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Abstract

In this Note, we give a simple elementary proof to Wiener’s lemma for infinite matrices with polynomial off-diagonal
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Résumé

Le lemme de Wiener pour matrices infinies a decroissance polynomiale des termes non-diagonaux.Dans cette Note
nous donnons une preuve elementaire du lemme de Wiener pour les matrices infinies a decroissance polynomiale
non-digonaux.Pour citer cet article : Q. Sun, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

The classical Wiener’s lemma states thatif a periodic function f has an absolutely convergent Fourier series
and never vanishes, then 1/f has an absolutely convergent Fourier series.

Let �p, 1� p � ∞, be the space of allp-summable sequences onZd equipped with usual norm‖ · ‖�p , denote
byB2 the space of all bounded operators on�2 equipped with usual operator norm‖ · ‖B2, and defineW := {(a(i −
j))i,j∈Zd :

∑
j∈Zd |a(j)| < ∞} with a norm‖A‖W := ∑

j∈Zd |a(j)| for every matrixA = (a(i − j))i,j∈Zd ∈ W .
An equivalent formulation of the classical Wiener’s lemma involving matrix algebra can be stated as fo
A ∈ W and A−1 ∈ B2 imply A−1 ∈ W .

The classical Wiener’s lemma and its various generalizations (see, for instance, [3,8,9,12–14]) are impo
have numerous applications, for instance, in numerical analysis [4,17,18], wavelets and affine frames [5,1
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frequency analysis [2,10–13,19], shift-invariant spaces and polynomial spline spaces [1,8,15,19], and non
sampling [6,19]. Unlike the matrix algebraW associated with the classical Wiener’s lemma, which iscommutative,
the matrix algebras in the study of spline approximation and projection [7,8], affine and Gabor frame [2,5,
and non-uniform sampling [6,19] areextremely non-commutative. But for various purposes, we still expect th
those matrix algebras have the above property that the matrix algebraW has.

Forp ∈ [1,∞] andα ∈ R, let

Qp,α := {
A := (

A(i, j)
)
i,j∈Zd : ‖A‖p,α < ∞}

, (1)

where

‖A‖p,α := sup
i∈Zd

∥∥(
A(i, j)

(
1+ |i − j |)α)

j∈Zd

∥∥
�p + sup

j∈Zd

∥∥(
A(i, j)

(
1+ |i − j |)α)

i∈Zd

∥∥
�p . (2)

For p = ∞, we see thatA = (A(i, j))i,j∈Zd ∈ Q∞,α if and only if |A(i, j)| � ‖A‖∞,α(1 + |i − j |)−α for all
i, j ∈ Zd . Because of the above interpretation of matrices inQp,α for p = ∞, we call matrices inQp,α to have
polynomial off-diagonal decay.

For the matrix algebraQp,α with p = ∞ andα > d , Jaffard use a rather delicate bootstrap argument to p
thatA ∈ Q∞,α and A−1 ∈ B2 imply A−1 ∈ Q∞,α [14]. For the matrix algebraQp,α with p = 1 andα > 0, Barnes
use the Banach algebra technique to show thatA ∈ Q1,α and A−1 ∈ B2 imply A−1 ∈ Q1,α (see [3] forα ∈ (0,1]
and [13] for anyα > 0). In this Note, we study the matrix algebraQp,α with 1 � p � ∞ andα > d(1− 1/p) and
give a simple elementary proof to the following Wiener’s lemma.

Theorem 1.1.Let 1� p � ∞ and α > d(1− 1/p). Then A ∈ Qp,α and A−1 ∈ B2 imply A−1 ∈ Qp,α .

More general formulation of the above Wiener’s lemma and its applications to frames and sampling
discussed in the subsequent paper [19].

2. Proof of Theorem 1.1

To prove Theorem 1.1, we need the following lemma.

Lemma 2.1.Let 1� p � ∞ and α > d(1− 1/p). Then there exist positive constants C1 and C2 such that

‖An‖p,α � C1

(
C2

‖A‖p,α

‖A‖B2

) 2−θ
1−θ

nlog2(2−θ)(‖A‖B2

)n (3)

holds for all A ∈ Qp,α and n � 1, where θ = 1− d
2α−2d(1/2−1/p)

.

