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Abstract

Given a four-dimensional manifold(M,g), we study the existence of a conformal metric for which theQ-curvature, asso
ciated to a conformally invariant fourth-order operator (the Paneitz operator), is constant. Using a topological argum
obtain a new result in cases which were still open.To cite this article: Z. Djadli, A. Malchiodi, C. R. Acad. Sci. Paris, Ser. I
340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Un théorème d’uniformisation d’ordre 4 sur certaines variétés de dimension 4 à large Q-courbure totale. Etant don-
née une variété riemannienne compacte de dimension 4, on étudie l’existence d’une métrique conforme, pour la
Q-courbure, associée à un opérateur d’ordre 4 (l’opérateur de Paneitz) est constante. En utilisant un argument top
nous obtenons des résultats nouveaux dans des cas auparavant encore ouverts.Pour citer cet article : Z. Djadli, A. Malchiodi,
C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Sur une variété(M,g) de dimension 4, l’opérateur de PaneitzPg et laQ-courbure associée sont des extensi
naturelles de l’opérateur de Laplace–Beltrami et la courbure de Gauss sur les surfaces, plus particulièr
ce qui concerne les propriétés conformes. Une question basique est de trouver dans la classe conformeg une
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métrique àQ-courbure constante, ce qui conduit à la résolution d’une équation elliptique d’ordre 4 à non-li
exponentielle.

Ce problème a été entièrement résolu dans le cas où
∫
M

Qg dVg < 8π2 par Chang et Yang [4] en utilisant un
méthode de minimisation. Dans cette note nous présentons nos résultats dans certains cas où

∫
M

Qg dVg > 8π2, en
utilisant une méthode de mini–max.

1. Introduction

On four-dimensional manifolds, there exists a geometric quantity, theQ-curvature, which enjoys propertie
analogous to the Gauss curvature in dimension two. In particular, it is also related to a conformally in
operator and, once integrated, it gives information on the geometry and the topology of the manifold.g
denotes the Ricci tensor of a four-manifold(M,g) andRg the scalar curvature, theQ-curvatureQg of (M,g) is
defined by, see [2]

Qg = − 1

12

(
�gRg − R2

g + 3|Ricg |2). (1)

We point out that the above definition is not universally adopted and might sometimes differ by a factor
associated conformally invariant operatorPg , introduced first by Paneitz, see [10], is defined as

Pg(ϕ) = �2
gϕ + div

(
2

3
Rgg − 2 Ricg

)
dϕ, (2)

whereϕ is any smooth function onM . Given a conformal metric̃g = e2wg, one has

Pg̃ = e−4wPg; Pgw + 2Qg = 2Qg̃ e4w. (3)

Also, if Wg denotes the Weyl’s tensor ofM , there holds∫
M

(
Qg + |Wg|2

8

)
dVg = 4π2χ(M). (4)

In particular, since|Wg|2 dVg is a pointwise conformal invariant, it follows that the integral ofQg overM is also
a conformal invariant, and we denote it by

kP =
∫
M

Qg dVg.

As for the Gauss curvature in two dimensions, it is natural to study the uniformization problem, that is
whether on a given 4-manifold(M,g) there exists a conformal metric of constantQ-curvature. In view of (3), the
problem is equivalent to solving the following non-linear partial differential equation

Pgu + 2Qg = 2kP e4u onM. (5)

Solutions of (5) can be found as critical points of the Euler functional

II (w) = 〈Pgw,w〉 + 4
∫
M

Qgw dVg − kP log
∫
M

e4w dVg; w ∈ H 2(M). (6)

A first affirmative answer to the question was given by Chang and Yang [4] under the conditionkP < 8π2 and
assuming thatPg is a non-negative operator whose kernel only consists of the constant functions. Unde
conditions, from the following inequality due to Adams, [1], see also [4]

log
∫

e4(u−ū) dVg � C + 1

8π2
〈Pgu,u〉, (7)
M
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the functionalII is coercive onH 2(M) (modulo constants) and solutions can be obtained via minimization.
same result was later extended to higher dimensions by Brendle, [3], via a flow approach. By a work of
[7], the above conditions are satisfied on four-manifolds of positive Yamabe class for whichkP > 0.

