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Abstract

Under fairly general hypotheses, we prove the existence of the families of periodic orbits obtained by Hopf bifurcation, with
emphasis on their smoothness. A Banach version of a theorem of Lyapounov is obtained as a corollary. The proofs are complete,
simple and originalTo cite thisarticle: M. Chaperon, S. Lépez de Medrano, C. R. Acad. Sci. Paris, Ser. | 340 (2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

La bifurcation de Hopf pour les flots. Sous des hypothéses trés générales, nous prouvons I'existence des familles d’or-
bites périodiques obtenues par bifurcation de Hopf, en insistant sur leur régularité. Nous en déduisons une version banachique
d’'un théoréme de Lyapounov. Les démonstrations sont complétes, simples et origloatester cet article: M. Chaperon,

S. Lopez de Medrano, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée
Hypothéses et préliminaires

On posek = oo ou k = w, et C? signifie «analytique réel». On se donne deux variétés banachiguéset
une famille localeC* de champs de vecteurs sérdépendant du paramétrec U, c’est-a-dire une application
X:(U x V, (ug, x0)) — TV de class&* telle que chaqué, : x — X (1, x) soit un champ de vecteurs sut On
note X (u, x) := (0, X, (x)) le déploiement associé . On fait les hypothéses suivantes :
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H1 On aX,,(xo0) = 0; autrement dit(uo, xg) €St un zéro dé&. On poseE :=T,,V etLo:=dy, X, : E — E.

H2 L'endomorphismelo admet une valeur propre simple imaginaire purévg avecvg > 0 : le sous-espace
propre associé du complexifigy ¢ est une droite complexd, et 2rivg n'est pas dans le spectre de I'endo-
morphisme deEc/ D induit parLo c.

H3 Par conséquent, gt C E désigne le 2-plari.g-invariant engendré par les parties réelles et imaginaires des
vecteurs propres deg c associés aivo, le spectre Speky du complexifié de 'endomorphisniey de E/ P
induit by Lo ne contient ni 2ivp, ni —27ive. On suppose en outgue Sped.o ne contient aucun multiple
entier de Zivg. On a donc ¢ SpecLo, d’'ou, par le théoreme des fonctions implicites, la

Proposition. Au voisinage dé€uo, xo), les zéros d& forment le graphe = ¢(u) d’une applicationy de classe*.
Il existe un unique germe d’application continme(U, ug) — C tel quex () soit valeur propre del, )X, et que
a(ug) = 2mivg ; de plus est de class€*.

Nous pouvons énoncer notre derniére hypothése :
H4 La difféerentielle ¢ %« : T,,U — R n'est pas nulle.

En désignant pait, le flot de X,,, notre résultat porte sur lgmints périodiqueslesX,,, c’est-a-dire sur les € V
tels qu'il existeT > 0 venﬂanthT(x) = x; il est commode d’exprimer cela par le fait que x) est un point
périodique de périodé de X. On noteTy := 1/vg la période primitive de la restriction dé“e au planP.

Théoreme.Sous ces hypotheses, les propriétés suivantes sont vérifiees

(i) Les points périodiques d€ de période voisine d&, forment, prés deuo, xo), la réunion de deux sous-
variétésC* invariantes par le flot deX : d’une part le graphe de, ensemble des zéros deet, d’autre part, une
sous-variétd¥; d'espace tangerify,, o) W1 = {(6u, 8x + d,q0(8u)): (Su, §x) € Ker(d, M) x P}.

(i) LintersectionWo N W1 est la sous-variét€* formée desu, ¢(u)) avecha(u) = 0. Elle est de codimen-
sion 1 dans Wy et de codimensio dans W1, de sorte que I'ouvertv; \ Wo de Wy formé de pointscvraiment
périodiques de X rencontre tout voisinage dgo, xo).

(iii) Pour les pointqu, x) € W1\ Wo, la périodeT (u, x) voisine deTp considérée dang) est en fait la période
primitive. La fonctionT" ainsi définie se prolonge par continuité en une fonctidrsur Wy vérifiantT (u, ¢ (u)) =
2mi/o(u).

Apparait donc enug, xp) une famille adim(U) paramétres d'orbites périodiques dé de période primitive
voisine deTy, et la réunion(disjointe) de ces orbites périodiques &% \ Wo.

