
1/

od of an
l defined

e

e
nergie
ar
ites
te

n sous-
C. R. Acad. Sci. Paris, Ser. I 340 (2005) 21–26
http://france.elsevier.com/direct/CRASS

Partial Differential Equations/Mathematical Physics

A Gutzwiller type formula for a reduced Hamiltonian
within the framework of symmetry

Roch Cassanas
Laboratoire de mathématiques Jean Leray, UMR CNRS-université de Nantes, faculté des sciences et techniques,

2, rue de la Houssinière, BP 92208, 44322 Nantes cedex 3, France

Received 27 September 2004; accepted 9 November 2004

Available online 19 December 2004

Presented by Jean-Michel Bony

Abstract

For a classical Hamiltonian with a finite group of symmetries, we give semi-classical asymptotics in a neighbourho
energyE of a regularized spectral density of the quantum Hamiltonian restricted to symmetry subspaces of Peter–Wey
by irreducible characters of the group. If we suppose that the energy levelΣE is compact, non-critical, and that its periodic
orbits are non-degenerate, we get a Gutzwiller type formula for the reduced Hamiltonian, whose oscillating part involves th
symmetry properties of closed trajectories ofΣE . To cite this article: R. Cassanas, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une formule de type Gutzwiller pour un hamiltonien réduit en présence de symétries. Pour un hamiltonien classiqu
comportant des symétries issues d’un groupe fini, on donne le comportement semi-classique au voisinage d’une éE,
d’une densité spectrale régularisée pour l’hamiltonien quantique restreint aux espacesde symétries de Peter–Weyl définis p
les caractères irréductibles du groupe. Supposant que le niveau d’énergieΣE est compact sans point critique, et que ses orb
périodiques sont non dégénérées, on obtient pour l’opérateur restreint une formule du type Gutzwiller, dont la partie oscillan
fait intervenir la symétrie des orbites périodiques deΣE . Pour citer cet article : R. Cassanas, C. R. Acad. Sci. Paris, Ser. I 340
(2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Cette Note s’inscrit dans la lignée des articles de Helffer, Robert et El Houakmi [4,6]. On se donne u
groupe finiG du groupe orthogonalO(d) et un hamiltonien lisseH :R2d → R vérifiant :

∀g ∈ G, ∀z ∈ R
2d, H

(
M(g)z

) = H(z), oùM(g)(x, ξ) := (gx, gξ). (1)

E-mail address:cassanas@math.univ-nantes.fr (R. Cassanas).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.11.013
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A cette actionM deG sur l’espace des phasesR
2d , on associe une actioñM deG surL2(Rd) (voir (4)). Sous

l’hypothèse (1), étant donné un caractèreχ du groupeG, le quantifié de Weyl deH , notéĤ , commute avec le
projecteur de Peter–WeylPχ construit comme moyenne barycentrique desM̃(g), et dont l’expression est donné
en (6). On note alorŝHχ la restriction deĤ à l’espace de symétrieL2

χ (Rd ) := Pχ(L2(Rd)). Le hamiltonien rédui

Ĥχ est alors autoadjoint surL2
χ(Rd ). LorsqueE ∈ R etH−1([E − δE,E + δE]) est compact (oùδE > 0),ψ étant

une fonction lisse à support dans]E − δE,E + δE[, ψ(Ĥχ ) est à trace. Si en outrêf est lisse à support compac
et si le niveau d’énergieΣE := {H = E} est sans point critique, on donne une asymptotique de la densité spe
régularisée réduiteGχ(h) := Tr(ψ(Ĥχ )f ((E − Ĥχ )/h)) lorsqueh tend vers zéro.

Dans sa thèse de doctorat, Zahra El Houakmi a étudié l’asymptotique deGχ (h) pour donner le comporteme
semi-classique de la fonction de comptage des valeurs propres deĤχ dans un intervalle deR donné (voir [3], ainsi
que [4] dans le cas d’un groupe compact). Pour cela, elle a supposé quef̂ était supportée près de zéro. Ici, on
fait pas de restriction sur le support (compact) def̂ . La quantitéGχ (h) possède alors une asymptotique fais

intervenir des termes oscillants de la forme e
i
h α × hkck(f̂ ).

