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Abstract

We present a posteriori residual error estimators for the approximate time-dependent Stokes model Chorin–Temam
Math. Comp. 23 (1969) 341–353) projection scheme using a conforming finite element discretization. We prove a glob
bound and local lower bounds for the error on the velocity field only.To cite this article: N. Kharrat, Z. Mghazli, C. R. Acad.
Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimateurs d’erreur par résidus pour les équations de Stokes instationnaires. Nous présentons des estimateurs d’erre
a posteriori par résidus pour le modèle de Stokes instationnaire approché par le schéma de projection de Chorin–Tema
Math. Comp. 23 (1969) 341–353) en utilisant une discrétisation par éléments finis conformes. Nous prouvons une m
globale de l’erreur sur le champ de vitesse uniquement, ainsi que des minorations locales.Pour citer cet article : N. Kharrat,
Z. Mghazli, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. The projection scheme

Let Ω be a bounded connected domain ofRd (d = 2,3), with Lipschitz-continuous boundaryΓ and we denote
by �n the unit outward normed vector toΩ onΓ . Let T > 0 be a real constant. We setX = H 1

0 (Ω)d , Y = L2(Ω)d

and M = H 1(Ω)/R. For an initial velocity field,u0 ∈ H = {v ∈ Y ;∇ · v = 0 in Ω,v · �n = 0 on Γ }, dataf ∈
L2(0, T ;Y), and a given real kinematic viscosityν > 0, consider the problem:
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E-mail address:mghazli_zoubida@yahoo.com (Z. Mghazli).
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Find u(t) ∈ X andp(t) ∈ L2(Ω)/R such that for almost everyt ∈ ]0, T [


d

dt
(u,v) + ν(∇u,∇v) − (p,∇ · v) = (f,v) ∀v ∈ X,

(q,∇ · u) = 0 ∀q ∈ L2(Ω)/R,

u(0) = u0.

(1)

Let us introduce a regular partition 0= t0 < t1 < · · · < tNτ = T of the time interval[0, T ], with step sizesτn =
tn − tn−1. For 1� n � Nτ , we denote byfn = 1

τn

∫ tn
tn−1

f(t)dt . The variational form of the semi-discrete Chori
Temam projection scheme applied to the Stokes equations (1), can be written:

Find (ũn,un,Φn)1�n�Nτ
∈ (X × Y × M)Nτ initialized byu0 = u0 and satisfying

(ũn,v) + ντn(∇ũn,∇v) = (un−1,v) + τn(fn,v) ∀v ∈ X, (2)

(un,v) + τn(∇Φn,v) = (ũn,v) ∀v ∈ Y, and (un,∇q) = 0 ∀q ∈ M. (3)

By standard arguments, it is readily checked that problems (2) and (3) are well posed. Indeed, step (2
tutes an elliptic boundary value problem for an intermediate velocity unknownũn, which is a prediction ofu(tn)

satisfying a homogeneous Dirichlet boundary condition, but is not divergence free. The second step (3) re
a Darcy’s problem which determines the end-of-step divergence-free velocityun which is a correction of̃un, to-
gether with a suitable approximation of the pressure distributionΦn. We easily check thatΦn is the solution of a
Poisson problem with homogeneous Neumann boundary conditions.

We assume thatΩ is polygonal or polyhedral (d = 2 or 3). For eachn, 0 � n � Nτ , we associate a regula
triangulationT n

h of Ω into triangles or tetrahedra. For each elementK in T n
h , we denote byhK the diameter ofK ,

EK the set of edges or facesE of K which are not contained in∂Ω and for each elementE in EK we denote by
hE the diameter ofE.

The fully discrete version of algorithm (2), (3) in the framework of spatial Galerkin finite element approxim
takes similar formulation written for the unknown-sequence denoted by(ũn

h,un
h,Φ

n
h)1�n�Nτ

retrieved in some
appropriate approximation subspaces ofX, Y andM .

