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Abstract

We generalize the classical Rayleigh–Faber–Krahn inequality to the case of the Dirichlet Laplacian with a drift. W
solve some optimization problems for the principal eigenvalue of the operator−� + v · ∇ in a fixed domain with a control o
the driftv in L∞. To cite this article: F. Hamel et al., C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une inégalité isopérimétrique pour la valeur propre principale du laplacien avec transport.Nous généralisons l’inéga
lité classique de Rayleigh–Faber–Krahn au cas du laplacien Dirichlet avec un terme de transport. Nous résolvons éga
problèmes d’optimisation pour la valeur propre principale de l’opérateur−� + v · ∇ dans un domaine fixé et avec un contrô
L∞ sur le terme de transportv. Pour citer cet article : F. Hamel et al., C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On noteλ1(Ω) la première valeur propre du laplacien−� avec la condition au bord de Dirichlet dans
domaine bornéΩ ⊂ R

n. L’inégalité classique de Rayleigh–Faber–Krahn [7,10,11,17] affirme que

λ1(Ω) � λ1(Ω
∗) = |Ω|−2/nα

2/n
n j2

n/2−1,1, (1)

où |Ω| est la mesure de Lebesgue deΩ , αn = πn/2/�(n/2+1) la mesure de Lebesgue de la boule unité euclidie
deR

n etjm,1 le premier zéro strictement positif de la fonction de BesselJm. On désignera toujours parΩ∗ la boule
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euclidienne centrée en 0 et telle que|Ω∗| = |Ω|. Beaucoup d’autres problèmes d’optimisation pour les au
valeurs propres de−� ont été résolus par la suite.

On s’intéresse ici à un problème de minimisation de la première valeur propre d’un opérateurnon auto-adjoint,
le laplacien Dirichletauquel on ajoute un terme de transport. On noteC l’ensemble des ouverts connexes bor
de R

n de classeC2,α pour unα ∈ (0,1). Si Ω ∈ C et v :Ω → R
n est une fonction mesurable, on dit quev ∈

L∞(Ω,R
n) si |v| (la norme euclidienne dev) appartient àL∞(Ω), et on note‖v‖∞ la normeL∞ de|v|. Pour tout

Ω ∈ C et toutv ∈ L∞(Ω,R
n), on noteλ1(Ω,v) la première valeur propre de l’opérateurL = −� + v · ∇ avec

condition au bord de Dirichlet. On a le résultat suivant :

Théorème 0.1.Pour tousn � 1, Ω ∈ C, τ � 0 et v ∈ L∞(Ω,R
n) vérifiant‖v‖∞ � τ , on a

λ1(Ω,v) � λ1(Ω
∗, τer ), (2)

oùer(x) = x/|x| pour toutx �= 0. De plus, l’égalité n’a lieu dans(2) que si, à translation près,Ω = Ω∗ etv = τer ,
c’est-à-dire s’il existex0 ∈ R

n tel que(Ω,v) = (x0 + Ω∗, τer (. − x0)).

Le Théorème 0.1 généralise la première conjecture de Rayleigh au cas du laplacien Dirichlet avec tran
corollaire, on obtient une inégalité de type Faber–Krahn pour ces opérateurs : il existe une fonctionFn : (0,+∞)×
[0,+∞) → (0,+∞), donnée parFn(m, τ) = λ1(B(m/αn)1/n , τer ), telle que

λ1(Ω,v) � Fn

(|Ω|,‖v‖∞
)

pour toutΩ ∈ C et toutv ∈ L∞(Ω,R
n) (on désigne parBr la boule euclidienne centrée en 0 et de rayonr). On

prouve aussi queF1(m, τ) ∼ τ2 e−τm/2 quandτ → +∞, queFn(m, τ) > F1(2(m/αn)
1/n, τ ) pour tousn � 2,

m > 0 etτ � 0, et que logFn(m, τ) ∼ −τ(m/αn)
1/n quandτ → +∞.

