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Abstract

We describe isometry groups of the complex hyperbolic plane generated by two loxodromic motions. We give then a c
for such a group to be decomposable as a group generated by 3 antiholomorphic involutions, and use this decomp
describe a 3-dimensional ball in the PU(2,1) Teichmüller space of the once punctured torus.To cite this article: P. Will, C. R.
Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Décomposabilité par inversions lagrangiennes de certains sous-groupes à deux générateurs de PU(2,1). Nous décrivons
les groupes d’isométries du plan hyperbolique complexe engendrés par deux éléments loxodromiques. Nous don
condition pour qu’un tel groupe soit décomposable en en un groupe engendré par trois involutions antiholomorphes, e
ces décompositions pour décrire une boule de dimension trois dans l’espace de Teichmüller du tore épointé dans PU(2,1). Pour
citer cet article : P. Will, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Le plan hyperbolique complexeH2
C

peut être vu comme la boule unité dansC2, munie de la métrique d

Bergman. Son groupe d’isométries est̂PU(2,1) = 〈PU(2,1),Z �→ �Z〉, engendré par PU(2,1), qui est exactemen
le groupe des isométries holomorphes, et les inversions lagrangiennes (qui sont des involutions antiholo
toutes conjuguées dans PU(2,1) à Z �→ �Z). Une rapide présentation deH2

C
et de ses isométries se trouve dan

Section 1 (voir [3]).

E-mail address:will@math.jussieu.fr (P. Will).
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Le but de cette Note est d’étudier certaines représentations du groupe libre à deux générateursF2 dans PU(2,1).
On dira que deux isométries vérifient la condition (I) (resp. (II)) si elles n’ont pas de point fixe en commun
si le groupe qu’elles engendrent ne stabilise aucun plan lagrangien).

SoitE = {ρ :F2 → PU(2,1) | ρ(a) etρ(b) sont loxodromiques et vérifient (I) et (II)}/ ̂PU(2,1).
Dans le cas de PU(1,1) et deH1

C
, l’étude d’une telle représentation se ramène toujours à l’étude d’un gr

engendré par trois involutionsI1, I2 andI3 vérifiantρ(a) = A = I1 ◦ I2 et ρ(b) = B = I3 ◦ I2 (see [2]). Le type
d’involution est dicté par la géométrie deA et B : si les axes de deA et B se coupent (resp. sont disjoints) lesIk

sont des demi-tours – holomorphes – (resp. des inversions par rapports à des géodésiques – antiholomor
Notre but est de faire apparaître le groupeρ(F2) comme sous-groupe d’indice deux d’un groupe triangulaire

grangienT (voir Définition 3.3), afin d’en étudier l’éventuelle discrétude. Généralement, démontrer qu’un g
triangulaire (i.e. engendré par trois involutions holomorphes ou antiholomorphes) est discret est un problè
niquement difficile. La méthode la plus employée est de trouver un domaine fondamental, dont les par
formées de boules de dimension trois, et de conclure à la discrétude par un argument de type lemme
pong ou théorème de Poincaré. La partie compliquée est l’étude des intersections entre les différentes
domaine fondamental. Dans cette optique, il est généralement commode d’utiliser des boules feuilletée
sous-variétés totalement géodésiques de dimension deux. Par exemple, siB1 = ⋃

t P
1
t et B2 = ⋃

t P
2
t , où lesP i

t

sont des plans lagrangiens, alors, en notantI i
t l’inversion par rapport àP t

1,

B1 ∩ B2 = ∅ ⇔ (∀(t, τ ), I2
t ◦ I1

τ est loxodromique
)
.

Cette dernière condition peut être vérifiée en étudiant la trace d’un relèvement à SU(2,1) de l’isométrieI2
t ◦I1

τ . Voir
par exemple [1] ou [4] pour des exemples de différentes techniques utilisées. L’article [7] constitue un panor
différents groupes triangulaires étudiés en géométrie hyperbolique complexe. Cette technique pourrait par
être utilisée pour montrer des résultats de flexilibité des representations de groupes de surfaces stabilisa
lagrangien.

Nous commençons par définir des coordonnées surE , et les utiliser pour décrire l’ensemble des représ
tations lagrangiennes (voir Section 2). Dans la Section 3, nous définissons des coordonnées sur l’ense
groupes triangulaires lagrangiens tels que le commutateur[ρ(i1i2), ρ(i3i2)] soit non elliptique. Nous utilisons ce
coordonnées dans la Section 4, pour décrire une boule de dimension trois dans l’espace de Teichmülle
épointé dans PU(2,1), c’est à dire une famille à trois paramètres de représentations discrètes et fidèles du
ayant pour présentation〈a, b, c | [a, b]c = 1〉 telles queρ(a) etρ(b) soient loxodromiques etρ(c) parabolique.