Suivant une idée d’Alexander et Yorke, on en déduit une version banachique d’'un théoréme de Lyapounov, dont
voici les hypothéses. On suppo¥emunie d’'uneforme symplectiqu€*, c’est-a-dire d’une 2-forme fermée
telle que, pour tout € V, I'application T,V 3 v > w,V (produit intérieur) soit un isomorphisme d@gV sur son
dual. On désigne paXo un champ de vecteug® surV tel que le produit intérieun X soit une 1-forme fermée
(«champ localement hamiltonien ») et I'on considére un zgme X ou les hypothéses suivantes sont satisfaites :

H2" L'endomorphismelg := d,,Xo de E := Ty, V admet une valeur propre simple (au sens de H2) imaginaire
pure 2rivg avecvg > 0.

H3’ Si P C E désigne le 2-plaiLg-invariant engendré par les parties réelles et imaginaires des vecteurs propres
du complexifié delg associés aivg, le spectre du complexifié de I'endomorphismeH&P induit by Lg
ne contient aucun multiple entier de @9. En particulier,Lg est inversible, donc le zérg de X est isolé.

Corollaire (Lyapounov) Sous ces hypothéses, les propriétés suivantes sont vérifiees
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(i) Les points périodiques d€q de période voisine d& := 1/vo forment, au voisinage dey, une surface¥
de classe&C* passant parvg, invariante par le flot deXg et telle queTy,,W = P. L'ouvert W \{xo} de W formé de
points «vraiment périodiques » d& rencontre donc tout voisinage deg.

(i) Pour les pointsc € W \{xo}, la périodeT (x) voisine delp considérée dan@) est en fait la période primitive.
La fonctionT ainsi définie se prolonge en une fonctieh sur W telle queT (xg) = To.

Apparait donc enrg une famille a un parametre d’orbites périodiquesXigde période primitive voisine dg,
et leur réunion(disjointe estW \{xg}. Chacune d’entre elles entouxg dansWw.

1. Hypotheses and preliminaries

We letk = oo or k = w, andC® means ‘real analytic’. Consider two Banach manifaldsV and a localC*
family of vector fields onV with parametew € U, i.e. aCk map X : (U x V, (uo, x0)) — TV such that each
X, :x+— X(u,x) is a vector field. LetX (u, x) := (0, 4, (x)) denote thainfolding associated t&. Assume the
following:

H1 We haveX,,(xo) = xo; in other words(ug, xo) is a zero ofX. Let E := T,V andLg:=d, X,y E — E.
H2 The endomorphisnig has a simple purely imaginary eigenvalue 2 with vg > 0: the associated eigenspace
of the complexified endomorphisiiy ¢ is a complex lineD of the complexified spac€c, and Zrivg does
not lie in the spectrum of the endomorphismiyd /D induced byLo c.
H3 Therefore, ifP C E denotes thd.qp-invariant 2-plane generated by the real and imaginary parts of the eigen-
vectors ofLg ¢ associated tos2ivg, the spectrum Spdg of the complexified of the endomorphisiy of
E /P induced byLg contains neither 2ivg, nor —2rivg. Assume that, moreovapecL'o does not contain
any integer multiple oRrivg. In particular, we have @ Sped.o, hence, by the implicit function theorem:

Proposition. Near (ug, xo), the zeros of form the graphx = ¢(u) of a C* mapg. There exists a unique con-
tinuous map germx : (U, up) — C such thaix («) is an eigenvalue ofl, ) X, and thata (ug) = 2rivg; moreover,
ais Ck.

We can now state our last hypothesis:
H4 The differential ¢ %« : 7,,,U — R is nonzero.

Denoting by, the flow of X,,, theperiodic pointsof X, are thoser € V such that:! (x) = x for some positiveT.
This amounts to saying that:, x) is a T-periodic point ofX. Let To = 1/vp be the primitive period of &°
restricted toP. Now comes our main result:

Theorem.Under the above hypotheses, we have the following

(i) Near (o, x0), the periodic points oi whose period is close tf form the union of twaC* submanifolds
invariant by the flow of{: the set of zeros aof, i.e. the graphWy of ¢, and a submanifoldVy with Ty, , o) W1 =
{(8u, 8x + dugp(Su)): (8u, 8x) € Ker(dy M) x P}.

(i) The intersectionWo N W1 is the C¥ submanifold consisting of those, ¢(x)) with Ra(x) = 0. It has
codimensiorl in Wo and2 in W1, so that the open subsBf; \ Wp of W1 consisting of ‘truly periodic’ points ok
intersects every neighbourhood(@b, xo).

(i) For (u,x) € Wi\ Wp, the periodT (u, x) close toTy considered in(i) is in fact the primitive period. The
functionT so defined extends by continuity t@4 function onWy which satisfied (u, ¢ (1)) = 27i /o ().

Thus, there appears dl:, xo) a dim(U)-parameter family of periodic orbits of whose primitive period is
close toTp, and their(disjoint) union isWy\ Wo.

