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Abstract

This Note is devoted to the study of the Fano manifoldsX obtained by blow-up along a smooth curveC in a complex
projective manifoldY . By the Mori theory, we can ensure the existence of an extremal contractionϕ :X → Z different from
the blow-upπ :X → Y . Here we give the complete classification of the corresponding pairs(Y,C) in the case whereϕ is a
fiber type contraction of relative dimension 2, i.e. the general fibers ofϕ are del Pezzo surfaces. In Tsukioka (Thesis, Na
University 1, 2005), the relative dimension 1 case is also considered.To cite this article: T. Tsukioka, C. R. Acad. Sci. Paris,
Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Fibrations en surfaces de del Pezzo obtenues par éclatement d’une courbe lisse dans une variété projective. Cette
Note est consacrée à l’étude des variétés de FanoX obtenues par éclatement d’une courbe lisseC dans une variété projectiv
complexe et lisseY . D’après la théorie de Mori, on peut assurer l’existence d’une contraction extrémaleϕ :X → Z différente
de l’éclatementπ :X → Y . Ici, on donne la classification complète des paires correspondantes(Y,C) dans le cas oùϕ est de
type fibrant de dimension relative 2, c’est-à-dire quand les fibres générales deϕ sont des surfaces de del Pezzo. Dans Tsuk
(thèse, université Nancy 1, 2005) le cas de dimension relative 1 est aussi étudié.Pour citer cet article : T. Tsukioka, C. R. Acad.
Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version française abrégée

Dans [2] les auteurs ont classifié les variétés complexes dont l’éclatée en un point est de Fano. Une e
naturelle est le problème suivant :

Problème. SoitX l’éclatée d’une variété projective complexe et lisseY le long d’une courbe lisseC. Classifier les
paires(Y,C) telles queX est de Fano (c’est-à-dire le fibré anticanonique−KX est ample).

Le but de cette Note est de donner la classification des paires(Y,C) lorsqueX a une structure d’une fibratio
en surfaces de del Pezzo. On démontre le :

Théorème 0.1. Soitπ :X → Y l’éclatement d’une variété projective complexe et lisse de dimensionn � 4 le long
d’une courbe lisseC. On suppose queX a une contraction extrémaleϕ :X → Z telle que les fibres lisses deϕ sont
des surfaces de del Pezzo(ϕ est donc nécessairement équidimensionnelle). On suppose aussi queϕ est élémentaire
c’est-à-direρ(X) = ρ(Z) + 1 (d’où ρ(Y ) = ρ(Z)). Alors on est exactement dans l’un des cas suivants:

(i) Y est isomorphe àPn etC est une droite;
(ii) Y est isomorphe àQn une hypersurface quadrique dePn+1 et C est une conique(intersection den − 1

sections hyperplanes) ;
(iii) Y est une variété de del Pezzo etC est intersection complète den − 1 sections hyperplanes;
(iv) (seulement pourn = 4) Y est isomorphe àP4 etC est intersection complète de trois quadriques.

D’après [5], pour une variété de FanoY on définit l’indicerY par :

rY := max
{
m ∈ N | il existeH ∈ Pic(Y ) tel que − KY ∼ mH

}
.

Le critère de Kobayashi–Ochiai montre que l’indice des variétés de Fano de dimensionn est majoré parn + 1 et
quePn (resp.Qn) est la seule variété de Fano d’indicen + 1 (resp.n). Les variétés de Fano d’indicen − 1 sont
ditesvariétés de del Pezzoet sont classifiées par [4].

Idée de la démonstration du Théorème 0.1
On noteE le diviseur exceptionnel deπ . Les fibres deπ|E :E → C sont isomorphes àPn−2 et la restriction de

ϕ à une fibre deπ|E est une surjection surZ. D’où ρ(Z) = 1 et par hypothèse, on a aussiρ(Y ) = 1. On noteOY (1)

le générateur ample de Pic(Y ) � Z et on poseH := π∗OY (1).
Soit f une courbe rationnelle minimale de la contractionϕ. Puisque la fibre générale lisseS de ϕ est une

surface de del Pezzo, on a soit : (i)S est isomorphe àP2 et f est une droite deP2, soit : (ii) S est isomorphe à
Q2 et f est une fibre de la projection naturelleQ2 � P1 × P1 → P1, soit : (iii) S est une surface de del Pez
non minimale etf est une(−1)-courbe dans une fibre deϕ. Ainsi, la démonstration du théorème 0.1 se ram
à l’étude de ces trois cas. Le point crucial est l’égalitéH · f = 1. Elle se montre dans le cas (iii) par un argum
complètement numérique alors que dans les cas (i) et (ii) on peut la montrer d’une manière plus géomé
établissant d’abord l’autre égalitéE · f = 1.