1. Introduction

A general reference onHn
C

and its isometries is [3]. The complex hyperbolic planeH2
C

is obtained by projec
tivization of the negative cone ofC2,1 (C3 with a Hermitian form of signature(2,1)). Hence, it may be seen as t
open unit ballB2

C
in C2, equipped with the Bergman metric. Its group of holomorphic isometries is PU(2,1). The

Lagrangian planes ofH2
C

are all the images of the horizontal LagrangianL0 = {(x1, x2) ∈ B2
C
, xi ∈ R}, under the

action of PU(2,1). They are totally real and totally geodesic. Any Lagrangian planeL carries a unique antiholo
morphic involution, fixingL pointwise, which is called the Lagrangian inversion associated toL. Finally, the full
group of isometry ofH2

C
is ̂PU(2,1), generated by PU(2,1) and a Lagrangian inversion. There is another typ

totally geodesic 2-dimensional subspaces: complex lines. The classical elliptic-parabolic-loxodromic tric
for elements of PU(2,1) holds as in the classical case of PU(1,1), and may be described either in terms of fix
point sets or in terms of traces of matrix-representatives in SU(2,1). Last, through stereographic projection, w
may see∂H2

C
as the one point compactification of the three-dimensional Heisenberg groupC × R. Hence we will

denote coordinates on∂H2
C

by [z, t].
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Definition 1.1. A Lagrangian triangle group is a representationρ :� −→ ̂PU(2,1), of the group� having presen
tation〈i1, i2, i3 | i2

j = 1〉, such thatρ(ik) is a Lagrangian inversion.

We will say that two isometries verify condition (I) if they have no common fixed point, and condition (II) i
group they generate does not stabilize any Lagrangian plane. We will do the following:

(i) Define coordinates on the space:E = {ρ :F2 → PU(2,1) such thatρ(a) andρ(b) are loxodromic and verify
(I) and (II)}/ ̂PU(2,1). (F2 is the free group of rank 2 ona andb.) Next, we will give conditions for such
group to be Lagrangian decomposable (see Definition 2.3).

(ii) Define coordinates on the set of Lagrangian triangle groups verifying a cycle condition to be spec
Section 3.

(iii) Last, the main result is the description of a 3-dimensional family of discrete, faithful, type preservin
grangian decomposable representations of the fundamental group of the once punctured torus (Sect

2. Coordinates onE

To ρ, representative for a point ofE are naturally associated two pairs of boundary points: the fixed poin
A = ρ(a) andB = ρ(b). We shall denote them(pA,qA) and (pB, qB), denoting bypC (resp.qC ) the repulsive
(resp. attractive) fixed point of a loxodromic isometryC. Sinceρ̄ ∈ E , these four points are mutually distinct, a
do not belong to the boundary of a common Lagrangian. Note that ifA andB have a common fixed point, the
〈A,B〉 is either elementary or non-discrete, and that the groups stabilizing a Lagrangian plane are well kno
the study of subgroups of PSL(2,R).

Define the application

τ :R+ × R × C −→ (∂H2
C
)2,

(x, t, z) �→ ([x, t], [z,1]).
Proposition 2.1.Let (A,B) be a pair of loxodromic isometries verifying conditions(I) and (II) . Then,(A,B) is
conjugate in ̂PU(2,1) to a unique normalized pair(A′,B ′) such that(pA′ , qA′) = ([0,0],∞), and (pB ′ , qB ′) =
τ(x, t, z) with (x, t, z) ∈ R+ × R × C.

Call A(r, θ) (resp.B(k,φ, x, t, z)) the unique loxodromic isometry having complex multipliersr eiθ (resp.
k eiφ), and fixed points([0,0],∞) (resp.τ(x, t, z)). Note that the complex multiplier of a loxodromic isome
determines its conjugacy class. Moreover, we may assume without loss of generality that[x, t] is repulsive if and
only if k > 1.

The next corollary allows us to introduce coordinates onE :

Corollary 2.2. Any point ofE is the conjugacy class of a unique representation ofF2 in PU(2,1), defined by

ρ(r, θ, k,φ, x, t, z) : (a, b) → (
A(r, θ),B(k,φ, x, t, z)

)
with x, t , z as in Proposition2.1, r, k > 1, andθ,φ ∈ [0,2π[.

Remark 1. If the complex multiplier ofA has norm 1, thenA is no longer loxodromic: it is elliptic (see [3]), an
fixes pointwise a complex geodesic. The choice we made to fix the attractive fixed point ofA andB allows us to
assume thatr andk are greater than 1.

