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Abstract

This Note deals with two problems on stabilization of linear systems by static feedbacks which are bounded and time
namely global asymptotic stabilization and finite gainLp-stabilization,p ∈ [1,∞]. Regarding the first issue, we provide, und
standard necessary conditions, two types of solutions for arbitrary small bound on the control and large (constant) d
first solution is based on the knowledge of a static stabilizing feedback in the zero-delay case and the second solu
nested saturation type, which extends results of Mazenc et al. [IEEE Trans. Automat. Contr. 48 (1) (2003) 57–63]
finite-gainLp-stabilization issue, we assume that the system is neutrally stable. We show the existence of a linear
such that, for arbitrary small bound on the control and large (constant) delay, finite gainLp-stability holds with respect to ever
Lp-norm,p ∈ [1,∞]. Moreover, the correspondingLp-gain is delay-independent.To cite this article: K. Yakoubi, Y. Chitour,
C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Des systèmes linéaires saturés et retardés : stabilisation asymptotique globale et stabilisation-Lp . Dans cette Note on
traite deux problèmes de stabilisation de systèmes linéaires par des feedbacks statiques retardés et bornés : la s
asymptotique globale et la stabilisation-Lp avec gain fini. Pour le premier problème, sous les conditions nécessaires sta
on fournit deux solutions, avec une borne d’amplitude arbitrairement petite sur la commande et pour tout retard. La
solution utilise l’existance d’un feedback stabilisant pour le système sans retard. La seconde est de type saturation
ce qui généralise les resultats de Mazenc et al. [IEEE Trans. Automat. Contr. 48 (1) (2003) 57–63]. Pour la stabilisatioLp , le
système est supposé stable. On donne un feedback linéaire qui assure la stabilité-Lp en respectant touteLp-norme,p ∈ [1,∞],
pour tout retard et toute borne d’amplitude assez petite de la commande. leLp-gain correspendant est indépendant du re
h > 0. Pour citer cet article : K. Yakoubi, Y. Chitour, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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On présente dans cette Note certains résultats relatifs à deux questions de stabilisation pour les système
de la forme(S) : ẋ = Ax + Bu, où (i) A ∈ R

n×n et B ∈ R
n×m, avecn la dimension du système etm le nombre

de commandes scalaires ; (ii) le contrôleu vérifie ‖u‖ � r , où r ∈ (0,1] ne dépend que du système(S) ; et (iii) il
existe un retard constanth � 0 sur la commande.

La stabilisation asymptotique globale de(S) en zéro se fait par des feedbacks statiquesu de la formeu =
−rσ (F r

h (x(t − h))), avec la nonlinéaritéσ de type « saturation » (les définitions sont données dans la sectio
suit) et la fonctionF r

h :Rn → R
m localement Lipschitz.

Lorsqueh = 0 et sous la condition nécessaire et suffisante,(C) : Re(λ) � 0 pourλ valeur propre deA ; (A,B)

stabilisable, il existe au moins deux familles de feedbacks statiques qui stabilisent(S), ceux de type saturatio
emboîtée (voir [6,7]) et ceux de type « ellipsoide maximal » (cf. [4]). Pourh > 0, il est facile de voir que la
condition (C) est encore nécessaire. Certains résultats de stabilisation (GAS) pourh > 0 ont déja été établis dan
le cas oùA est soit nilpotent [2], soit égale à une matrice 2× 2 antisymétrique non nulle [3]. Par ailleurs, l
feedbacks des références [2,3] sont construits explicitement et sont de type saturation emboîtée. Dans c
on présente deux solutions au problème de stabilisation GAS. La première solution utilise l’existence d’un f
statique stabilisant, globalement LipschitzF dans le cas sans retard. A partir de là, on peut construire un feed
stabilisantFh pourS avech > 0 dépendant de la constante de LipschitzKF deF . Nous étendons cette constructi
dans le cas où le système sans retard admet des feedbacks statiques stabilisants avec des bornes arbit
commande. Comme les feedbacks de type saturation vérifient ces hypothèses, on peut conclure. Par aill
proposons dans la présente Note d’établir que la condition (C) est suffisante. Si le système(S) vérifie (C), nous
montrons alors qu’il existe, pour tout retardh > 0, une borne d’amplituder ∈ (0,1] pour laquelle on peut construir
explicitement un feedbacku = −rσ (F r

