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Abstract

It is shown that the correlation on{0,1}n between parity and a polynomialp(x1, . . . , xn) ∈ Z[X1, . . . ,Xn](modq), q a
fixed odd number andp(X) of degreed arbitrary but fixed, is exponentially small inn asn → ∞. An application to circuit
complexity, from where the problem originates, is given.To cite this article: J. Bourgain, C. R. Acad. Sci. Paris, Ser. I 340
(2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimations de certaines sommes exponentielles en theorie de complexité. On démontre que la corrélation sur{0,1}n
de la fonction parité et un polynômep(x1, . . . , xn) ∈ Z[X1, . . . ,Xn](modq), q un entier impair donné etp(X) de degréd
arbitraire mais fixé, est exponentiellement petite enn pourn → ∞. On obient une application en théorie de complexité o
question trouve son origine.Pour citer cet article : J. Bourgain, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Étant donné un entier impairq ∈ Z+ et un polynômep(X) ∈ Z[X1, . . . ,Xn], on défini la fonction booléenneg
sur{0,1}n par

g(x1, . . . , xn) =
{

1 sip(x1, . . . , xn) �≡ 0 (modq)

0 autrement.

SoitPr la measure de comptage normalisée sur{0,1}n.

E-mail address:bourgain@ias.edu (J. Bourgain).
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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La correlation « Corr » entre deux fonctions booléennesf etg est donnée par

Corr(f, g) = ∣∣Pr
[
g(x) = 1|f (x) = 1

] − Pr
[
g(x) = 1|f (x) = 0

]∣∣.
Soit en particulierf la fonction parité. On démontre l’inégalité

Corr(f, g) < 2−Ω(n)

où leΩ(n) dépend deq et du degréd dep(X). Cette estimation reste nontriviale pourd < c(q) logn.
Le résultat se généralise à Corr(MODm,g) où MODm(x1, . . . , xn) = 1 si

∑n
i=1 xi ≡ 0 (modm) et 0 autrement

en supposant maintenant(m,q) = 1.
Ceci répond aux problèmes posés par Alon et Beigel dans [1], où des estimations beaucoup plus faibl

obtenues (par des méthodes très différentes des nôtres). A mentionner que déjà pour un polynôme qu
(d = 2) le résultat est nouveau, sauf pour le casq = 3 (voir [4]). Si p(x) est symétrique, des estimées expon
tielles pour les corrélations furent démontrées dans [2]. Mentionnons également [3] où le problème est étu
un polynôme générique. Le problème des corrélations trouvent son origine dans des questions de com
circuits, comme il est expliqué dans [1]. En combinant l’estimée sur les corrélations avec la lemma de
Maass, Pudlák, Szegedy et Turán (voir [5]), comme dans [1], on obient que la fonction MODm ne peut être calcu
lée par un circuit du type MAJ◦MODq ◦AND0(1) (voir [1] pour détails), MAJ désignant la fonction majoritair
de complexité sub-exponentielle.

1. Statement and reduction to exponential sums

Let f,g be Boolean (i.e. 0,1-valued) functions on{0,1}n with normalized counting measurePr. Define the
‘correlation’

Corr(f, g) = ∣∣Pr
[
g(x) = 1|f (x) = 1

] − Pr
[
g(x) = 1|f (x) = 0

]∣∣. (1)

For a fixed integerm, MODm is defined as

MODm(x1, . . . , xn) =
{

1 if
∑n

i=1 xi ≡ 0 (modm),

0 otherwise
(2)

for x ∈ {0,1}n.
Let p(X) = p(X1, . . . ,Xn) ∈ Z[X1, . . . ,Xn] be a polynomial of degreed .
Define the Boolean functiong on {0,1}n by

g(x1, . . . , xn) =
{

1 if p(x1, . . . , xn) �≡ 0 (modq)

0 otherwise
(3)

whereq is another fixed integer. Assuming(m,q) = 1, our aim is to estimate Corr(MODm,g). We express this
quantity by exponential sums. Thus

Corr(MODm,g) = 2−n
∑

x∈{0,1}n

{[
m−1∑
a=0

em

(
a

(
n∑

i=1

xi

))][
1− 1

q

q−1∑
b=0

eq

(
bp(x)

)]

− m

m − 1

[
1− 1

m

m−1∑
a=0

em

(
a

(∑
xi

))][
1− 1

q

q−1∑
b=0

eq

(
bp(x)

)]}
+ 2−Ω(n)

= 2−n m

m − 1

∑ [
m−1∑

em

(
a

(∑
xi

))][
1− 1

q

q−1∑
eq

(
bp(x)

)] + 2−Ω(n). (4)

x∈{0,1}n a=1 b=0
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Hence∣∣Corr(MODm,g)
∣∣ � 2−Ω(n) + max

1�a<m
1�b<q

|Sa,b| (5)

where

Sa,b = 2−n
∑

x∈{0,1}n
em

(
a

(
n∑

i=1

xi

))
eq

(
bp(x)

)
. (6)

Theorem 1.1. Letm,q be fixed integers and(m,q) = 1. With previous notations

(i) |Sa,b| < 2−Ω(n) for 1� a < m, 1� b < q (7)

hence

(ii )
∣∣Corr(MODm,g)

∣∣ < 2−Ω(n) (8)

whereΩ(n) depends onm,q and the degreed of the polynomial.