Following an idea of Alexander and Yorke, we shall deduce from this a Banach version of a theorem by
Lyapounov, whose hypotheses we now state. We assureadowed with ac* symplectic formi.e. a closed
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differential 2-formw such that, for every € V, the mapT,V > v — w,V (interior product) is an isomorphism of
T,V onto its dual space. We denote By a C* vector field onV such that the interior produeiXg is a closed
1-form (‘locally Hamiltonian vector field’) and we consider a zagof X satisfying the following hypotheses:

H2" The endomorphisnig := d,,Xg of E := Ty, V admit a simple (in the sense of H2) purely imaginary eigen-
value 2rivg with vg > 0.

H3’ Denoting byP C E the Lg-invariant 2-plane generated by the real and imaginary parts of the eigenvectors of
Lo c associated tos2ivg, the spectrum of the complexified map of the endomorphisi#/df induced byLg
does not contain any integer multiple of 2. Thus,Lg is invertible and thereforey is an isolated zero of .

Corollary (Lyapounov) Under these hypotheses, we have the following

(i) Nearxo, the periodic points ok whose period is close tfy := 1/vg form aC* surfaceW passing through
xo, invariant by the flow oXo and such thaf,,W = P. The open subsé&¥ \{xo} of W consisting of ‘truly periodic’
points of X therefore intersects every neighbourhoodgf

(i) For x € W\{xo}, the periodT (x) close toTy considered in (i) is in fact the primitive period. The functibn
so defined extends to@ function onW such thatT (xg) = Tp.

Thus, there appears ab a one parameter family of periodic orbits & whose primitive period is close @,
and their(disjoint) union isW\{xp}. Each bounds irw a disk containingo.

2. Proof of the theorem

Taking charts, we may assurife= E, U = T,,U and(uq, vo) = (0, 0). The first part of the proposition follows
from the implicit function theorem applied to the equati®dp(x) = 0. The change of variables, x) — (4, x —
¢(u)) enables us to assume that 0, i.e. X, (0) = O for everyu.

Proof of the rest of the proposition. With the notation of H1, choose any nonzetpe D, any closed comple-
mentary complex subspadé of D in Ec, and identify Ec to C x K by the isomorphism(z, w) — zvg + w.

Then, Lo c takes the forn(hc;uo bo), where @: K — K is a realisation of the endomorphism B¢/ D induced

by Lo.c and therefore does not havei2g in its spectrum. We can apply the implicit function theorem to the
(complex) polynomial equatiof (L, A, w) := L(1,w) — A(1,w) =0 at(Lg, 2rivg, 0) € L(Ec) x C x K; indeed,
the partial(SA, W) > (bodW — 8A, (do — 2mivgldg)dw) of F with respect to(x, w) at (Lo, 2rivg, 0) is an au-
tomorphism because so ig € 2rivgldg . Denoting the (holomorphic) implicit function bx (L), w(L)), we get
a(u) = A((dyuy X,)c) and also the associated eigenvest@an := vo+wW((dyw) Xy)c) of (dyuy Xu)c = DX, (0)c,
aC* function ofu too. O

Proof of the theorem itself. We first establish a diagonalization result:

Lemma 2.1.0ne can assume that the famiy, satisfies, in a decompositidn= C x H, the conditionD X, (0) =
(v d(‘;)), whered : (U, ug) — L(H, H) is Ck.

Proof. With the notation of the proof of the proposition, I&t be any closed complementary subspace of the
2-planeP generated byiv(0) and3v(0). Foru close to 0= ug, the mappindC x H > (x + iy, W) — xRv(u) —
y3v(u) +w € E is an isomorphism dependir@ onu and conjugating? X, (0) to an endomorphism of x H

of the form (“{" SEZ;) Now, we can killb(u) by the variable change, w) — (z + c(u)W, W), c(u) € L(H, C),
provideda (u)c(u) — c(u) o d(u) = b(u); as the hypothesis Spé) # 2rivg implies that the spectrum Speé@:)

of the complex endomorphisfd (1) : ¢ — ¢ o d(u) of L(H, C) does not contai(«) for smallu, this equation
has the unique solutiot(u) = (o(u) Idz(a,c) —'d(u))~Yb(u), a C¥ function of u. Composing our two variable
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changes, we do get@ family of isomorphisms () : C x H — E such thatQ (u) 1D X, (0)0(u) = ("‘8‘) d&)).
If we replaceX, by Q) 1o X, 0 Q(u), we get Lemma 2.1. O

Denoting byf!, ¢!, the components of’, in this decompositiolE = C x H, we have to solve th€* system
fiz,w)y=z and g(z,w)=w

near (¢, u, z, w) = (Tp, 0,0,0). As H2 implies thatawggo(o, 0) = €40 does not have 1 in its spectrum, the
second equation defines4 implicit function w = W (t, u, z) satisfyingW (¢, u, 0) = 0 and (sincé. g, (0, 0) = 0)
9, W(t,u,0) =0. Thus, we should solve neét u, z) = (Tp, 0, 0)

Wz, W(t,u,2)) =z, (t,u,2)eRxU xC, (1)
whose spurious solution= 0 gives the fixed points.