h (x(t − h))) qui stabilise (GAS) le système(S). Ce feedback est du typ
saturation emboîtée. Pour le problème de stabilisation-Lp, avec un retardh > 0, on généralise le résultat de [
traitant de la stabilisation-Lp avec gain fini du système sans retard. On montre qu’il existe un feedback lin
assurant la stabilité-Lp, p ∈ [1,∞], pour tout retard et toute borne d’amplitude assez petite sur la commande
montrons aussi que leLp-gain correspondant est indépendent du retard.

1. Introduction

In this Note, we address two issues relative to the stabilization for continuous-time delay linear systems
to input saturation, of the type(S): ẋ(t) = Ax(t) + Bu(t − h), where (i)A ∈ R

n×n andB ∈ R
n×m, with n the

dimension of the system andm the number of inputs; (ii) the controlu verifies‖u‖ � r , wherer ∈ (0,1] only
depends on(S); (iii) there is an arbitrary constant delayh � 0 appears in the input. We use(S)rh, r ∈ (0,1], h > 0,
to denote the control system(S) with input boundr and input time delayh. We omit the indexr if it is equal to
one and, similarly for the indexh if it is equal to zero.

The first problem is that of globally asymptotically stabilizing(S) to the origin by mean of a static feedbac
We then seeku asu(t −h) = −rσ (F r

h (x(t −h))), where the non-linearityσ is of ‘saturation’ type (definitions ar
given in Section 2) and the functionF r

h :Rn → R
m is at least locally Lipschitz.

In the zero-delay case, the stabilization of linear systems with saturating actuators has been widely inve
in the last years: static feedbacks of nested saturation type (see [6] and [7]) or based on maximal ellipsoid s
(see [4]) can be used. It is well-known that such a global asymptotic stabilization is possible if and only(S)

satisfies:(C): Re(λ) � 0 for λ eigenvalue ofA; and(A,B) stabilizable. It is trivial to see that condition(C) is also
necessary in the case of non zero delay and it seems natural to expect condition(C) to be also sufficient. In tha
regard, partial results have been recently obtained by [2] and [3]. To state the results, we define the unr
GAS property. We say that(S)rh is unrestricted GAS if, for arbitrary delayh > 0 and any input rater ∈ (0,1], small
enough,(S)r is G. A. stabilizable. The nested saturation construction is used to show that(S)r is unrestricted GAS
h h
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if A is nilpotent [2] and for the two-dimensional oscillator [3]. One of our main results is to complete that l
work, namely, to show that condition(C) is sufficient for unrestricted GAS.

We will actually provide two different ways to solve the GAS problem. The first one is based on the know
of a globally Lipschitz static stabilizing feedbackF in the zero-delay case. From it, one can build a static stabili
feedback for(S)h∗ , with h∗ > 0 depending only onA,B,σ andKF , the Lipschitz constant ofF . If, in addition, an
extra hypothesis holds on stabilizing feedbacks of(S)r , for r small enough, unrestricted GAS holds. It turns out t
the nested saturated feedbacks of [6] verify these hypothesis, and thus we conclude, see [9]. The secon
for unrestricted GAS directly uses the nested saturated feedbacks of [6] and can be seen as a genera
[2,3]. However, the argument is an extension to the non-zero delay case of that of [6]. Recall that, at the he
argument of [6], lies a result on finite-gainL∞-stability for one and two dimensional neutrally stable linear syst
subject to input saturation. Such an argument was first introduced in [1], where was addressed the issue
gainLp-stability of neutrally stable linear systems subject to input saturation. It is therefore natural to consi
Lp-stability question. We extend to the non-zero delay cases results of [1]. Our objective here consists in
that the results of [1] carry over to continuous linear time-delay systems. More specifically, we show th
neutrally stable continuous linear time-delay systems subject to input saturation, finite-gainLp-stabilization can
be achieved by the use of linear feedbacks, for everyp ∈ [1,∞]. While many of the arguments of the prese
paper are conceptually similar to those of [1], there are technical aspects that are different and not obvious
as in [1], the proof to get finite gainLp-stability relies on passivity techniques. We determine a suitable ‘sto
functionVp and establish for it a ‘dissipation inequality’ of the form dVp(xu(t))/dt � −‖xu(t)‖p +λp‖u(t)‖p, for
some constantλp > 0 possibly depending on the input boundr and the delayh. For more discussion on passivit
see [8] for instance. Recall that the ‘storage function’ in [1],V 0