CommeX est l’éclatée deY le long d’une courbe, on aKX ∼ π∗KY + (n− 2)E ∼ −rY H + (n− 2)E où rY est
l’indice deY . L’égalitéH · f = 1 nous permet d’avoir :−KX · f + (n − 2)E · f = rY . On rappelle querY � n + 1
par [5]. Donc

(i) si S � P2 (−KX · f = 3), alorsrY = n + 1 c’est-à-direY � Pn ;
(ii) si S � Q2 (−KX · f = 2), alorsrY = n c’est-à-direY � Qn ;

(iii) si S est une surface de del Pezzo non minimale (−KX · f = 1), alors soitrY = n − 1, etY est une variété d
del Pezzo, soitn = 4 etr = 5, et doncY � P4.
Y
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La structure de la courbeC est facilement déterminée par des calculs numériques.

1. Introduction

In [2] the authors classified the complex manifolds whose blow-up at a point is Fano. As a next step it is
to consider the following problem:

Problem. Let Y be a complex projective manifold. Letπ :X → Y be the blow-up along a smooth curveC. Classify
the pairs(Y,C) such thatX is Fano (i.e. the anticanonical bundle−KX is ample).

Remark that by the list of [7], we can determine the pairs(Y,C) in dimension 3. For the toric case the class
cation is known in any dimension (see [9]).

By the Mori theory, we can ensure the existence of an extremal contractionϕ : X → Z to a normal projective
variety, different from the blow-upπ . The purpose of this Note is to give the complete classification of the
(Y,C) in the case where the general fibers ofϕ are of dimension 2. Since dimϕ−1(z) � 2 for all z ∈ Z (see the
argument of [2] Section 2),ϕ is equidimensional. IfS is a smooth fiber ofϕ, S is a del Pezzo surface becau
−KS = (−KX)|S is ample. We will prove the following:

Theorem 1.1. Let π :X → Y be the blow-up of a complex projective manifold of dimension� 4 along a smooth
curveC. We assume thatX has an extremal contractionϕ :X → Z such that the general smooth fiber ofϕ is a del
Pezzo surface(soϕ is necessarily equidimensional). We assume also thatϕ is elemental, i.e.ρ(X) = ρ(Z) + 1 (so
ρ(Y ) = ρ(Z)). Then we have exactly the one of the following:

(i) Y is isomorphic toPn andC is a line;
(ii) Y is isomorphic to a smooth hyperquadricQn in Pn+1 and C is a conic(intersection ofn − 1 hyperplane

sections);
(iii) Y is a del Pezzo manifold andC is a complete intersection ofn − 1 hyperplane sections;
(iv) (n = 4 only) Y is isomorphic toP4 andC is a complete intersection of three quadrics inP4.

Recall that for a Fano manifoldY the indexrY is defined by:

rY := max
{
m ∈ N | there existsH ∈ Pic(Y ) such that− KY ∼ mH

}
.

By definition, rPn = n + 1 andrQn = n. The Kobayashi–Ochiai’s criterion [5] says that the index of then-
dimensional Fano manifolds is bounded above byn + 1 and thatPn (resp.Qn) is the only Fano manifold whos
index is equal ton+ 1 (resp.n). A del Pezzo manifoldis defined as a Fano manifold whose index is equal ton− 1,
and is completely classified (see [4]).

2. Preliminary results on intersection numbers

The exceptional divisor of the blow-upπ :X → Y will be denoted byE. For a pointa ∈ C let Ea := π−1(a) �
Pn−2. Since there exists a surjective mapϕ|Ea :Ea → Z, we getρ(Z) = 1 and by assumption of the theorem, w
have alsoρ(Y ) = 1. We denoteOY (1) (resp.OZ(1)) the ample generator of Pic(Y ) (resp. Pic(Z)). We will use the
notationsH := π∗OY (1) andL := ϕ∗OZ(1). Let f be aminimal rational curve of the contractionϕ, i.e. f is a
rational curve in a fiber ofϕ such that for any curveΓ contracted byϕ we have−KX · f � −KX · Γ . Since the
smooth fiberS of ϕ is a del Pezzo surface, we are in one of the following cases:
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(i) ϕ is aP2-fibration, i.e.S � P2. Sof is a line in a fiber ofϕ and we have−KX · f = 3;
(ii) ϕ is aQ2-fibration, i.e.S � Q2. Sof is a fiber of the natural projectionQ2 � P1 × P1 → P1 and we have

−KX · f = 2;
(iii) ϕ is a non minimal del Pezzo surface fibration, i.e.S is a del Pezzo surface with(−1)-curves. In this casef

is a(−1)-curve in a general fiber and we have−KX · f = 1.