The step (3) needs also a modified formulation while looking for a less regular pressure [1]. Moreov
notice that the approximate space of the end of step-velocityun

h is never used in practice [6] and even in the pres
analysis. As a consequence, we will be concerned by the approximation spaces ofũn

h andΦn
h denoted respectivel

by Xn
h andMn

h built over the meshT n
h and consisting of continuous functions which are piecewise polynom

with degrees� 1. The fully discrete scheme can now be expressed:
For eachn, 1� n � Nτ , find ũn

h ∈ Xn
h solution of the variational equation:

(ũn
h,vh) + ντn(∇ũn

h,∇vh) = (un−1
h ,vh) + τn(fn,vh) ∀vh ∈ Xn

h, (4)

andΦn
h ∈ Mn

h solution of the Poisson problem

(∇Φn
h,∇qh) = − 1

τn

(qh,∇ũn
h) ∀qh ∈ Mn

h, (5)

and we set

un
h = ũn

h − τn∇Φn
h, (6)

initialized by u0
h = Πhu0, whereΠh denotes an appropriate interpolation or projection operator with valu

{vh ∈ X0
h; (vh,∇qh) = 0 ∀qh ∈ M0

h}. We mention that, the pair sequence of spaces(Xn
h,Mn

h)1�n�Nτ
must satisfy

the Brezzi–Bab̆uska (orinf–sup) condition to eliminate all possible spurious pressure mode (see [5] for a
analysis of the stability and convergence in time of the pressure).
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2. A posteriori error estimators

In this section we present a posteriori residual error estimators for the error on the velocity field assoc
problem (4)–(6). For each time step, we derive successively two types of local estimators within two hal
The first estimator allows the control of the error at the viscous diffusion step, while the second one conc
error control at the incompressibility or continuity step.

They are defined for eachn = 1, . . . ,Nτ andK ∈ T n
h by

η̃n,K = hK

∥∥∥∥fnh − ũn
h − un−1

h

τn

+ ν	ũn
h

∥∥∥∥
0,K

+ ν

2

∑
E∈EK

√
hE

∥∥[�nE · ∇ũn
h]

∥∥
0,E

, (7)

ηn,K = hK√
τn

‖∇ · un
h‖0,K + 1

2

∑
E∈EK

√
hE

τn

∥∥[�nE · un
h]

∥∥
0,E

. (8)

The quantities[�nE ·∇ũn
h] and[�nE ·un

h] denote respectively the jump of the normal derivatives ofũn
h and the norma

jump of un
h throughE in a direction�nE , while fn

h is the orthogonal projection offn onto the space of polynomia
with degree� 1. Moreover, since our goal is mesh adaptivity, the triangulations{T n

h }1�n�Nτ
are not independen

in practice, noting the fact that any triangulationT n
h can be derived fromT n−1

h by locally refining or coarsenin
the mesh. On the other hand, several triangulations can be employed at the same timetn for mesh adaptivity, for
simplicity, we use the notationT n

h only for the last one, so the termun−1
h in (4) has not be re-interpolated here. T

functionun−1
h appears also in the estimator (7) and can be interpolated without great difficulty on the new el

of T n
h .

We introduce for alln = 1, . . . ,Nτ , the global error estimators

η̃n =
√ ∑

K∈T n
h

η̃2
n,K, Sn =

√ ∑
K∈T n

h

h2
K‖fn − fn

h ‖2
0,K, ηn =

√ ∑
K∈T n

h

η2
n,K . (9)

We use the followingconvention:

(a � b ⇐⇒ a � cb), (a 
 b ⇐⇒ a � b anda � b),

where the constantc must be independent of the time step, mesh sizeh and viscosity.

Proposition 2.1. Assume the dataf ∈ L2(0, T ;Y), the functionu0 ∈ H and u0
h an approximation ofu0 in the

space{vh ∈ X0
h; (vh,∇qh) = 0 ∀qh ∈ M0

h}. For all n = 1, . . . ,Nτ , we denote bỹen = ũn − ũn
h, en = un − un

h,
εn = Φn − Φn

h the errors issued from the finite element discretization. Then, the following a posteriori
estimate holds