p is non-smooth. In the present situation, the ‘stor

function’ Vp will be the sum of a term similar toV 0
p and a Lyapunov–Krasovskii functional, in order to take c

of the delay. However, unlike in [1], the saturation in(S)rh needs to be multiplied by a small factorr dependen
on the delayh in order to insure finite-gainLp-stability. In addition, by choosing carefully the factorr and the
linear feedback inside the saturation, we are able to provide upper bounds for theLp-gains of(S)rh which are
independentof r ∈ (0,1] andh > 0. We refer to that property as theunrestricted finite-gainLp-stability.

The argument corresponding to that uniformity result is specific to the delay-free case and constitutes
technical part of [10]. To establish it, we first start with the single-input case where it amounts in estimat
behavior of the solutionPr of a parameterized Lyapunov equation(Lr), r ∈ (0,1], as the parameterr tends to
zero. The multi-input case requires additional work. We first rewrite the original system as an appropriate
of single-input subsystems, all of them except one being perturbed by an external disturbance, appearin
the saturation (see Theorem 3.2). We then proceed by an inductive argument on the number of distinct a
multiplicities of the eigenvalues of A.

Generally speaking, our treatment of the aforementioned issues on time-delay systems follows a com
tern. We always try to reformulate them as problems for perturbeddelay-freesystems and handle the perturbat
by Lyapunov techniques. One of the reasons for which that strategy works well lies in the fact that th
saturation makes the perturbation uniformly bounded with respect to the delay.

The completes proofs of the results presented in this paper are contained in [9] for stabilization and
finite-gain stabilizability.

2. Stabilization of delay linear systems subject to input saturation

For x ∈ R
n,‖x‖ andxT denote, respectively, the Euclidean norm ofx and the transpose ofx. Similarly, for

anyn × m matrix K , KT and‖K‖ denote respectively the transpose ofK and the induced 2-norm ofK . Initial
conditions for delayed systems are continuous vectors-valued functions defined on[−h,0] and taking values inRn.
Forh > 0, letC := C([−h,0],R

n); x (θ) := x(t + θ), for −h � θ � 0 and‖x ‖ := sup ‖x(t + θ)‖.
h t t h −h�θ�0
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Definition 2.1. We call σ :R → R a saturation function (‘S-function’ for short) if there exist two real numbe
0 < a � Kσ such that, for allt, t ′ ∈ R, (i) |σ(t) − σ(t ′)| � Kσ inf(1, |t − t ′|) and (ii) |σ(t) − at | � Kσ tσ (t). We
assume that the function is normalized at the origin, i.e.a = σ ′(0) = 1.

For anm-tuplek = (k1, . . . , km) of nonnegative integers,|k| := k1 + · · · + km. We say thatσ is anR
|k|-valued

S-function if σ = (σ1, . . . , σ|k|)T = (σ 1
1 , . . . , σ 1

k1
, . . . , σm

1 , . . . , σm
km

)T, where, for 1� j � m,(σ
j
i )1�i�kj

is anR
kj -

valuedS-function (i.e.:(σ j
i )1�i�kj

= (σ
j

1 , . . . , σ
j
kj

) so that each componentσ
j
i ,1 � i � kj is anS-function and

(σ
j
i )1�i�kj

(x) = (σ
j

1 (x1), . . . , σ
j
kj

(xkj
)), for x = (x1, . . . , xkj

)T ∈ R
kj .)