Remark 1. With respect to the dependence on the degreed , a nontrivial estimate is obtained providedd <
c
q

logn/m2.

2. Proof of Theorem 1.1

We replace first (6) by an exponential sum over{1,−1}n.
Replacingxi ∈ {0,1} by 1

2(1− yi), yi ∈ {1,−1}, the estimate on (6) results indeed from estimating

S = 2−n
∑

x∈{1,−1}n
e−i π

m
a(

∑n
i=1 xi )eq

(
bp(x)

)
(9)

(sincep(1
2(1− y)) is a polynomial iny of same degreed).

Thus in (9),p(x) is of the form

p(x) =
∑

|β|�d

aβxβ

whereaβ ∈ Zq andxβ = ∏n
i=1 x

βi

i . Our approach proceeds inductively on the degreed of p.
If d = 1, the statement is obvious, since we get an expression of the form

n∏
i=1

cos

(
aπ

m
+ 2aiπ

q

)
(10)

where 1� a < m, ai ∈ Z and hencea
m

+ 2ai

q
/∈ Z.

We perform the inductive step. Write

Sq = 2−nq
∑

x(1),...,x(q)∈{1,−1}n
e−i π

m
a(σ (x1)+···+σ(xq))eq

(
p(x1) + · · · + p(xq)

)
(11)

denotingσ(x) = ∑n
i=1 xi .

For fixedy ∈ {1,−1}n, the mapx → x.y is a permutation of{1,−1}n. Hence
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Sq = 2−nq
∑

x1,...,xq∈{1,−1}n
e−i π

m
a(σ (yx1)+···+σ(yxq))eq

(
p(yx1) + · · · + p(yxq)

)

= 2−nq−n
∑

y,x1,...,xq∈{1,−1}n
e−i π

m
a(σ (yx1)+···+σ(yxq)) eq

(
p(yx1) + · · · + p(yxq)

)

|S|q � 2−nq−n
∑

x1,...,xq∈{1,−1}n

∣∣∣∣ ∑
y∈{1,−1}n

e−i πa
m

(
∑n

i=1(x
1
i +···+x

q
i )yi ) eq

(
p(yx1) + · · · + p(yxq)

)∣∣∣∣. (12)

Fix x1, . . . , xq ∈ {1,−1}n and evaluate the inner sum iny.
Define the set of indices

I = Ix1,...,xq = {i = 1, . . . , n | x1
i = · · · = x

q
i = 1}. (13)

This set is obviously expected to be of size|I | ∼ 2−qn. More precisely

#
{
(x1, . . . , xq) ∈ {1,−1}nq | |Ix1,...,xq | < 2−q−1n

}
< 2nq−c(q)n. (14)

Estimate they-sum in (12) as∑
w∈{1,−1}Ic

∣∣∣∣ ∑
z∈{1,−1}I

e− iπaq
m

∑
i∈I zi eq

(
p(x1y) + · · · + p(xqy)

)∣∣∣∣ (15)

wherez = PIy,w = PIcy.
Next, fix w ∈ {1,−1}I c

and consider

p(x1y) + · · · + p(xqy) =
∑

|β|�d

aβ

[
(x1)β + · · · + (xq)β

]
yβ

as a polynomialP(z) in z.
We claim that(modq) P (z) is of degree at mostd − 1. Indeed, letyβ be a monomial such that|β| = d and

βi = 0 for i /∈ I (hence only dependent on theI -variables). Then, for alls = 1, . . . , q

(x(s))β =
∏
i∈I

(x
(s)
i )βi = 1

and hence

(x(1))β + · · · + (x(q))β = q (16)

so that these monomials do not contribute in the reduction ofP(z)modq. Observe also thataq �≡ 0 (modm) since
(q,m) = 1, hence

aq ≡ a′ ∈ {1, . . . ,m − 1} (modm).

Consequently the inner sum in (15) is of the form∑
z∈{1,−1}I

e−i πa′
m

(
∑

i zi )eq

(
P1(z)

)
(17)

with P1(X) ∈ Z[Xi | i ∈ I ] of degree at mostd − 1.
Defineκd,n as an upperbound on (9) over all 1� a < m andp(X1, . . . ,Xn) ∈ Z[X1, . . . ,Xn] of degree at mostd

(q,m are fixed).
Summarizing the preceding, we proved that

Eq. (15)< 2nκd−1,|I |, (18)

|S|q � 2−nq
∑

κd−1,|I
x1,...,xq | (19)
x1,...,xq∈{1,−1}n



J. Bourgain / C. R. Acad. Sci. Paris, Ser. I 340 (2005) 627–631 631

ma 1

al

129–154.
and recalling also (14)

|S|q < 2−c(q)n + κd−1,n2−q−1. (20)

Therefore, we

κd,n < 2−c(q)n + (κd−1,n2−q−1)
1/q (21)

and (7) follows (as well as Remark 1 below Theorem 1.1).

3. Application to circuit complexity

Combined with the ‘ε-discriminator’ Lemma of Hajnal, Maass, Pudlak, Szegedy and Turan (stated as Lem
in [1]), the Theorem 1.1 implies the following strengthening of Corollary 6 in [1].

Corollary 3.1. Letm andq be fixed integers with(m,q) = 1.
ThenMAJ◦MODq ◦ANDd circuits that computeMODm must have top fanin2Ω(n) with Ω(n) dependent on

m,q andd .
For fixedm,q, the result remains nontrivial as long asd < c logn.
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