Un résultat intermédiaire dans la preuve du Théorème 0.1, intéressant en lui-même, concerne l’optimis
λ1(Ω,v) lorsqueΩ est fixé et que la normeL∞ dev est contrôlée. Posons, pour toutτ � 0,

λ(Ω, τ) = inf‖v‖∞�τ
λ1(Ω,v) et λ̄(Ω, τ) = sup

‖v‖∞�τ

λ1(Ω,v).

Théorème 0.2.On fixeΩ ∈ C (de classeC2,α pour un0< α < 1) et τ � 0. Il existe un uniquev ∈ L∞(Ω) (resp.
v̄ ∈ L∞(Ω)) avec‖v‖∞ � τ (resp.‖v̄‖∞ � τ) tel que

λ(Ω, τ) = λ1(Ω,v ) (resp.λ(Ω, τ) = λ1(Ω,v )).

De plus,|v| = τ (resp. |v̄| = τ ) p.p. dansΩ , la fonction propre associéeϕ (resp. ϕ̄) estC2,α(Ω) et v · ∇ϕ =
−τ |∇ϕ| (resp.v̄ · ∇ϕ̄ = +τ |∇ϕ̄|) dansΩ . La fonctionϕ (resp.ϕ̄) est solution du problème non linéaire:

−�ϕ − τ |∇ϕ| = λ(Ω, τ)ϕ dansΩ (3)

(resp. − �ϕ̄ + τ |∇ϕ̄| = λ̄(Ω, τ)ϕ̄ dansΩ). (4)

Enfin, siψ est une fonctionC2,α(Ω) telle queψ > 0 dansΩ , ψ = 0 sur ∂Ω et siµ ∈ R est tel que(3) (resp.(4))
soit satisfaite avecψ etµ au lieu deϕ etλ(Ω, τ) (resp.ϕ̄ et λ̄(Ω, τ)), alorsψ = ϕ (resp.ψ = ϕ̄) à une constante

mutiplicative près, etµ = λ(Ω, τ) (resp.µ = λ̄(Ω, τ)). De plus, siΩ = Br , alors v = τer , v̄ = −τer et les
fonctions propres correspondantesϕ et ϕ̄ sont radiales et décroissantes dansBr .

La preuve du Théorème 0.2 repose sur le principe du maximum et le lemme de Hopf, tandis que
Théorème 0.1 utilise le Théorème 0.2 et un procédé non standard de symétrisation des fonctions [8].



F. Hamel et al. / C. R. Acad. Sci. Paris, Ser. I 340 (2005) 347–352 349

in

)

lues, or
ditions
eumann

d 3 [3]

t eigen-
ted

placian

ins [4],

irich-

can
1. Introduction and main result

Call λ1(Ω) the first eigenvalue of the Laplacian−� with Dirichlet boundary condition, in a bounded doma
of R

n. The classical Rayleigh–Faber–Krahn inequality states that

λ1(Ω) � λ1(Ω
∗) = |Ω|−2/nα

2/n
n j2

n/2−1,1, (5)

where |Ω| is the Lebesgue measure ofΩ , jm,1 the first positive zero of the Bessel functionJm and αn =
πn/2/�(n/2 + 1) is the Lebesgue measure of the unit open Euclidean ballB1 in R

n. From now on,Ω∗ denotes
the ballBR of R

n with center 0 and radiusR such that|Ω∗| = |Ω| (R = (|Ω|/αn)
1/n). Furthermore, equality (5

holds only whenΩ is a ball. This result was first conjectured by Rayleigh ([17], 1894/1896) forn = 2, and proved
independently by Faber ([7], 1923) and Krahn ([10], 1925) forn = 2, and by Krahn for alln ([11], 1926).