The following corollary is straightforward from Corollary 2.2.
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Corollary 2.3. Letα andβ be two conjugacy classes of loxodromic elements inPU(2,1).
Call Eα,η = {ρ̄ ∈ E such thatρ(a) ∈ α andρ(b) ∈ η}. Then any point ofEα,η has a unique normalized represe

tative such that(pρ(a), qρ(a)) = ([0,0],∞) and(pρ(b), qρ(b)) = τ(x, t, z).

The next corollary follows clearly:

Corollary 2.4. Givenα andβ two conjugacy classes of loxodromic elements inPU(2,1), Eα,η is homeomorphic
to ]0,∞[×R × C.

We define next the Lagrangian decomposability of a pair of loxodromic elements.

Definition 2.5. A pair (A,B) of elements of PU(2,1) is said to be Lagrangian decomposable if there exis
Lagrangian triangle group such that, denotingσk = ρ(ik): A = σ1 ◦ σ2 andB = σ3 ◦ σ2.

If (A,B) is Lagrangian decomposable, then the groupG generated byA andB is of index 2 in the group
GL = 〈σ1, σ2, σ3〉. In this case,G is the subgroup ofGL containing exactly the holomorphic elements.

We will say that a representationρ of F2 into PU(2,1) is Lagrangian if(ρ(a), ρ(b)) is Lagrangian decompos
able. Note that ifρ is Lagrangian, then so is any representation conjugate toρ in PU(2,1). Hence, it makes sens
to say thatρ̄ ∈ E is Lagrangian.

Next, we provide a condition for a group generated by two loxodromic isometries to be Lagrangian dec
able, depending on the relative position of the fixed points ofA andB, based on the following proposition:

Proposition 2.6(See Theorem 7.2.1 of [3]).Let (p1,p2,p3,p4) be a quadruple of distinct points of∂H2
C

not lying
on the boundary of a common Lagrangian plane. The following conditions are equivalent:

(i) The quadruple(p1,p2,p3,p4) has a Z2 symmetry realized by a Lagrangian inversionσ , such that
σ(p1) = p2, andσ(p3) = p4.

(ii) The complex cross-ratioX(p1,p2,p3,p4) is real (see[3] or [6] for a definition).
(iii) The relationA(p1,p2,p3) = A(p1,p2,p4) holds, whereA is Cartan’s invariant(see[3]).

Corollary 2.7. Such a quadruple verifies condition(i) of Proposition2.6 if and only if it is ̂PU(2,1)-equivalent to
([0,0],∞, τ (x, t, z)) with x2 = t |z|2.

Note that this shows that in this caset is positive. In addition, it is easily seen using this property that, if thre
the four points are in a totally geodesic submanifoldM , then the quadruple is symmetric if and only if the fou
point is also inM .

We come next to the condition of decomposability of a pair of loxodromic elements:

Corollary 2.8. A pair of loxodromic isometries(A,B) is Lagrangian decomposable if and only if one of the t
following conditions holds:

(i) The fixed points ofA and B lie on the boundary of a common Lagrangian planeP , in which case〈A,B〉
stabilizesP , and is an embedding of a subgroup ofPSL(2,R) into PU(2,1).

(ii) The quadruple(pA,qA,pB, qB) verifies one of the conditions of Proposition2.6. In this case,〈A,B〉 is con-

jugate in ̂PU(2,1) to (A(r, θ),B(k,φ, x, x2

|z|2 , z)), with x > 0, z ∈ C∗.

This can be proved by use of the normalization given above.
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Corollary 2.9. Letα andβ be two conjugacy classes of loxodromic elements. Then the set{ρ̄ ∈ Eα,η, ρ̄ is Lagrangia
is homeomorphic to]0,∞[ × ]0,∞[ × S1.

3. Lagrangian triangle groups

Given any Lagrangian triangle group, callγ the elementρ((i1i2i3)
2) . Note that if(A,B) is Lagrangian decom

posable, thenγ = [A,B]. We describe now the space:

R = {Lagrangian triangle groups| γ is non-elliptic}/ ̂PU(2,1).

If γ is parabolic with fixed pointp thenp is also fixed byσ1σ2σ3, and(p,σ3p,σ2σ3p) is a cycle of length three
If γ is loxodromic, then the same holds at least for one of its two fixed points. The existence of a length thre
and the following lemma will allow us to set coordinates onR.

Lemma 3.1.Consider a triple(q1, q2, q3) of points of∂H2
C

. Then:

(i) If theqi ’s are not in a common complex geodesic, there exists a unique Lagrangian planeL1, with inversionJ1,
such thatJ1 exchangesq2 andq3, and fixesq1 (see[3]).