Lemma 2.2.Fix a decompositioi/ =R x Up, u = (i, v), such thato, R« (0) = 0 and therefored,, o (0) # O.
Then, we have the following

(i) The solutions of1) near (7o, 0, 0) form the union ofz = 0} and the graphz, u) = (t (v, z), M(v, 7)) of a
continuous functionC¥ in {z % 0}.

(i) Therefore, near(ug, xg) = (0,0), the manifold Wy is given by (u, w) = (M (v, z), W(v,z)), where
W, z) =W, z), M(v,z), v, z) is continuousC¥ in {z # 0}, and the functio" : (M (v, 2), v, z, W(v, 2)) —
(v, z) is continuousC*¥ in Wy\ Wo.

(i) All the statements of the theorem are true, except perhaps smoothness.

Proof. In polar coordinates = r €%, we havef, (r €%, W(t,u,r €%)) = rd’ F(t,u,r,0), whereF is aC* com-
plex function. By Lemma 2.1, it satisfies(, u, 0,0) = €799, £!(0, 0)€¥ = ™" sinced, W (¢, u, 0) = 0. After
factoring out the fixed points€? = 0, Eq. (1) becomes

F(t,u,r,0) =1 (2

Now, as F(t,u,0,0) = ™, we have that, ,F(To,0,0,0) = 2rivods + Tod,«(0)du, which is an iso-
morphism sinceXd,«(0) # 0. Therefore, the solutions of (2) neér, u,r) = (7o,0,0)} are given by ack
implicit function (r, 1) = (T (v, r,6), M@, r,0)). As F(t,u,0,0) = 1 is independent of, so aret (v, 0, 6)
and M(v, 0,0), hence (i) witht(v, 7 &%) = #(v,r,0) and M (v, r€%) = M(v,r,0). To prove (iii), first notice
that Wy is defined byz = 0 and thatF (t, u, 0,0) = 1 writes & = 1, which is equivalent tOta(u) = 0 and
t =1(v,0) =27im/a(u) with m € Z. As 1 is continuous and (0, 0) = 2ri/a(0), this forcesm = 1, hence
part (ii) of the theorem and the second half of part (iii). Moreover, we do get the minimal period Bjrise
the smallest positive solutionof 27 = 1. Let us prove thaif M is differentiable, thenDM (0, 0) = 0. Since
DW(0,0) =0, this will yield (after our coordinate changegp o)W1 = {(r, w) = (0, 0)}, hence the formula for
T(uo.x0) W1 in the theorem. ASM(O 0,0)=09,M(0,0)dv + 3, M (0, 0)€? dr, we should prove tthM(O 0,0)=
0 or, in other wordsd, ) F(T0,0,0,0) = 0. Sinced, ¢)F(To,0,0,0) = 0, this readsd, F(Tp,0,0,6) = 0,
i.e. ze—'gaszO(O)(e'e %) = 0. Now, integrating the differential equation satisfied bﬁh (0), we see that
32150z, 2) = €20 [Je 7O g0 7 @O 7z)dr, where B:C? — C is the first component 052X (0).
Writing B(Z, Z) = aZ? + bZZ + ¢Z?, we do geb2f,°(0) =0. O

Lemma2.3.If (¢, u, z) is a solution of(1), thenz is az-periodic point of the vector fielg} , : z +— Z,,(z, W (¢, u, 2)),
whereZ,(z, w) € C denotes the first componentX®f (z, w) e C x H.

Proof If x = (z, w) is ar—periodic point ofX,,, so isks (x) for all s, henceg! (x) = W(t, u, f; (x)) and therefore
& fs(x) Z,(f5(x), g (x)) = Z,(f5(x), W(t,u, ff(x))) for all s. This proves that — f;(x) is the integral
curve ofg; , starting atz, which isz-periodic sincef/ (x) =z. O
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Lemma 2.4.Let the decompositio®/ = R x Uy, u = (u, v), be the same as in Lemma 2.2. Né@§, 0,0) €
R x U x C, the set of thosé, u, z) such that is az-periodic point of¢; , form the union ofz = 0} and the graph
(t, ) = (t11(v, 2), M1(v, z)) of aC* function. By Lemma&.2 and Lemm&.3, we must have; =t and M1 = M,
which shows thatv; and T are C*¥ and completes the proof of the theorem.