In the present Note, we make a different assumption onkP , namely we consider the case in whichkP ∈
(8π2,16π2). SupposeM = Σ1×Σ2, whereΣ1,Σ2 are surfaces with genusg1, g2 � 2, endowed with the Poincar

metric. Then, using the Gauss–Bonnet theorem, one easily finds that in this casekP = 16π2

3 (g1 −1)(g2 −1). Hence
some perturbations of the metric on these manifolds, for small values ofg1, g2, will satisfy the assumptions of ou
result, which is the following.

Theorem 1.1. SupposekerPg = {constants}, and assume thatkP ∈ (8π2,16π2). Then there exists a metric̃g
conformal tog with constant(and positive) Q-curvature.

For reasons of brevity we give the proof only whenPg has no negative eigenvalues, referring for complete
to [6], which contains the more general existence result:

Theorem 1.2. SupposekerPg = {constants}, and assume thatkP �= 8kπ2, for k = 1,2,3, . . . . Then there exists
metric g̃ conformal tog with constantQ-curvature.

Our method is based on a minimax argument related to that in [5], and combined with the following a
result, proved in [9].

Theorem 1.3. SupposekerPg = {constants}, and that(ul)l is a sequence of solutions of

Pgul + 2Ql = 2kl e4ul onM, (8)

for which
∫
M

e4ul dVg = 1. Herekl = ∫
M

Ql dVg and we assume thatQl → Q0 in C0(M) with k0 := ∫
M

Q0 dVg �=
8kπ2 for k = 1,2,3, . . . . Then(ul)l is bounded inCα(M) for anyα ∈ (0,1).

2. Proof of Theorem 1.1 for Pg � 0

First we give a characterization of the functionsu ∈ H 2(M) on which the functionalII attains large negativ
values. The next result is a particular case of Lemma 2.4 in [6].

Lemma 2.1. Under the assumptions of Theorem1.1 (in the casePg � 0), the following property holds. For an
ε > 0 and anyr > 0 there exists a large positiveL = L(ε, r) such that for everyu ∈ H 2(M) with II(u) � −L there
existspu ∈ M with∫

M\Br(pu)

e4u dVg < ε. (9)

Lemma 2.1 allows us to embed continuously suitable sublevels ofII into M .

Lemma 2.2. There exists a largeL > 0 and a continuous mapΦ from {II � −L} ⊆ H 2(M) into M .

Proof. Since the functionalII is invariant under the translations inw, we can assume that theH 2 functions we are
dealing with satisfy the volume normalization

∫
M

e4w dVg = 1. By Whitney’s theorem, there existsm ∈ N and a
diffeomorphismΩ :M → M, whereM is a smooth submanifold ofRm. First we define the map̃Φ :H 2(M) →
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M
Ω(x)e4u(x) dVg(x), which is continuous, as one can check using (7) and some eleme

estimates. We are going to prove the following claim

for everyδ > 0 there existsLδ > 0 such thatII (u) � −Lδ implies dist
(
Φ̃(u),M

)
< δ. (10)

To prove this claim we letε = δ
2

1
diam(M)

, r = δ
2

1
‖dΩ‖ , and we apply Lemma 2.1 with these values ofε and r .

Then, if II (u) � −L(ε, r), we obtain a pointpu such that (9) holds. By our normalization we can wr
Φ̃(u) − Ω(pu) = ∫

Br (pu)
(Ω(x) − Ω(pu))e4u(x) dVg(x) + ∫

M\Br(pu)
(Ω(x) − Ω(pu))e4u(x) dVg(x). This implies

‖Φ̃(u)−Ω(pu)‖ � r‖dΩ‖+ ε diam(M) � δ, and hence (10) follows. Choosingδ sufficiently small, there exists
continuous projectionT from aδ-neighborhood ofM ontoM. Now it is sufficient to defineLδ = L(ε, r) andΦ as

Φ(u) = T ◦ Φ̃(u); u ∈ H 2(M), u ∈ {II � −L}.
This map is clearly continuous, so the proof is concluded.�

The next step consists in finding a map(x,λ) 	→ ϕλ,x ∈ H 2(M), λ > 0 andx ∈ M , on which image the func
tional II attains large negative values.