On retrouve ainsi les résultats d’El Houakmi lorsquef̂ est supportée près de zéro (cf. Theorem 2.1). On
par ailleurs une hypothèse de non-dégénérescence sur certaines orbites périodiques du système classique du ni
d’énergieΣE qui ont une période dans[−|G|T , |G|T ], oùT > 0 est tel que Supp̂f ⊂ [−T ,T ], de telle sorte que
ces orbites soient en nombre fini. On obtient alors une formule de type Gutzwiller pour̂Hχ , qui fait intervenir
la symétrie des orbites précédentes et de nombreuses quantités caractéristiques du système classique associéH

(voir Theorem 2.2).
Si l’on suppose de plus queg = Id

Rd est l’unique élément deG ayant un point fixe dansΣE , alors l’espace rédu
ΣE/G hérite d’une structure de variété lisse, le système dynamique classique restreint àΣE passe au quotient, e
on obtient une formule de Gutzwiller dansΣE/G (cf. Corollary 2.3).

La méthode employée diffère de celle des articles précédemment cités : on évite la méthode BKW, les opérate
de Fourier intégraux et les problèmes de caustiques en utilisant un théorème de propagation des états coh
des travaux de M. Combescure et D. Robert sur ce sujet. Comme dans l’article [1], on aboutit à un prob
phase stationnaire, àg fixé dansG, avec phase complexe et variété compacte de points critiques donnée pa

CE,g = {
(t, z) ∈ ]−T ,T [ × R

2d : z ∈ ΣE, M(g)Φt (z) = z
}
. (2)

Pour(t, z) ∈ CE,g , on a, pourk ∈ N, Φkt (z) = M(g−k)z. Le groupeG étant fini, l’orbite dez est périodique et|G|t
en est une période, ce qui explique en partie les quantités intervenant au Théorème 2.2.

1. Introduction

This Note is closely related to many papers [1,2,5,7], and above all, to the articles of Helffer, Robert, El H
[6,4] and El Houakmi’s Ph.D. Thesis [3]. It follows the same landscape: letH :R2d → R be a smooth Hamiltonia
andG a finite subgroup of the orthogonal groupO(d). If g ∈ G, we set:

M(g) :=
(

g 0
0 g

)
∈ O(2d) ∩ Sp(d).

M is the action ofG on the phase spaceR2d . We assume thatG is a symmetry forH , i.e.:

∀g ∈ G, ∀z ∈ R
2d, H

(
M(g)z

) = H(z). (3)

As usual, we make suitable assumptions (see [1]) to have nice properties for the Weyl quantization ofH , which is
defined as follows: foru ∈ S(Rd ),
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h (H)u(x) = (2πh)−d

∫
Rd

∫
Rd

e
i
h (x−y)ξH

(
x + y

2
, ξ

)
u(y)dy dξ.

In particular, Opwh (H) is essentially selfadjoint onS(Rd) and we denote byD(Ĥ ), Ĥ its selfadjoint extension.
G acts on the quantum spaceL2(Rd ) by M̃ defined forg ∈ G by:

M̃(g)(f )(x) = f (g−1x), ∀f ∈ L2(Rd ), ∀x ∈ R
d . (4)

Under assumption (3), we have:∀g ∈ G,
[
Ĥ , M̃(g)

] = 0. (5)

Let Ĝ be the set of algebraic characters of irreducible complex representations ofG. If χ ∈ Ĝ, we introduce:

Pχ := dχ

|G|
∑
g∈G

χ(g)M̃(g), (6)

the associated orthogonal projector, wheredχ is the degree of the representation (dχ = χ(IdRd ), see [9]). We call
L2

χ (Rd ) := Pχ(L2(Rd)) thesymmetry subspace associated toχ . We apply the Peter–Weyl theorem (see [10])
claim that:

L2(Rd) =
⊥⊕

χ∈Ĝ

L2
χ (Rd).

Thanks to (5), we have[Ĥ ,Pχ ] = 0. If we denote byĤχ the restriction ofĤ to D(Ĥχ ) := D(Ĥ ) ∩ L2
χ (Rd ),

then (D(Ĥχ), Ĥχ ) is a selfadjoint operator on the Hilbert spaceL2
χ (Rd ), which we call thereduced(quantum)

Hamiltonian.
In her Ph.D. Thesis, El Houakmi gave the semi-classical behaviour ash → 0+ of Nχ(I) := Tr(1I (Ĥχ )), the

eigenvalues counting function of̂Hχ in a given intervalI of R (see [4] in the case of a compact groupG). As usual,
the idea is to regularize: suppose thatE ∈ R is such that the energy levelΣE := {H = E} is compact and withou
critical point forH . Then one can study thereduced regularized spectral density:

Gχ (h) := Tr

(
ψ(Ĥχ )f

(
E − Ĥχ

h

))
,

whereψ is smooth, compactly supported in a neighbourhood]E − δE,E + δE[ of E such thatH−1([E − δE,E +
δE]) is compact (ψ(Ĥχ) is an energy cut-off which is trace class),f is smooth andf̂ (the Fourier transform off )
is compactly supported.