(ii) Given any Lagrangian planel1 such that inversion inl1 exchangesq2 andq3, there exists a unique loxodrom
isometryh1 fixingq2 andq3 such thath1(L1) = l1.

Remark 2. DefiningJ2 andJ3 in the same way, it is easily seen thatJ1 ◦ J2 = J2 ◦ J3 = J3 ◦ J1 is an order three
elliptic element acting on(q1, q2, q3) by circular permutation.

Recall that Cartan’s invariantA classifies the triples of boundary points ofH2
C

up to conjugation in PU(2,1).
Note thatA = 0 (resp.A = ±π

2 ) if and only if the triple lies on a Lagrangian plane (resp. a complex g
desic). Now, fix a normalization in PU(2,1) of the one parameter family of triples of boundary points,
(q1(A), q2(A), q3(A)). We will use the three Lagrangian planes provided by Lemma 3.1 as reference Lagr
planes to define coordinates:

Definition 3.2.

– Denote byhr,θ,A
i the isometry fixingqj (A) andqk(A) (j �= i andk �= i), and having complex multiplierr eiθ ,

with r > 0 andθ ∈ [0,2π[ (hr,θ,A
i is loxodromic ifr �= 1, elliptic if r = 1).

– Fori = 1,2,3, call li (r, θ,A) the Lagrangian planehr,θ,A
i (Li), andσ

r,θ,A
i the inversion associated toli .

– DefineG(r1, θ1, r2, θ2, r3, θ3,A) to be the group generated by the inversionsσ
ri ,θi ,A
i , for i = 1,2,3.

As a consequence, we can formulate the following

Proposition 3.3.Any Lagrangian triangle group having a length three cycle in∂H2
C

is conjugate in ̂PU(2,1) to a
groupG(r1, θ1, r2, θ2, r3, θ3,A) with A ∈ [0, π

2 ].

Proposition 3.4.γ is parabolic or the identity if and only if〈σ1, σ2, σ3〉 is conjugate to a groupG(r1, θ1,
r3
r1

, θ2, r3,

θ3,A), with ri > 0, θ ∈ [0,2π[ andA ∈ [0, π
2 ].

This proposition is proved using matrix forms for Lagrangian inversions (see [8] for explicit calculations
important fact is that for a Lagrangian triangle group as in Proposition 3.3, we have a simple expression
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−4. Note that ifγ = Id, then 〈σ1σ2, σ3σ2〉 is either elementary o
non-discrete.

4. Main result

Call T 2 (resp.T 1) the PU(2,1) (resp. PU(1,1)) Teichmüller space of the punctured torus, that is, the spac
equivalence classes of discrete, faithful, type preserving representations of the fundamental group of a p
torus in PU(2,1) (resp. PU(1,1)). T 1 is well known since long (see [5] or [9]). The following theorem describe
subset ofT 2.

Theorem 4.1.T 2 contains a3-dimensional subsetT 1 × [−π
4 , π

4 ]. The groups corresponding toT 1 × {0} stabilize
a Lagrangian plane.

We construct first an embedding ofT 1 using Lagrangian planes orthogonal toP (see [8] for the definition
of the angle between two intersecting Lagrangian planes). This embedding contains only groups stab
Lagrangian plane (calledR-Fuchsian). The next step is to deform these embeddings to construct groups
longer stabilizeP , but still have their cycle inP . Discreteness of the deformed groups is proved using the p
pong lemma. Namely, we construct three ballsB1, B2 andB3, such thatBk is stable underIk , the two component
of H2

C
\ Bk are exchanged byIk , and

Bi ∩ Bj = {
qk(A)

}
, i, j, k distinct. (1)

These three balls are foliated by Lagrangian planes, and the above intersection condition is checked usin
forms: two Lagrangian planes are disjoint if and only if the product of the corresponding inversions is loxod
It is possible to find the type of an isometry by studying the trace of a lift to SU(2,1) (see [3]). This 3-dimensiona
family is precisely the set of conjugacy classes of groups having coordinates (see Proposition 3.3):{

G

(
r1,

π

2
+ θ, (r1r3)

−1,
π

2
+ θ, r3,

π

2
+ θ,0

)
, r1, r3 > 0, θ ∈

[
−π

4
,
π

4

]}
.

Our construction is simplified by the fact that givenθ ∈ [−π
4 , π

4 ], the balls which we constructed are stable un
inversion in any of their leaves. Hence, if we show that the three balls verify condition (1) for some value oθ , we
obtain the discreteness of a two parameter family of groups.
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