everyu.

Proof of the rest of the proposition. With the notation of H1, choose any nonzerov0 ∈ D, any closed comple
mentary complex subspaceK of D in EC, and identifyEC to C × K by the isomorphism(z,w) �→ zv0 + w.

Then,L0,C takes the form
( 2π iν0 b0

0 d0

)
, where d0 :K → K is a realisation of the endomorphism ofEC/D induced

by L0,C and therefore does not have 2π iν0 in its spectrum. We can apply the implicit function theorem to
(complex) polynomial equationF(L,λ,w) := L(1,w)−λ(1,w) = 0 at(L0,2π iν0,0) ∈ L(EC)× C ×K ; indeed,
the partial(δλ, δw) �→ (b0δw − δλ, (d0 − 2π iν0 IdK)δw) of F with respect to(λ,w) at (L0,2π iν0,0) is an au-
tomorphism because so is d0 − 2π iν0 IdK . Denoting the (holomorphic) implicit function by(λ(L),w(L)), we get
α(u) = λ((dϕ(u)Xu)C) and also the associated eigenvectorv(u) := v0+w((dϕ(u)Xu)C) of (dϕ(u)Xu)C = DXu(0)C,
aCk function ofu too. �
Proof of the theorem itself. We first establish a diagonalization result:

Lemma 2.1.One can assume that the familyXu satisfies, in a decompositionE = C×H , the conditionDXu(0) =( α(u) 0
0 d(u)

)
, whered : (U,u0) → L(H,H) is Ck .

Proof. With the notation of the proof of the proposition, letH be any closed complementary subspace of
2-planeP generated by�v(0) and
v(0). Foru close to 0= u0, the mappingC × H � (x + iy,w) �→ x�v(u) −
y
v(u) + w ∈ E is an isomorphism dependingCk on u and conjugatingDXu(0) to an endomorphism ofC × H

of the form
( α(u) b(u)

0 d(u)

)
. Now, we can killb(u) by the variable change(z,w) �→ (z + c(u)w,w), c(u) ∈ L(H,C),

providedα(u)c(u) − c(u) ◦ d(u) = b(u); as the hypothesis Specd(0) �� 2π iν0 implies that the spectrum Specd(u)

of the complex endomorphismt d(u) : c �→ c ◦ d(u) of L(H,C) does not containα(u) for smallu, this equation
has the unique solutionc(u) = (α(u) Id −t d(u))−1b(u), a Ck function of u. Composing our two variabl
L(H,C)
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changes, we do get aCk family of isomorphismsQ(u) : C×H → E such thatQ(u)−1DXu(0)Q(u) = ( α(u) 0
0 d(u)

)
.

If we replaceXu by Q(u)−1 ◦ Xu ◦ Q(u), we get Lemma 2.1. �
Denoting byf t

u , gt
u the components ofht

u in this decompositionE = C × H , we have to solve theCk system

f t
u(z,w) = z and gt

u(z,w) = w

near (t, u, z,w) = (T0,0,0,0). As H2 implies that∂wg
T0
0 (0,0) = eT0d(0) does not have 1 in its spectrum, t

second equation defines aCk implicit functionw = W(t,u, z) satisfyingW(t,u,0) = 0 and (since∂zg
t
u(0,0) = 0)

∂zW(t, u,0) = 0. Thus, we should solve near(t, u, z) = (T0,0,0)

f t
u

(
z,W(t, u, z)

) = z, (t, u, z) ∈ R × U × C, (1)

whose spurious solutionz = 0 gives the fixed points.

Lemma 2.2.Fix a decompositionU = R × U0, u = (µ, ν), such that∂ν�α(0) = 0 and therefore∂µ�α(0) �= 0.
Then, we have the following:

(i) The solutions of(1) near (T0,0,0) form the union of{z = 0} and the graph(t,µ) = (τ (ν, z),M(ν, z)) of a
continuous function,Ck in {z �= 0}.

(ii) Therefore, near(u0, x0) = (0,0), the manifoldW1 is given by (µ,w) = (M(ν, z),W(ν, z)), where
W(ν, z) := W(τ(ν, z),M(ν, z), ν, z) is continuous,Ck in {z �= 0}, and the functionT : (M(ν, z), ν, z,W(ν, z)) �→
τ(ν, z) is continuous,Ck in W1 \W0.

(iii) All the statements of the theorem are true, except perhaps smoothness.