Proposition 2.3. For λ ∈ R sufficiently large, there exists a mapϕλ,· :M → H 2(M) with the following properties

(a) II (ϕλ,·) → −∞ asλ → +∞ uniformly onM ;
(b) Φ ◦ ϕλ,· is homotopic to the identity.

Proof. For δ > 0 small, consider a smooth cut-off functionχδ :R+ → R satisfying the following properties


χδ(t) = t, for t ∈ [0, δ];
χδ(t) = 2δ, for t � 2δ;
χδ(t) ∈ [δ,2δ], for t ∈ [δ,2δ].

(11)

Then, givenx ∈ M andλ > 0, we define the functionϕλ,x :M → R by

ϕλ,x(y) = log

(
2λ

1+ λ2χ2
δ (dist(y, x))

)
, (12)

where dist(·, ·) denotes the distance function onM . This implies immediately∫
M

exp
(
4ϕλ,x(y)

)
dVg(y) =

∫
M

(
2λ

1+ λ2χ2
δ (dist(y, x))

)4

dVg(y).

We divide the above integral into the metric ballBδ(x) and its complement. By construction ofχδ , working in
normal coordinates centered atx, we have (forδ sufficiently small)∫

Bδ(x)

(
2λ

1+ λ2χ2
δ (dist(y, x))

)4

dVg(y) =
∫

BR4
δ (0)

(
1+ O(δ)

)( 2λ

1+ λ2|y|2
)4

dy

=
∫

BR4
λδ (0)

(
1+ O(δ)

)( 2

1+ |y|2
)4

dy = (
1+ O(δ)

)(8

3
π2 + O

(
1

λ4δ4

))
.

On the other hand, for dist(y, x) � δ there holds( 2λ

1+λ2χ2
δ (dist(y,x))

)4 � ( 2λ

1+λ2δ2 )4. Hence, from the last two formula

we deduce∫
exp

(
4ϕλ,x(y)

)
dVg(y) = 8

3
π2 + O(δ) + O

(
1

λ4δ4

)
+ O

(
2λ

1+ λ2δ2

)4

. (13)
M
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Next we estimate the term
∫
M

Qg(y)ϕλ,x(y)dVg(y). We note thatϕλ,x = log 2λ

1+4δ2λ2 on M \ B2δ(x) and

that log 2λ

1+4δ2λ2 � ϕλ,x � log 2λ on B2δ(x). Writing
∫
M

Qg(y)ϕλ,x(y)dVg(y) = log 2λ

1+4δ2λ2

∫
M

Qg dVg +∫
M

Qg(y)(ϕλ,x(y) − log 2λ

1+4δ2λ2 )dVg(y), from the last three formulas it follows that∫
M

Qg(y)ϕλ,x(y)dVg(y) = kP log
2λ

1+ 4δ2λ2
+ O

(
δ4 log(1+ 4δ2λ2)

)
. (14)

Finally we estimate
∫
M

ϕλ,xPgϕλ,x for large values ofλ. With elementary computations we find

∇j ϕλ,x(y) = − λ2∇jχ
2
δ (dist(x, y))

1+ λ2χ2
δ (dist(x, y))

;

∇i∇j ϕλ,x(y) = −λ2∇i∇jχ
2
δ (dist(x, y))

1+ λ2χ2
δ (dist(x, y))

+ λ4∇iχ
2
δ (dist(x, y))∇jχ

2
δ (dist(x, y))

(1+ λ2χ2
δ (dist(x, y)))2

.