In each case, letT be the deformation space of the rational curvef and(f ) denote the corresponding poi
in T . For t ∈ T the corresponding rational curve is written byft .

Lemma 2.1. If ϕ is a P2-fibration or aQ2-fibration, we haveE · f = 1.

Proof. SupposeE · f � 2. For a general fiberS of ϕ, E ∩ S is an irreducible and reduced curve of degree at l
2 in S � P2 (resp. of bidegree(k, k) with k � 2 in S � Q2) if ϕ is aP2-fibration (resp.Q2-fibration). So we can
take(f0) ∈ T such that Card(E ∩ f0) � 2. Letx1, x2 be two distinct points ofE ∩ f0. Let ai := π(xi) (i = 1,2).
A simple dimension estimate ensures the existence of a curveB ⊂ T such that for allt ∈ B the corresponding
rational curveft meets the two fibersEai

:= π−1(ai) (i = 1,2). So the unionF := ⋃
t∈B ft is a ruled surface

having two exceptional curvesF ∩ Ea1 andF ∩ Ea2, a contradiction. ThereforeE · f = 1. �
In the case of a non minimal del Pezzo surface fibration, it seems difficult to show the equalityE · f = 1,

becauseE · f � 2 does not imply immediately the existence of(f0) ∈ T such that Card(E ∩ f0) � 2. We will use
another lemma:

Lemma 2.2. If ϕ is a non minimal del Pezzo surface fibration, we haveH · f = 1.

Proof. Let e be a line in a fiber ofπ|E :E → C. ThenL ·e = H ·f because these two integers are equal to the o
of the cyclic group Pic(X)/Z[H ] ⊕ Z[L] (see the proof of [8] Theorem 5.1). We now writeL ≡ xπ∗(−KY ) − yE

with x, y ∈ Q. Note thaty = L · e(= H ·f ) ∈ N. So it is sufficient to showy = 1. SinceZ is normal and dominate
byEa � Pn−2, we conclude thatZ is isomorphic toPn−2 using the following three results: (1) if a normal project
varietyZ is dominated by a projective space, thenZ has at most quotient singularities (see [3] Theorem 4.2); (
the extremal contractionϕ :X → Z is equidimensional and ifZ has at most quotients singularities, thenZ is
smooth ([1] Proposition 1.3); (3) if a smooth projective varietyZ is dominated byPm, Z � Pm ([6] Theorem 4.1).
In particularOZ(1)n−2 = 1 and soLn−2 ≡ S. SinceLn−1 ≡ 0, we haveLn−1 · E = 0, Ln−1 · π∗(−KY ) = 0 and
Ln−2 · (−KX)2 = (−KS)2 =: a where 1� a � 7. SinceL ≡ xπ∗(−KY ) − yE, we get


(n − 1)xyn−2d − yn−1δ = 0,

xn−1m − yn−1d = 0,

xn−2m − 2(n − 2)yn−2d − (n − 2)3yn−3(xd) + (n − 2)2yn−2δ = a

wherem := (π∗(−KY ))n = (−KY )n, d := (−1)n(π∗(−KY )) · En−1 = −KY · C andδ := (−1)nEn = degNC/Y

are integers. From these relations we have

xd = yδ/(n − 1) (1)

and

xn−1m = yn−1d, (2)

xn−2m = a + yn−2(2(n − 2)d − (n − 2)2δ/(n − 1)
)
. (3)

By (2) we have(y/x)n = m/d . On the other hand (2) and (3) imply

y = y · xn−2m = a + yn−2(2(n − 2)d − (n − 2)2δ/(n − 1))
.

x xn−1m yn−2d
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Thus (
a/yn−2 + 2(n − 2)d − (n − 2)2δ/(n − 1)

)n−1 = mdn−2 ∈ N.

It follows that

k := a/yn−2 − (n − 2)2δ/(n − 1) ∈ Z. (4)

Finally,

(n − 1)a = yn−2((n − 1)k + (n − 2)2δ
)
. (5)

Recall that 1� a � 7 and thaty ∈ N. Hence we have immediatelyy = 1 if n � 6. To showy = 1 for n = 4
and 5, some more arithmetical arguments will be needed. We only explain the case ofn = 4: we suppose tha
y 
= 1. By (5), we have 3a ≡ 0 (mody2). If y = 2, we get 1= −KX · f = rY H · f − 2(E · f ) = 2(rY − E · f ),
contradiction. So,y = 3 anda = 3 or 6. We have 1= −KX · f = 3rY − 2E · f , so there are three possibilitie
(rY ,E · f ) = (1,1), (3,4) or (5,7). For example,(rY ,E · f ) = (3,4) is not possible: in this case,Y is a del Pezzo
manifold. We getm := (−KY )4 = (3H)4 = 34h whereh := H 4 = 1,2,3,4 or 5 by a result of [4]. By (1),xd = δ

and by (2), 3x3h = d . Let x = p/q (the integersp andq are supposed to be coprime). We have 3p3h = dq3, soq3

divides 3h. But since 1� h � 5, this implies thatq = 1. Hencex = p ∈ Z. We obtain 3x3h = d sod ≡ 0 (mod 3)
and finallyδ = xd ≡ 0 (mod 3). By (4), a/27= k + (4δ/3) ∈ Z, but sincea = 3 or 6, this is a contradiction
Similarly we can easily exclude the other possibilities.�

3. Proof of Theorem 1.1

We prove three propositions (Proposition 3.1, 3.2 and 3.3) which imply Theorem 1.1.

Proposition 3.1. If the general fiber ofϕ is isomorphic toP2, Y is isomorphic toPn andC is a line.

Proof. By Lemma 2.1, for a general pointz ∈ Z, C̃z := E ∩ ϕ−1(z) is a line inϕ−1(z) � P2. Soϕ|E :E → Z is a
P1-fibration andC is isomorphic toP1. ThusE � P1 ×Pn−2. SinceZ is normal, the morphismϕ|E :E → Z (resp.
π|E :E → C) coincides with the natural projectionP1 × Pn−2 → Pn−2 (resp.P1 × Pn−2 → P1). In particular,
ϕ|Ea :Ea → Z andπ|C̃z

: C̃z → C are isomorphisms. So we haveL · e = 1 andπ∗f = π∗C̃z = C. Since Pic(X) =
Z[H ] ⊕ Z[E], there exista, b ∈ Z such thatL ∼ aH + bE. Taking the intersection numbers withe andf we
geta(H · f ) = 1. Thusa = H · f = 1. But now, 3= −KX · f = rY H · f − (n − 2)E · f = rY − (n − 2) and so
rY = n + 1. By [5], Y � Pn. Sinceπ∗f = C, we have:OY (1) · C = H · f = 1 which implies thatC is a line in
Y � Pn. �
Proposition 3.2. If the general fiber ofϕ is isomorphic toQ2, Y is isomorphic toQn andC is a conic.

Proof. The same type of arguments as in the case of aP2-fibration shows that the curvẽCz := E ∩ ϕ−1(z) is
numerically equivalent to 2f andH · f = 1. Now 2= −KX · f = rY H · f − (n − 2)E · f = rY − (n − 2) and so
rY = n. By [5] again,Y � Qn. On the other handOY (1) · C = H · C̃z = H · (2f ) = 2. This implies thatC is a
conic inY � Qn. �
Proposition 3.3. If the general fiber ofϕ is a del Pezzo surface with(−1)-curves, then eitherY is a del Pezzo
manifold andC is a complete intersection ofn − 1 members of|OY (1)| or Y is isomorphic toP4 and C is a
complete intersection of three quadrics inP4.
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Proof. By Lemma 2.2 we have−KX · f = rY H · f − (n − 2)E · f = rY − (n − 2)E · f. Since−KX · f = 1 and
rY � n + 1 by [5] we getE · f � n/(n − 2). This implies that: ifn � 5, E · f = 1, and ifn = 4, E · f = 1 or 2. If
E · f = 1, Y is a del Pezzo manifold becauserY = n − 1. Taken − 1 general membersL1, . . . ,Ln−1 of the linear
system|L|. LetMi := π(Li) (i = 1, . . . , n−1). SinceL ∼ H −E, Mi = π(Li) ∈ |OY (1)|. We haveC ⊂ M1∩· · ·∩
Mn−1. On the other hand, 0= H · Ln−1 = H · (H − E)n−1 = Hn + (−1)n−1H · En−1 = OY (1)n −OY (1) · C so
OY (1)n = OY (1) ·C, and thereforeC ≡ OY (1)n−1. Thus,C = M1∩· · ·∩Mn−1 is a complete intersection. Ifn = 4
andE · f = 2, by Kobayashi-Ochiai’s criterion,Y � P4 becauserY = 5. Take three general membersL1,L2,L3
of |L|, and letQi := π(Li) (i = 1,2,3). SinceL ∼ 2H −E (becauseE ·f = 2),Qi = π(Li) ∈ |OP4(2)|. We have
C ⊂ Q1 ∩ Q2 ∩ Q3. On the other hand, 0= H · L3 = H · (2H − E)3 = 8H 4 − H · E3 = 8(OP4(1))4 −OP4(1) · C
henceC ≡ (OP4(2))3. Thus,C = Q1 ∩ Q2 ∩ Q3 is a complete intersection.�
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