Proof. In polar coordinatesz = r eiθ , we havef t
u(r eiθ ,W(t, u, r eiθ )) = r eiθF (t, u, r, θ), whereF is aCk com-

plex function. By Lemma 2.1, it satisfiesF(t, u,0, θ) = e−iθ ∂zf
t
u(0,0)eiθ = eα(u)t since∂zW(t, u,0) = 0. After

factoring out the fixed pointsr eiθ = 0, Eq. (1) becomes

F(t, u, r, θ) = 1. (2)

Now, as F(t, u,0, θ) = eα(u)t , we have that∂(t,µ)F (T0,0,0, θ) = 2π iν0 dt + T0∂µα(0)dµ, which is an iso-
morphism since�∂µα(0) �= 0. Therefore, the solutions of (2) near{(t, u, r) = (T0,0,0)} are given by aCk

implicit function (t,µ) = (τ̃ (ν, r, θ), M̃(ν, r, θ)). As F(t, u,0, θ) = eα(u)t is independent ofθ , so areτ̃ (ν,0, θ)

and M̃(ν,0, θ), hence (i) withτ(ν, r eiθ ) = τ̃ (ν, r, θ) and M(ν, r eiθ ) = M̃(ν, r, θ). To prove (iii), first notice
that W0 is defined byz = 0 and thatF(t, u,0, θ) = 1 writes eα(u)t = 1, which is equivalent to�α(u) = 0 and
t = τ(ν,0) = 2π im/α(u) with m ∈ Z. As τ is continuous andτ(0,0) = 2π i/α(0), this forcesm = 1, hence
part (ii) of the theorem and the second half of part (iii). Moreover, we do get the minimal period sinceT0 is
the smallest positive solutiont of eα(0)t = 1. Let us prove thatif M is differentiable, thenDM(0,0) = 0. Since
DW(0,0) = 0, this will yield (after our coordinate changes)T(0,0)W1 = {(µ,w) = (0,0)}, hence the formula fo
T(u0,x0)W1 in the theorem. As d̃M(0,0, θ) = ∂νM(0,0)dν + ∂zM(0,0)eiθ dr , we should prove thatDM̃(0,0, θ) =
0 or, in other words,∂(ν,r,θ)F (T0,0,0, θ) = 0. Since∂(ν,θ)F (T0,0,0, θ) = 0, this reads∂rF (T0,0,0, θ) = 0,

i.e. 1
2e−iθ ∂2

z f
T0
0 (0)(eiθ ,eiθ ) = 0. Now, integrating the differential equation satisfied byD2ht

0(0), we see tha
∂2
z f t

0(0)(Z,Z) = etα(0)
∫ t

0 e−τα(0)B(eτα(0)Z,eτα(0)Z)dτ , whereB : C2 → C is the first component of∂2
z X0(0).

Writing B(Z,Z) = aZ2 + bZ
Z + c
Z2, we do get∂2
z f

T0
0 (0) = 0. �

Lemma 2.3.If (t, u, z) is a solution of(1), thenz is a t-periodic point of the vector fieldζt,u : z �→ Zu(z,W(t, u, z)),
whereZu(z,w) ∈ C denotes the first component ofXu(z,w) ∈ C × H .

Proof. If x = (z,w) is a t–periodic point ofXu, so ishs
u(x) for all s, hencegs

u(x) = W(t,u,f s
u (x)) and therefore

d
ds

f s
u (x) = Zu(f

s
u (x), gs

u(x)) = Zu(f
s
u (x),W(t, u,f s

u (x))) for all s. This proves thats �→ f s
u (x) is the integral

curve ofζt,u starting atz, which ist-periodic sincef t
u(x) = z. �
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Lemma 2.4.Let the decompositionU = R × U0, u = (µ, ν), be the same as in Lemma 2.2. Near(T0,0,0) ∈
R ×U × C, the set of those(t, u, z) such thatz is a t-periodic point ofζt,u form the union of{z = 0} and the graph
(t,µ) = (τ1(ν, z),M1(ν, z)) of a Ck function. By Lemma2.2and Lemma2.3, we must haveτ1 = τ andM1 = M ,
which shows thatW1 andT areCk and completes the proof of the theorem.