After these works, many papers dealt with the questions of bounding or optimizing the other eigenva
some functions of the eigenvalues, of the Dirichlet Laplacian [1,2,5,6,9,12,14–16]. Other boundary con
have been considered (see for instance [18,19] for the optimization of the second eigenvalue of the N
Laplacian). Lastly, for the Rayleigh clamped plate problem (to minimize the first eigenvalue of�2 in a domain
with given measure with Dirichlet–Neumann boundary conditions), it is known that in dimensions 2 [13] an
the minimum is achieved for, and only for, the ball.

All above problems concern self-adjoint operators. Here, we address the question of minimizing the firs
value of thenon-self-adjointDirichlet Laplacianwith a drift in a domain. By ‘domain’, we mean an open connec
subset ofRn, and we denote byC the set of all bounded domains ofR

n which are of classC2,α for some 0< α < 1.
If Ω ∈ C andv :Ω → R

n is measurable,|v| will denote the Euclidean norm ofv, and we say thatv ∈ L∞(Ω,R
n)

if |v| ∈ L∞, and denote by‖v‖∞ theL∞ norm of|v|. For anyΩ ∈ C andv ∈ L∞(Ω,R
n), letλ1(Ω,v) > 0 denote

the principal Dirichlet eigenvalue ofL = −� + v · ∇.
Our main result is the following:

Theorem 1.1.For anyn � 1, Ω ∈ C, τ � 0 andv ∈ L∞(Ω,R
n) satisfying‖v‖∞ � τ , one has

λ1(Ω,v) � λ1(Ω
∗, τer ), (6)

whereer(x) = x/|x| for all x �= 0. Moreover, equality holds in(6) only when, up to translation,Ω = Ω∗ and
v = τer , namely when there isx0 ∈ R

n such that(Ω,v) = (x0 + Ω∗, τer (· − x0)).

Theorem 1.1 can then be viewed as a natural extension of the first Rayleigh conjecture to the Dirichlet La
with drift in any dimensionn.

Since the principal eigenvalue of an elliptic operator is decreasing with respect to the inclusion of doma
an immediate consequence of Theorem 1.1 is that, for anym > 0 andτ � 0,

inf
Ω∈C, |Ω|�m, ‖v‖∞�τ

λ1(Ω,v) = λ1(B, τer),

whereB = B(m/αn)1/n (that is|B| = m). Furthermore, the infimum is achieved for, and only for,Ω = B andv = τer

(up to translation).
Another immediate corollary of Theorem 1.1 is the following Faber–Krahn type inequality for the D

let Laplacian with drift: there exists a functionFn : (0,+∞) × [0,+∞) → (0,+∞), defined byFn(m, τ) =
λ1(B(m/αn)1/n , τer ), such that

λ1(Ω,v) � Fn

(|Ω|,‖v‖∞
)

for all Ω ∈ C andv ∈ L∞(Ω,R
n). With one-dimensional comparison arguments (for radial solutions), one

also prove thatF1(m, τ) ∼ τ2 e−τm/2 whenτ → +∞, thatFn(m, τ) > F1(2(m/αn)
1/n, τ ) for all n � 2, m > 0

andτ � 0, and that logFn(m, τ) ∼ −τ(m/αn)
1/n whenτ → +∞. However, giving an equivalent forFn(m, τ)

whenτ is large andn � 2 is an open question.
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2. Minimization and maximization of the first eigenvalue in a fixed domain

The first step in the proof of Theorem 1.1, which has its own interest, is the optimization ofλ1(Ω,v) whenΩ

is a fixed domain and theL∞ norm ofv is controlled. Namely, for anyτ � 0, set

λ(Ω, τ) = inf‖v‖∞�τ
λ1(Ω,v) and λ̄(Ω, τ) = sup

‖v‖∞�τ

λ1(Ω,v).

It turns out that this optimization problem also has a unique solution, which can also be explicitly found in th
where the domain is a ball:

Theorem 2.1.Let Ω be a domain inC (of classC2,α for some0 < α < 1) and letτ � 0 be fixed. There exists
unique vector fieldv ∈ L∞(Ω) (resp.v̄ ∈ L∞(Ω)) with ‖v‖∞ � τ (resp.‖v̄‖∞ � τ ) such that

λ(Ω, τ) = λ1(Ω,v ) (resp.λ(Ω, τ) = λ1(Ω,v )).