These equations imply in particular�ϕλ,x(y) = − λ2�χ2
δ (dist(x,y))

1+λ2χ2
δ (dist(x,y))

+ λ4|∇χ2
δ (dist(x,y))|2

(1+λ2χ2
δ (dist(x,y)))2 . For dist(x, y) � δ there

holds�ϕλ,x(y) = −4λ2 2+λ2|y−x|2
(1+λ2|y−x|2)2 + O(

δ4λ4 dist2(x,y)

(1+λ2 dist2(x,y))4 ), and|∇ϕλ,x |(y) � C
λ2 dist(x,y)

1+λ2 dist2(x,y)
. Using a change o

variables as before, we get∫
Bδ(x)

(
�ϕλ,x(y)

)2 dVg(y) = 16
∫

Bλδ(0)

(2+ |y|2)2

(1+ |y|2)4
+ O(δ4) = 32π2 log(λδ) + O(δ4);

∫
Bδ(x)

|∇ϕλ,x |2 � C

λ2

∫
Bλδ(0)

|y|2
(1+ |y|2)2

� Cδ2.

On the other hand forδ � dist(x, y) � 2δ andλ large there holds

∣∣∇ϕλ,x(y)
∣∣ � C

λ2δ

1+ λ2δ2
� C

δ
; ∣∣�ϕλ,x(y)

∣∣ � Cλ2

1+ λ2δ2
+ Cλ4δ2

(1+ λ2δ2)2
� C

δ2
.

Sinceϕλ,x is constant outsideB2δ(x), from the last estimates and (2) we deduce
∫
M

ϕλ,x(y)Pgϕλ,x(y)dVg(y) �
32π2 logλ + C. Finally, from (13), (14) and the last formula it follows thatII (ϕλ,x) � 32π2 logλ − 4kP logλ +
Cδ4 logλ + C → −∞ asλ → +∞. This concludes the proof of (a).

The statement (b) is an easy consequence of the definition ofΦ and (12). �
We now define the minimax scheme which provides existence of solutions for (5). LetM̃ denote the (con

tractible) cone overM , which can be represented as̃M = (M × [0,1])/(M × {1}), so∂M̃ = M × {0} � M . Fixing
λ sufficiently large, we define the following set of maps

Θλ = {
θ : M̃ → H 2(M): θ is continuous andθ

(
M × {0}) = ϕλ,·

}
.

Then we have the following properties.

Lemma 2.4. For everyλ large the setΘλ is non-empty and moreover, letting

Θλ = inf
θλ∈Θλ

sup
m∈M̃

II
(
θλ(m)

)
, there holdsΘλ > −∞.

Proof. To prove thatΘλ �= ∅, we just notice that the following map

θ̄ (x, t) =
{

ϕ2(1−λ)t+λ,x, for t ∈ [0,1/2];
2
(
(2− ϕ )t + (ϕ − 1)

)
for t ∈ [1/2,1]; (x, t) ∈ M̃,
1,x 1,x
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belongs toΘλ. Assuming by contradiction thatΘλ = −∞, we could apply Lemma 2.2 to obtain a continuo
mapΨ : M̃ → M , with Ψ |∂M̃ homotopic to the identity onM . But then the mapH :M × [0,1] → M defined as
H(·, t) = Ψ (·, t) would be an homotopy between a constant map and a map homotopic to the identity onM , which
is impossible sinceM is not contractible. It follows thatΘλ > −∞. �

By classical arguments, the scheme described before yields a Palais–Smale sequence(ul)l . Because of the
translation invariance ofII we can assume that

∫
M

e4ul dVg = 1. We now use a procedure from [11], also us
in [5,8] and [12]. Forρ in a neighborhood of 1, we define the functionalII ρ :H 2(M) → R in the following
way II ρ(u) = 〈Pgu,u〉 + 4ρ

∫
M

Qg dVg − 4ρkP log
∫
M

e4u dVg , whose critical points give rise to solutions of t
equation

Pgu + 2ρQg = 2ρkP e4u in M. (15)

One can then define the minimax scheme for different values ofρ and prove boundedness of some Palais–Sm
sequence forρ belonging to a setΛ which is dense in some neighborhood of 1, see [6]. This implies solvabili
(15) for ρ ∈ Λ. We then apply Theorem 1.3, withQl = ρlQg , where(ρl)l ⊆ Λ andρl → 1, obtaining a solution
to (5).
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