In previous publications on the asymptotic ofNχ(I), it was enough to suppose thatf̂ is supported near zero
Whenf̂ is with compact support without any other restriction, oscillating terms inh may appear, giving rise to
Gutzwiller type formula which is the main goal of this Note. The method employed is close to [1]: unlike a
previously quoted, which made use of an approximation of the propagator e−i t

h Ĥ by some FIO following the BKW
method, we will use here the work of Combescure and Robert on the propagation of coherent states.

2. Asymptotics

2.1. Weyl term

We denote byΦt(z) the classical flow ofH at timet and initial conditionz ∈ R
2d .1 We introduce the following

set forg ∈ G:

1 Φt (z) is the solution of the Hamiltonian systeṁzt = J∇H(zt ) with initial conditionz, whereJ := ( 0 Id
−I 0

)
.

d
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ate
LE,g := {
t ∈ R: ∃z ∈ ΣE : M(g)Φt (z) = z

}
.

We slightly precise the result of El Houakmi by the following theorem:

Theorem 2.1. We haveGχ (h) = dχ

|G|
∑

g∈G χ(g)Ig,E(h). For g in G let us denote by

νg := dimker(g − IdRd ), Fg := ker
(
M(g) − Id

R2d

)
and F̃g := ker(g − IdRd ).

Then, under previous assumptions, we have: if Suppf̂ ∩LE,g = ∅, thenIg,E(h) = O(h+∞).
If Suppf̂ ∩LE,g = {0} then we have the following expansion moduloO(h+∞):

Ig,λ(h) � h1−νg
∑
k�0

ck(f̂ , g)hk, ash → 0+ (7)

uniformly in λ in a small neighborhood ofE, whereck(f̂ , g) are distributions inf̂ with support in{0}, and, if
d(Σλ ∩ Fg) denote the Euclidian measure onΣλ ∩ Fg , we have:

c0(f̂ , g) = ψ(λ)f̂ (0)
(2π)−νg

det((IdRd −g)|F̃⊥
g
)

∫
Σλ∩Fg

d(Σλ ∩ Fg)(z)

|∇H(z)| . (8)

2.2. Oscillating terms

If g ∈ G andγ is a periodic orbit ofΣE globally stable byM(g), we set:

Lg,γ := {
t ∈ Suppf̂ : ∃z ∈ γ : M(g)Φt (z) = z

}
.

If t0 ∈ Lg,γ , z ∈ γ , thenPγ,g,t0 denotes the Poincaré map ofγ betweenz andM(g−1)z at timet0, restricted toΣE .
The characteristic polynomial ofPγ,g,t0 does not depend onz ∈ γ .

Theorem 2.2. SupposeΨ = 1 in a neighbourhood ofE. Under previous assumptions, suppose that0 /∈ Suppf̂ ⊂
]−T ,T [, whereT > 0. Make the following hypothesis of non-degeneracy: if γ ⊂ ΣE , is such that∃g ∈ G and
∃t0 ∈Lg,γ , t0 �= 0, then1 is not an eigenvalue ofM(g)dPγ,g,t0. Then the set of suchγ ’s is finite and the following
expansion holds true moduloO(h+∞), ash → 0+:

Gχ (h) � dχ

|G|
∑

γ periodic
orbit of ΣE

∑
g∈G s.t.

M(g)γ=γ

χ(g)
∑

t0∈Lg,γ

t0 �=0

e
i
h
Sγ (t0)

∑
k�0

d
γ,g,t0
k (f̂ )hk.

Termsdγ,g,t0
k (f̂ ) are distributions inf̂ with support in{t0}, Sγ (t0) := ∫ t0

0 psq̇s ds, ((qs,ps) := Φs(z)), and

d
γ,g,t0
0 (f̂ ) = T ∗

γ ei π
2 σγ (g,t0)

2π |det(M(g)dPγ,g,t0 − Id)|1/2 f̂ (t0)

whereT ∗
γ is the primitive period ofγ andσγ (g, t0) ∈ Z is a Maslov index ofγ .