Moreover,|v| = τ (resp. |v̄| = τ) a.e. in Ω , the corresponding principal eigenfunctionϕ (resp. ϕ̄) is of class

C2,α(Ω) andv · ∇ϕ = −τ |∇ϕ| (resp.v̄ · ∇ϕ̄ = +τ |∇ϕ̄|) in Ω . The functionϕ (resp.ϕ̄) then solves the followin
nonlinear problem

−�ϕ − τ |∇ϕ| = λ(Ω, τ)ϕ in Ω (7)

(resp.

−�ϕ̄ + τ |∇ϕ̄| = λ̄(Ω, τ)ϕ̄ in Ω). (8)

Moreover, ifψ is a function of classC2,α(Ω) such thatψ > 0 in Ω , ψ = 0 on ∂Ω and if µ ∈ R is such that(7)

(resp.(8)) holds withψ andµ instead ofϕ andλ(Ω, τ) (resp.ϕ̄ and λ̄(Ω, τ)), thenψ = ϕ (resp.ψ = ϕ̄) up to

multiplication, andµ = λ(Ω, τ) (resp.µ = λ̄(Ω, τ)).
Assume now thatΩ = B is a ball of center0, and letτ � 0 be fixed. Thenv = τer , v̄ = −τer and the corre-

sponding eigenfunctionsϕ and ϕ̄ are radially decreasing inB.

A consequence of Theorems 1.1 and 2.1 is that, for allτ � 0 andΩ ∈ C, one hasλ(Ω, τ) � λ(Ω∗, τ ), and
equality holds only whenΩ is a ball.

3. Some comments and related optimization problems

One can now wonder what happens for other optimization problems with analogous constraints. For
domainΩ ∈ C, if we drop the condition‖v‖∞ � τ , one can easily prove that

inf
v∈L∞(Ω,Rn)

λ1(Ω,v) = inf
τ�0

λ(Ω, τ) = 0, sup
v∈L∞(Ω,Rn)

λ1(Ω,v) = sup
τ�0

λ̄(Ω, τ) = +∞.

The first assertion (about the infimum) follows at once from the monotonicity property of the first eigenvalu
respect to the inclusion of domains, and from the fact thatλ1(B, τer(· − x0)) = Fn(|B|, τ ) → 0 asτ + ∞, for
any given ball centered atx0. For the proof of the other assertion, it is straightforward to check thatλ1(Ω, τe1) =
τ2/4+ λ1(Ω,0) → +∞ asτ → +∞, wheree1(x) = (1,0, . . . ,0) for all x.

Let nowv ∈ L∞(Rn,R
n) be fixed, letΩ vary and define, form > 0,

λ(v,m) = inf
Ω∈C, |Ω|=m

λ1(Ω,v|Ω) = inf
Ω∈C, |Ω|�m

λ1(Ω,v|Ω) and ¯̄λ(v,m) = sup
Ω∈C, |Ω|=m

λ1(Ω,v|Ω).

From some results in [4], it is easy to check that¯̄λ(v,m) = +∞. On the other hand,λ(v,m) � Fn(m,‖v‖∞).

However, unlikeλ(Ω, τ) or λ̄(Ω, τ), the infimum inλ(v,m) may not be reached: indeed, let(xk)k�k0 be a sequenc
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n such that the ballsBk = xk +B(m/αn)1/n are pairwise disjoint and choosek0 ∈ N andv ∈ L∞(Rn) so

that 2−k0 � ‖v‖∞, v|Bk = (‖v‖∞ − 2−k) er (· − xk) andv = 0 outside the ballsBk ; for eachΩ ∈ C with |Ω| � m,
one hasλ1(Ω,v|Ω) > λ(v,m) = Fn(m,‖v‖∞).