Definition 2.2. Consider the functional differential equation of retarded type(Σ)h: ẋ(t) = f (xt ), t � t0;xt0(θ) =
Ψ (θ), ∀θ ∈ [−h,0]. It is assumed thatΨ ∈ C, the mapf is continuous and (locally) Lipschitz inΨ andf (0) = 0.
We say that(Σ)h is globally asymptotically stable (GAS for short) if the following conditions hold: (i)
every ε > 0, there exists aδ > 0 such that, for anyΨ ∈ C, with ‖Ψ ‖C � δ, the solutionx(Ψ ) of (Σ)h satis-
fies‖xt (Ψ )‖C � ε, for all t � t0; (ii) for all Ψ ∈ C, the trajectory of(Σ)h with the initial conditionΨ and defined
on [t0,∞) converges to zero ast → ∞.

Theorem 2.3.Assume(H)0: there existsF :Rn → R
m globally Lipschitz, with Lipschitz constantKF , such that

the system(S)0: ẋ = Ax − Bσ(F(x)), is GAS with respect to0. Then, there existsh∗ = h(A,B,σ,KF ) > 0 such
that, for all h ∈ [0, h∗], there existsFh :Rn → R

m with (S)h: ẋ = Ax − Bσ(Fh(x(t − h))), GAS with respect to
zero.

Sketch of proof. (Details are given in [9].) LetFh(x(t)) = F(Φ(t, t − h,x(t))), whereΦ is the flow of the
equation(S)0. We rewrite(S)h asẋ(t) = Ax(t)−Bσ(F(x(t)))−Bε(t), whereε(t) as a perturbation of(S)0. The
perturbationε may cause instability but we show that‖ε(x(t))‖ � K̃ e−λt for someK̃ (that may depend onε).
Using Lemma 3.1 in [5], we are able to conclude.�

Our second result completes the stability result of Theorem 2.3 to get unrestricted GAS.

Theorem 2.4.Assume(H)r
0: for r ∈ (0,1], small enough, there exists a globally Lipschitz functionF r :Rn → R

m,
with Lipschitz constantKFr , such that(S)r0: ẋ = Ax − rBσ(F r(x)) is GAS with respect to zero andrKFr → 0 if
r → 0. Then, for allh > 0, there existsr∗(h) ∈ (0,1], such that, for anyr ∈ (0, r∗(h)], a functionF r

h :Rn → R
m

exists for which(S)rh: ẋ = Ax − rBσ(F r
h (x(t − h))), is GAS with respect to zero.

We next provide stabilizing feedbacks of nested saturation type.

Definition 2.5 (cf. [6]). Let N(A) = s(A) + z(A), wheres(A) is the number of conjugate pairs of nonzero pur
imaginary eigenvalues ofA andz(A) is the multiplicity of zero as an eigenvalue ofA.

Theorem 2.6.Assume that condition(C) holds for(S)rh. Let N = N(A) andσ = (σ1, . . . , σN)T be an arbitrary
sequence of S-functions. Then, for allh > 0, there exist a numberr∗(h) ∈ (0,1], an m-tuple k = (k1, . . . , km)

of nonnegative integers such that|k| = N and for each1 � j � m, linear functionsf
j
h,i , g

j
h,i :Rn → R,1 �

i � kj , such that for allr ∈ (0, r∗(h)], there are stabilizing feedbacksuj (t − h) = −rσ
j
kj