Proof if k = ω. Using an analytic change of variables(t, u, z) �→ (t, u, z − ϕt,u(z̄)) with ϕt,u holomorphic and
ϕt,u(0) = ϕ′

t,u(0) = 0, we can assume thatζt,u(z) = at,u(z)z, whereat,u(z) ∈ C is an analytic function of(t, u, z)

such thatat,u(0) = α(u). Indeed, eachζt,u can be complexified, yielding a holomorphic vector fieldζt,u,C near
0∈ C2 whose linear partDζt,u,C(0) is α(u)v∂v + α(u)w∂w in the coordinatesv,w extendingz, z̄. Therefore,
the stable (resp. unstable) manifold ofiζt,u,C at 0 is of the formv = ϕt,u(w) (resp.w = ϕt,u(v̄)). As these in-
variant manifolds are holomorphic,ζt,u,C is tangent to them and therefore the change of variables(v,w) �→
(v − ϕt,u(w),w − ϕt,u(v̄)) transformsζt,u,C into a vector field of the format,u,C(v,w)v∂v + at,u,C(
w, v̄)w∂w,
hence what we claimed withat,u(z) := at,u,C(z, z̄).

In these new coordinates, the flowρs
t,u of ζt,u is of the form ρs

t,u(z) = g(s, t, u, z)z with g complex-
valued, analytic, andg(s, t, u,0) = eα(u)s . Therefore, after factoringz out, the equationρt

t,u(z) = z becomes
F1(t, u, z) := g(t, t, u, z) = 1, to which we can apply the implicit function theorem at(t, u, z) = (T0,0,0), since
∂(t,µ)F1(T0,0,0) = ∂(t,µ) eα(u)t |(t,u)=(T0,0) is an isomorphism (see the proof of Lemma 2.2).�
Proof if k = ∞. Using the same idea, let us prove thatτ1 andµ1 areCm for every positive integerm. By Taylor’s
formula,ζu,t (z) = α(u)z + T2 + · · · + Tm+1 + Tm+2, whereTj is a homogeneous polynomial of degreej in z, z̄

whose coefficients areC∞ functions oft, u for j � m + 1 andC∞ functions oft, u, z for j = m + 2. We can
then make forj = 2, . . . ,m + 1 aC∞ change of coordinates of the formz �→ z + cj (t, u)z̄j so that in the end th
coefficient ofz̄j in Tj is 0 for 1� j � m + 1, henceζt,u(z) = at,u(z)z with at,u(z) := b(t, u, z) + c(t, u, z)z̄m+2/z

andb, c of classC∞. Now, at,u(z) is Cm like z̄m+2/z. Therefore, the flowρs
t,u of the newζt,u is of the form

ρs
t,u(z) = g(s, t, u, z)z with g of classCm. Applying the implicit function theorem to the equationF1(t, u, z) :=

g(t, t, u, z) = 1, we conclude (going back to the initial problem) thatW1 andT areCm near(u0, x0). A priori, the
domain around(u0, x0) where this is the case might shrink whenm → ∞. But we already know thatW1 \W0 and
T |W1 \W0 areC∞, and what we have just done applies atanypoint of W0 ∩ W1 close to(u0, x0), not just(u0, x0),
hence the theorem.�
Proof of the corollary. By Darboux’s theorem, we may assume thatV = E, that x0 = 0 and thatω is a
constant form. Therefore, the Lie derivativeLY ω = d(ωY) of ω with respect toY :x �→ x is LY ω = 2ω; as
LX0ω = d(ωX0) = 0, it follows that theone-parameter familyXu := X0 + uY satisfiesLXuω = 2uω. Since it
also satisfies the hypotheses of our theorem, thet-periodic points ofX̃ with t close toT0 form a Ck surface
W1 ⊂ R × E through zero, withT0W1 = {0} × P , so that we just have to show thatW1 is included in{u = 0}
near 0. Assume there are periodic orbitsC̃u = {u} × Cu ⊂ W1 of X̃ with u �= 0 arbitrarily close to 0. Denote byTu

their period, byλ a primitive ofω and byht
u the flow ofXu. SinceLXuω = 2uω, we haveht∗

u ω = e2utω. For each
disk D ⊂ E bounded byCu, it follows that

∫
D

ω = ∫
Cu

λ = ∫
Cu

h
Tu∗
u λ = ∫

D
h

Tu∗
u ω = e2uTu

∫
D

ω, hence
∫
Cu

λ = 0.
Now, as 2π iν0 is a simple eigenvalue ofL0, the planeP is symplectic and therefore, sinceT0W1 = {0} × P , the
pullbackπ∗ω of ω by the projectionπ : R × E → E induces a surface elementσ onW1 near 0. IfC̃u is close to 0,
it bounds a disk̃D in W1, hence the contradiction 0= ∫

Cu
λ = ∫

C̃u
π∗λ = ∫

D̃
σ �= 0. �

The method can also yieldfinitedifferentiability results [1].
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