If one omits the hypothesis of non-degeneracy, we still get a more general asymptotic, but we did not calcul
first terms, which depend on the connected components of the sets (forg ∈ G):

CE,g := {
(t, z) ∈ ]−T ,T [ × ΣE : M(g)Φt (z) = z

}
. (9)
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Corollary 2.3. Under previous assumptions, suppose thatg = Id
Rd is the only element ofG to have a fix point

onΣE . Then the reduced spaceΣE/G is a smooth manifold, the dynamics ofH onΣE drop down to the quotien
Moreover, ifπ denotes the projection on the quotient andγ̄ is a periodic orbit inΣE/G, if π(γ ) = γ̄ , then, there
is only onegγ in G such that,∀z ∈ γ , M(gγ )ΦT ∗̄

γ
(z) = z. If π(γ1) = π(γ2) thengγ1 andgγ2 are conjugated inG,

and we denote byχ(gγ̄ ) the quantityχ(gγ1) = χ(gγ2). We then have:

Gχ (h) = dχ

∑
γ̄ periodic

orbit of ΣE/G

∑
n∈Z

∗ s.t.
nT ∗̄

γ ∈Suppf̂

f̂ (nT ∗̄
γ )χ(gn

γ̄ )e
i
h nSγ̄

T ∗̄
γ ei π

2 σγ̄ ,n

2π |det((dPγ̄ )n − Id)|1/2
+ O(h) ash → 0+,

whereSγ̄ := ∫ T ∗̄
γ

0 psq̇s ds, Pγ̄ is the Poincaré map of̄γ in ΣE/G, andσγ̄ ,n is a Maslov index of̄γ .

3. Sketch of the proof

Classically, we haveGχ(h) = Tr(ψ(Ĥ )f ((E − Ĥ )/h)Pχ ), so that we decompose

Gχ (h) = dχ

|G|
∑
g∈G

χ(g)Ig,E(h), whereIg,E(h) = Tr

(
ψ(Ĥ )f

(
E − Ĥ

h

)
M̃(g)

)
.

By using the Fourier inversion formula, we make appear theh-quantum unitary groupUh(t) := e−i t
h Ĥ to obtain:

Ig,E(h) = 1

2π

∫
R

eitE/hf̂ (t)Tr
(
ψ(Ĥ )Uh(t)M̃(g)

)
dt . (10)

Then, we use a trace formula with coherent states, forA trace class operator onL2(Rd):

Tr(A) = (2πh)−d

∫
R2d

α

〈Aϕα;ϕα〉L2(Rd) dα. (11)

Here,ϕα is the coherent state centered atα := (q,p) defined forx ∈ R
d by:2

ϕα(x) = 1

(hπ)d/4
exp

(
i
p

h

(
x − q

2

))
exp

(
−|x − q|2

2h

)
. (12)

Besides, coherent states behave well with symmetries:M̃(g)ϕα = ϕM(g)α. (13)

Eventually, we have:

Ig(h) = h−d

(2π)d+1

∫
R

∫
R2d

α

ei tE
h f̂ (t)mh(α, t, g)dα dt, (14)

where

mh(α, t, g) := 〈
Uh(t)ϕα;ψ(Ĥ )ϕM(g)−1α

〉
L2(Rd)

. (15)

The termψ(Ĥ )ϕM(g)−1α can be easily developped by functional calculus and action of a pseudo-differentia
ator on a coherent state. For the termUh(t)ϕα we use the result of Combescure and Robert on the propagat

2 See [1] for more details.
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coherent states (see for example [1] or [8]). After several calculations, we are lead to a stationnary phase
with complex phase and a compact smooth manifold of critical points. We have to find the asymptotic of qu
of the following form:

K(h) :=
∫
Rt

∫
R2d

z

χ0(z)f̂ (t)
(
∂γ (ψ ◦ H)

)
(g−1z)c(t, z)exp

(
i

h
ϕE,g(t, z)

)
dt dz (16)

wherec is smooth,χ0 is smooth, compactly supported inR2d , and if t ∈ R, z ∈ R
2d , g ∈ G, then:

ϕE,g(t, z) := S(t, z) + Et − 1

2
(gqt − q)(gpt + p) + i

4

〈
(I − Wt)

(
zt − M(g−1)z

)
, zt − M(g−1)z

〉
, (17)

wherezt = (qt ,pt ) is the solution withz0 = z of żt = J∇H(zt ), S(t, z) = ∫ t

0 q̇tpt −H(zt)dt is the classical action
�ϕE,g � 0 and|||Wt ||| < 1. The critical set of the phase (17) defined by{∇(t,z)ϕE,g = 0} ∩ {�ϕE,g = 0} is given
by (9). As the groupG is finite, one can see that if(t0, z) ∈ CE,g , thenz has a periodic orbit with period|G|t0. This
gives an idea of the origin of quantities appearing in Theorem 2.2.
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