{f j
h,kj

(x(t − h)) +
α

j

kj −1σ
j

kj −1[f j

h,kj −1(x(t − h)) + · · · + α
j

1σ
j

1 (f
j

h,1(x(t − h))) · · ·]}, where α
j
i � 0, for all i ∈ [1, kj − 1], and

uj (t − h) = −r[βj
kj

σ
j
kj

(g
j
h,kj

(x(t − h))) + β
j

kj −1σ
j

kj −1(g
j

h,kj −1(x(t − h))) + · · · + β
j

1σ
j

1 (g
j

h,1(x(t − h)))], where

β
j
, . . . , β

j are nonnegative constants such thatβ
j + · · · + β

j � 1.
1 kj 1 kj
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Sketch of proof. (Details are given in [9].) The argument of follows the strategy of proof of the principal r
of [6]. We start therefore with the single-input case and prove the theorem by induction on the dimensio
system. In order to facilitate the analysis of the stabilizability properties by bounded feedback of(Σ)rh, a linear
transformation is carried out in [6].�
Lemma 2.7(cf. [6]). Let(Σ)rh: ẋ(t) = Ax(t)+bu(t −h) be ann-dimensional linear single-input system. Supp
that (A,b) is a controllable pair and all eigenvalues ofA are critical. Then, there exists a linear coordina
transformationy = Sx which transforms(Σ)rh into ˙̄y(t) = A1ȳ(t)+(yn(t)+u(t −h))b1, ˙̃y(t) = J ỹ(t)+u(t −h)b,
where the pair(A1, b1) is controllable,J is a skew-symmetric matrix,(J, b) is a controllable pair, withỹ = yn,
b = 1 and J = 0 if 0 is an eigenvalue ofA and ỹ = (yn−1, yn)

T, b = (0,1)T and J = ωA0 with A0 = ( 0 −1
1 0

)
if

A has an eigenvalue of the formiω, with ω > 0.

The following lemma is the key technical point of the proof.

Lemma 2.8. Let ρ > 0 and σ be an S-function. Then, there exist a constantC0 > 0 and, for everyh > 0 an
r∗(h) ∈ (0,1] and an2 × 1 matrix Fh such that, for any bounded measurable functionf (t) converges to zero
as t → ∞ and for all r ∈ (0, r∗(h)], any solution of the control systeṁx(t) = ρA0x(t) − r[σ(F T

h x(t − h) +
u(t − h)) − v(t − h)]b + rf (t) whereu,v ∈ L∞([−h,∞),R) such that‖v‖L∞ � C0, verifies: there exists a finite
constantM∞ > 0 independent ofr , such thatlim supt→∞ ‖x(t)‖ � M∞(‖u‖L∞ + ‖v‖L∞ + ‖f ‖L∞) and in the
absence ofu, v andf , the equilibrium(x, y) = (0,0) is GAS.

Sketch of proof. We consider the linear feedbackFh = e−ρA0hb. The argument here is the simplest case of
more general result given in Lemma 3.3 for the single input case, see the corresponding sketch of proo
More precisely, it corresponds top = 2, A = A0 andb is defined above. �

3. Finite gain stabilizability of delay linear systems

Lp-stability.Forp ∈ [1,∞] and 0� h, we useLp to denoteLp(−h,∞) and we let‖y‖Lp denote theLp-norm:
‖y‖Lp = (

∫ ∞
−h

‖y(t)‖p dt)1/p, if p < ∞ and‖y‖L∞ = ess sup−h�t<∞ ‖y(t)‖.
Consider the control system with delay in the input given by(Σ)h: ẋ(t) = f (x(t), u(t − h)), for t � 0, where

the statex and the controlu take respectively values inRn andR
m andf :Rn × R

m → R
n, is locally Lipschitz in

(x,u), with f (0,0) = 0. Trajectories of(Σ)h starting at an initial conditionx0 ∈ Ch and corresponding to an inp
u ∈ Lp are defined for a time intervalI of R

+ (which may depend onx0 andu) and verify the equation(Σ)h for
almost everyt ∈ I . Let 0̄ be the zero function inCh.

Definition 3.1 (finite-gainLp-stability). Given p ∈ [1,∞], the continuous-time delay system(Σ)h is said to be
finite-gainLp-stableif, for everyu ∈ Lp, we havexu ∈ Lp, wherexu denotes the solution of(Σ)h corresponding
to u with initial conditionx0 = 0̄, and there exists a positive constantMp such that,‖xu‖Lp � Mp‖u‖Lp , for all
u ∈ Lp.