‖eNτ ‖2
0 + ν

Nτ∑
n=1

τn|ẽn|21 +
Nτ∑
n=1

{‖ẽn − en−1‖2
0 + ‖ẽn − en‖2

0

} � ‖u0 − u0
h‖2

0 + 1

ν

Nτ∑
n=1

τnη̃
2
n

+ 1

ν

Nτ∑
n=1

τnS
2
n +

Nτ∑
n=1

τnη
2
n. (10)

For n = 1, . . . ,Nτ , the following local inverse estimates holds for allK ∈ T n
h

η̃n,K � hK

∥∥∥∥ ẽn − en−1

τn

∥∥∥∥
0,K

+ ν|ẽn|1,K + hK‖fn − fn
h ‖0,K,

ηn,K �
∥∥∥∥ ẽn − en

√
τn

∥∥∥∥
0,K

+
∥∥∥∥ ẽn − en−1

√
τn

∥∥∥∥
0,K

+
∥∥∥∥en−1

√
τn

∥∥∥∥
0,K

. (11)
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Proof. For alln = 1, . . . ,Nτ , the sequence(ẽn, en, εn) satisfy the equations

(ẽn,v) + ντn(∇ ẽn,∇v) = (en−1,v) +Rn
p(v) ∀v ∈ X,

(en − ẽn,v) + τn(∇εn,v) = 0 ∀v ∈ Y, (12)

(en,∇q) = Rn
c (q) ∀q ∈ M,

where the functionalsRn
p andRn

c define the residuals issued from the space error discretization. In particula
respectively satisfy the algebraic equations, for allvh in Xn

h andqh in Mn
h

Rn
p(v) = (un−1

h − ũn
h,v − vh) − ντn

(∇ũn
h,∇(v − vh)

) + τn(fn,v − vh), (13)

Rn
c (q) = −(

un
h,∇(q − qh)

)
. (14)

The product(en−1,v) represent the residual which governs the errors accumulated after the time period[0, tn−1].
Now, following [2] while developing (13) and (14), we get the estimates

(1/τn)Rn
p(v) � (η̃n + Sn)|v|1 and (1/

√
τn)Rn

c (q) � ηn|q|1. (15)

Now, to get the upper bound (10), we first takev equal to ẽn in (12)1 and (15)1, and toen in (12)2, then q

equal toεn in (12)3 and (15)2. Secondly, we remark thatτn|εn|1 = ‖ẽn − en‖0 and, with the use of the identit
2a(a − b) = a2 − b2 + (a − b)2, Young and Cauchy–Schwarz inequalities, it follows

‖ẽn‖2
0 − ‖en−1‖2

0 + ‖ẽn − en−1‖2
0 + ντn|ẽn|21 � τn

ν
(η̃2

n + S2
n), ‖en‖2

0 − ‖ẽn‖2
0 + ‖ẽn − en‖2

0 � τnη
2
n. (16)

Finally, we sum up inequalities (16), then onn from 1 toNτ .
For inequalities (11), the idea is to bound successively the two terms ofη̃n,K andηn,K by choosing adequat

test functions (see [3,2] for equivalent proof) and using inverse inequalities (see [4] for instance).�
Remark 1. (i) The local estimator (8) may be expressed differently ifP1 finite elements are used for approximati
the pressure. As the continuous case, we resolve here a Poisson problem with homogeneous Neumann
condition forΦn

h , and the velocityun
h is simply given byun

h = ũn
h − τn∇Φn

h [6]. Thus, taking this last expressio
at the previous timetn−1 in the estimator (7),un

h can be omitted from the algorithm and (8) becomesηn,K =
(hK/

√
τn)‖∇ · ũn

h‖0,K + (1/2)
∑

E∈EK

√
τnhE‖[�nE · ∇Φn

h ]‖0,E . (ii) The error bound (11)1 implies in particular
that the estimator̃ηn,K is robust (in the sense of [8]) under the condition that the ratioh2

K/ντn satisfiesh2
K/ντn 
 1.

(iii) Estimators (7) and (8) are in fact derived from the momentum and continuity equations. This, in part
rise to the error estimations (10) and (11) where only the velocity components are introduced (see also
different approach of the Navier–Stokes equations). They imply, in addition, that the control of the error is
depends on the discrete velocity.
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