Proof. By Hölder inequality,

‖A‖1,0 � C‖A‖p,α for all A ∈ Qp,α. (4)

Here and hereafter, the letterC denotes an absolute constant which could be different at different occurrence
By the definition of the operator norm‖ · ‖B2,

‖A‖2,0 � ‖A‖B2 � ‖A‖1,0 for all A ∈ Q1,0. (5)

For anyA = (A(i, j))i,j∈Zd andB = (B(i, j))i,j∈Zd in Qp,α ,

‖AB‖p,α � 2α‖A‖p,α‖B‖1,0 + 2α‖A‖1,0‖B‖p,α, (6)

by Hölder inequality and the following estimate:
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∣∣(AB)(i, j)
∣∣(1+ |i − j |)α � 2α

∑
k∈Zd

∣∣A(i, k)
∣∣(1+ |i − k|)α∣∣B(k, j)

∣∣

+ 2α
∑
k∈Zd

∣∣A(i, k)
∣∣∣∣B(k, j)

∣∣(1+ |k − j |)α
.

Let θ1 = (α − d(1/2− 1/p))−1 andτ = (‖A‖p,α)θ1(‖A‖B2)−θ1. Then
∑
k∈Zd

∣∣A(i, k)
∣∣ �

∑
|i−k|�τ

∣∣A(i, k)
∣∣ +

∑
|i−k|�τ

∣∣A(i, k)
∣∣ � Cτd/2‖A‖2,0 + Cτ−α+d(1−1/p)‖A‖p,α

� Cτd/2‖A‖B2 + Cτ−α+d(1−1/p)‖A‖p,α = 2C
(‖A‖B2

)1−dθ1/2(‖A‖p,α

)dθ1/2

by (4) and (5), which yields

‖A‖1,0 � C
(‖A‖B2

)1−dθ1/2(‖A‖p,α

)dθ1/2 for all A ∈ Qp,α. (7)

Combining (6) and (7) leads to the following compensated compactness estimate:

‖A2‖p,α � C‖A‖2−θ
p,α ‖A‖θ

B2 for all A ∈ Qp,α. (8)

Applying (4), (6), and (8), and using‖An‖B2 � ‖A‖n
B2 for n � 1, we obtain the following for anyn � 1:

‖A2n‖p,α � D
(‖An‖p,α

)2−θ (‖A‖B2

)nθ
,

and

‖A2n+1‖p,α � D‖A‖p,α

(‖An‖p,α

)2−θ (‖A‖B2

)nθ
,

whereD � 1 is a positive constant independent ofA ∈ Qp,α andn � 1. Thus the sequence{bn}, to be defined by
bn = D1/(1−θ)‖An‖p,α(‖A‖B2)−n, n � 1, satisfies

b2n � b2−θ
n and b2n+1 � b1b

2−θ
n for all n � 1.

By induction, we have the following upper bound estimate to the sequence{bn}:

bn � b

∑l
i=0 εi (2−θ)i

1 � b
2−θ
1−θ

nlog2(2−θ)

1

for n = ∑l
i=0 εi2i , whereεi ∈ {0,1},0� i � l. Therefore (3) follows. �

Remark 1.For the special case thatp = 1, α = 0, andA = (q(j −j ′))j,j ′∈Z with
∑

j∈Z q(j)e−ijξ being reciproca
of a trigonometric polynomialQ, Newman proved the following better estimate than the one in (3) for theQ1,0
norm ofAn: ‖An‖1,0 � Cn2‖A‖n

B2 for all n � 1, whereC is a positive constant depending on the degree of
polynomialQ. That estimate is crucial for Newman’s elementary proof of the classical Wiener’s lemma [16

Now we start to prove Theorem 1.1.

Proof of Theorem 1.1. For anyA = (A(i, j))i,j∈Zd ∈ Qp,α , we define its transposeA∗ by A∗ := (A(j, i))i,j∈Zd .
ThenA∗A ∈ Qp,α by (4), (6), and the fact that‖A∗‖p,α = ‖A‖p,α . This, together with the fact thatA∗A is a
positive operator on�2 by the assumption on the matrixA, implies that

A∗A = ‖A∗A‖B2(I − B) (9)

for someB ∈ B2 with

‖B‖ < 1 and ‖B‖ < ∞, (10)
B2 p,α
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whereI is the identity operator on�2. By (10) and Lemma 2.1, we obtain

∥∥(I − B)−1
∥∥

p,α
�

∞∑
n=0

‖Bn‖p,α �
∞∑

n=0

C1

(
C2

‖B‖p,α

‖B‖B2

) 2−θ
1−θ

nlog2(2−θ)(‖B‖B2

)n
< ∞. (11)

The conclusionA−1 ∈ Qp,α then follows from (4), (6), (9), (11), and the fact thatA−1 = (A∗A)−1A∗. �
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