Consider now other optimization problems where bothΩ and v vary. Let m > 0 and τ � 0 be fixed. As
was already mentioned in Section 1, there holds infΩ∈C, |Ω|�m, ‖v‖∞�τ λ1(Ω,v) = infΩ∈C, |Ω|�m λ(Ω, τ) =
λ1(Ω

∗, τer ). As for λ̄(v,m), the optimization problem forλ(Ω, τ) when |Ω| = m with a supremum instead o
the infimum has the following solution:

sup
Ω∈C, |Ω|=m

λ(Ω, τ) = +∞ (whence sup
Ω∈C, |Ω|=m

λ̄(Ω, τ) = +∞).

Finally, the characterization of infΩ∈C, |Ω|=m λ̄(Ω, τ) for givenm > 0 andτ � 0, is an open question.

4. Sketch of the proofs of Theorems 1.1 and 2.1

We now turn to the strategy of the proof of our results. Remember first that the proof of the classical Ra
Faber–Krahn inequality (5) relies on two fundamental tools. The first one is a variational formulation ofλ1(Ω):
λ1(Ω) = minu∈H1

0 (Ω)\{0}
∫
Ω

|∇u(x)|2 dx /
∫
Ω

u(x)2 dx, which relies heavily on the symmetry of the Laplacia
The second ingredient is the spherical Schwarz rearrangement, which makes this Rayleigh quotient decre

Whenv �= 0, the operator−� + v · ∇ is non-self-adjoint, and there is no simple variational formulation o
first eigenvalue such as above. Therefore, it seems impossible to adapt the ‘classical’ proof to prove Theo
However, the proof of Theorem 1.1 also relies on a new type of rearrangement argument, which is d
different from the usual rearrangement of functions.

First, using essentially the maximum principle and the Hopf lemma, one establishes Theorem 2.1. Onc
done, we are reduced to proving thatλ(Ω, τ) � λ(Ω∗, τ ) for all τ � 0, and that equality holds only whenΩ is a
ball.

To that purpose, we consider the positive functionϕ satisfying (7), and define a suitable spherical rearrangem
of ϕ, different from the Schwarz symmetrization. Namely, callR the radius ofΩ∗; define

Ωa = {
x ∈ Ω, a < ϕ(x) � 1

}
for all 0� a < 1 (assuming up to multiplication that‖ϕ‖∞ = 1)

and defineρ(a) ∈ (0,R] such that|Ωa| = |Bρ(a)|. Define alsoρ(1) = 0. The functionρ : [0,1] → [0,R] is decreas-
ing, continuous, one-to-one and onto. Then, the rearrangement ofϕ is the radially decreasing functionu :Ω∗ → R

vanishing on∂Ω∗ such that, for all 0� a < 1,∫

Ωa

�ϕ(x)dx =
∫

Bρ(a)

�u(x)dx.

The fundamental inequality satisfied byu, which is also the key point in the proof of Theorem 1.1, is the fact t
for all x ∈ Ω∗,

u(x) � ρ−1(|x|). (9)

Strictly speaking, this fact is not completely correct, because the functionϕ is not regular enough, and we ha
to deal with suitable approximations ofϕ (see [8]). Let us just mention that the proof of (9) relies, among o
things, on the usual isoperimetric inequality inR

n. From (9) and arguments involving the maximum principle a
the Hopf lemma again, we derive the conclusion if Theorem 1.1.

Finally, using again the same construction and the isoperimetric inequality, we prove that equality in
rem 1.1 is attained if, and only if, up to translation,Ω = Ω∗ andv = τer .
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Remark 1. Notice that the proof of Theorem 1.1 given in [8] still works forτ = 0 and then provides an alternati
proof of the Rayleigh–Faber–Krahn inequality (5) for the Dirichlet Laplacian.

All detailed proofs and further results are given in [8].
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