Theorem 3.2.Let A,B ben × n,n × m matrices respectively. Letσ be anR
m-valuedS-function. Assume thatA

be neutrally stable and(A,B) controllable. Then, for everyh > 0, there exists ann × m matrix Fh such that the
following delayed system(S)rh: ẋ(t) = Ax(t)−rBσ(F T

h x(t −h)+u1(t −h))+ru2(t −h), for t � 0, is finite-gain
Lp-stable, for everyp ∈ [1,∞]. Moreover, there exist a constantC0 > 0 and, for every1� p � ∞, a realMp > 0
such that, for everyh > 0 there is anr∗(h) ∈ (0,1], for which the trajectoriesxu1,u2 of (S)rh, r ∈ (0, r∗(h)], starting
at 0̄ and corresponding tou ,u ∈ Lp with ‖u ‖ ∞ � C , verify‖x ‖ p � M (‖u ‖ p + ‖u ‖ p ).
1 2 2 L 0 u1,u2 L p 1 L 2 L
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Proof of Theorem 3.2. From elementary linear algebra, we know that any neutrally stable matrixA is similar to a
matrix diag(A1,A2), whereA1 is anq × q Hurwitz matrix andA2 is an(n− q)× (n− q) skew-symmetric matrix
So, up to a change of coordinates, we may assume thatA is already in this form. In this coordinates, we wr
B = (BT

1 ,BT
2 )T, whereB2 is an(n − q) × m matrix and we write vectors asx = (xT

1 , xT
2 )T andu2 = (uT

21, u
T
22)

T.
For r ∈ (0,1] andh > 0, consider the feedback law(0,F T

h ). Then system(S)rh, can be written as{
ẋ1(t) = A1x1(t) − rB1σ

(
BT

2 eA2hx2(t − h) + u1(t − h)
) + ru21(t − h),

ẋ2(t) = A2x2(t) − rB2σ
(
BT

2 eA2hx2(t − h) + u2(t − h)
) + ru22(t − h).

SinceA1 is Hurwitz, it will be sufficient to show that there exists anr∗(h) ∈ (0,1] such that thex2-subsystem is
finite gainLp-stable. The controllability assumption on(A,B) implies that the pair(A2,B2) is also controllable
Therefore, Theorem 3.2 is a consequence of the following lemma.�
Lemma 3.3.Let σ,u1, u2 be as in Theorem3.2. Let (A,B) a controllable pair withA skew-symmetric. Then
for everyh � 0, there exist ann × m matrix Fh and r∗(h) ∈ (0,1], such that, for everyr ∈ (0, r∗(h)], the system
(S)rh: ẋ(t) = Ax(t)− rBσ [FT

h x(t −h)+u1(t −h)]+ ru2(t −h), for t � 0, verifies the conclusion of Theorem3.2.

Sketch of proof. (Complete details are given in [10].) We start the proof by zooming on the single-input
The general proof first starts with algebraic transformations and proceeds by induction on the number of
algebraic multiplicities of the eigenvalues ofA. The principal idea is to rephrase the delay systems as problem
perturbed delay-free systems and handle the perturbation by Lyapunov techniques. For this, we write the
BT eAhx(t − h) = BTx(t) + rd(t), whered(t) := ∫ t

t−h
BT eAh(t−s)B(σ (FT

h x(s − h) + u(s − h)) + v(s − h))ds.
Then, (S)rh becomesẋ = Ax − rB(σ (BTx(t) + rd(t) + u(t − h)) − v(t − h)). We determine the ‘dissipa

tion inequality’ associated to a Lyapunov function defined byVp,r (t, x) := λp,r
‖x(t)‖p+1

p+1 + (xT(t)Prx(t))p/2 +
µp,r

∫ t

t−2h
(
∫ t

s
‖x(l)‖p dl)ds, wherePr is the positive-definite solution to the Lyapunov equationX(A − rBBT) +

(A − rBBT)TX = −Idn. The appropriate choice ofλp,r andµp,r requires careful estimates onPr asr tends to
zero. The rest of the argument is standard.�
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