Proof if k = w. Using an analytic change of variablésu, z) — (¢, u, z — ¢;.,(z)) with ¢, , holomorphic and
¢r.u(0) = (p,’)u (0) =0, we can assume that , (z) = a4 (z)z, wherea, , (z) € C is an analytic function ofz, u, z)
such thata, ,(0) = «(u). Indeed, eacly; , can be complexified, yielding a holomorphic vector fi¢ld c near
0 e C2 whose linear parD¢; . c(0) is a(u)vd, + a(u)wd, in the coordinates), w extendingz, z. Therefore,
the stable (resp. unstable) manifoldigf , c at O is of the formv = ¢, ,(w) (resp.w = ¢, ,(v)). As these in-
variant manifolds are holomorphig; , ¢ is tangent to them and therefore the change of variables)
 — @ u(w), w — ¢, (v)) transformsg; , c into a vector field of the forma, , c (v, w)vd, + aru.c(W, V)W,
hence what we claimed with ,, (z) := a;,,.c(z, 2).

In these new coordinates, the flogf , of ¢, is of the form o} (z) = g(s,t,u,2)z with g complex-
valued, analytic, ang(s, 7, u, 0) = ™5 Therefore, after factoring out, the equatiorp;’u(z) = z becomes
Fi(t,u,z) :=g(t,t,u,z) =1, to which we can apply the implicit function theorem(atu, z) = (Tp, 0, 0), since
3.y F1(To, 0, 0) = .11y €| ;. uy=(1.0) IS @n isomorphism (see the proof of Lemma 2.2}

Proof if k = co. Using the same idea, let us prove thatndwy areC™ for every positive integet:. By Taylor's
formula, ¢, ;(2) =a)z + To + - - - + Tyy1 + Ty, WhereT; is a homogeneous polynomial of degreén z, z
whose coefficients ar€ functions ofz, u for j < m + 1 andC® functions ofz, u, z for j =m + 2. We can
then make forj = ,m + 1 aC®> change of coordinates of the form— z 4+ c; (t, u)z/ so that in the end the
coefficient ofz/ in T is 0 for 1< j <m+ 1, henceg, ,(z) = a;,u (2)z With a;,(z) == b(t,u, 2) + c(t,u, 2)Z"?/z
andb, ¢ of cIassC°° Now, a; ,(z) is C™ like z’"+2/z Therefore, the flowo; , of the newg, , is of the form
o . (2) = g(s,t,u, z)z with g of classC™. Applying the implicit function theorem to the equatidn(z, u, z) :=
g(t,t,u,z) =1, we conclude (going back to the initial problem) th#&t and7 areC™ near(ug, xo). A priori, the
domain aroundug, xg) Where this is the case might shrink whan— co. But we already know tha/; \ Wo and
T|w,\ w, areC*, and what we have just done appliesay point of Wo N Wy close to(ug, xo), not just(uo, xo),
hence the theorem.

Proof of the corollary. By Darboux’s theorem, we may assume that= E, that xo = 0 and thatw is a
constant form. Therefore the Lie derivativy w = d(wY) of w with respect toY :x +— x is Lyw = 2w; as
Lx,0 = d(wXg) =0, it follows that theoneparameter familyX,, := Xo +uY satisfiesCx,w = 2uw. Since it
also satisfies the hypotheses of our theorem,ttperiodic points ofX with ¢ close toTp form a C* surface
W1 C R x E through zero, withfoW1 = {0} x P, so that we just have to show th# is included in{u = O}
near 0. Assume there are periodic orhﬁ‘ts {u} x C, c Wy of X with u £ 0 arbitrarily close to 0. Denote bg,
their period, byr a primitive ofw and by#!, the flow of X,,. SinceLy,w = 2uw, we haveh!*w = e . For each
disk D C E bounded byC,, it follows that [, o = [ A= [¢. hy"% = [ h"*w =€ [ o, hencef, A =0.
Now, as Zrivg is a simple eigenvalue dfg, the pIaneP is symplectlc and therefore sin@gW1 = {0} x P, the
pullbackr*w of @ by the projectiont : R x E — E induces a surface elementon Wy near 0. IfC, is close to 0,
it bounds a diskD in W1, hence the contradiction® [ »= [z 7*A= [5o #0. O

The method can also yiefihite differentiability results [1].
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