—_ COMPTES RENDUS

Available online at www.sciencedirect.com
)

scIENcE(CbDIRECT“
et T

1S " MATHEMAT
ELSEVIE C. R. Acad. Sci. Paris, Ser. | 339 (2004) 843-847 MATHEMATIQUE

http://france.elsevier.com/direct/ CRASS1/

Partial Differential Equations

Strong solutions to a class of air quality models

William E. Fitzgibbor?, Michel Langlai®, Jeffrey J. Morgah

@ College of Technology, University of Houston, Houston, TX 77204-4021, USA
b UMR CNRS 5466 mathématiques appliquées de Bordecase 26, université Victor Segalen, Bordeaux 2,
146, rue Léo Saignat, 33076 Bordeaux cedex, France
¢ Department of Mathematics, Univéssof Houston, Houston, TX 77204-3008, USA

Received 15 August 2004; accepted 5 October 2004
Available online 11 November 2004

Presented by Roland Glowinski

Abstract

We are concerned with stronigp solutions to a class of degenerate elliptic reaction diffusion systems associated with air
quality modelsTo cite thisarticle: W.E. Fitzgibbon et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Solutions fortes pour une classe de modéles de qualité de I’air. On étudie I'existence de solutions fortes ddnspour
une classe de systémes de réaction diffusion elliptiques dégénérés associés a des modeéles de qualRéwlecitaircet

article: W.E. Fitzgibbon et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

On s'intéresse a I'existence de solutions fortes pesystéme de réaction diffusion dégénéré suivant
3gi /0t =d 8°9; /022 + V - 0@; + fi(¢1.....on) + & 1<i <N,

posé dans le domain@ = £2 x [0, 1] x [0, T]; ici £2 est un ouvert du plan de variablés y), [0, 1] représente
la variablez verticale et[0, T'] l'intervalle de temps de I'étude. Le champ de vectetirs: (w1, w2, w3) est a
divergence nulle dan® x [0, 1]. Ce systeme est issu d’'un modeéle de qualité de I'air, cf. [5,9].
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On lui associe des conditions de flux sur les bords supérieur et inférignr.de
0¢;i/0z+vip=e; pourz=0 et 9¢;/dz=0 pourz=1,
des conditions initiales en= 0,

0i(x,y,2,00 =¢;,(x,y,2)

ainsi que des conditions aux limites sur la pafle de la frontiére latérale d® ou le champ de vecteus est
sortant.

On peut alors considérer ce systeme comme un systéme parabolique dégénéré ou mieux comme un systen
elliptique dégénéré. Sous I'hypothése que le terme de réaesibconservatif et quasipositif on peut alors établir
des estimations a priori dars,, pour des solutions fortes das. L'existence résulte alors de techniques de
perturbations pour des opérateurs maximaux monotones.

1. Introduction

The photochemical production and atrpbsric dispersion of ozone and ettpollutants is traditionally mod-
eled by advection reaction diffusion systems. In many cases, cf. [5,9], one ignores the horizontal components of
diffusion and assumes that diffusion transpires only gatty. This produces a degenerate reaction diffusion system
of the form:

39i /3t =d 3% /022 + V - w@; + fi(@1, ..., oN) + gi

whered > 0 andi =1, ..., N. The state variableg;, represent concentration densities of the chemical species
involved in the photochemical reaction. The relevamemistry of the reaction process appears in the nonlinear
functions, f; (¢1, . .., n), With the termsg;, representing elevated point sources. In practice these systems can be
extraordinarily large withV possibly in the hundreds. The advection termss (w1, w2, w3z), describe transport

from the velocity vector field of atmospheric current or wind. Typically one is interested in distribution of chemical
concentrations over a specified geographic area. We tirertztke as a modeling region a spatial cylinder of fixed
height over a fixed two dimensional regiaR, The bottom of the cylinder lies on the land surface of the earth and
the top is the boundary of the troposphere. For our ppege shall normalize the height to be one. Chemical
species involved in the photochemical process are etnifpevard from both anthropogi and biogenic sources.
Here set the upward flux equal minus a deposition flux,

dp;/dz +vip =¢; forz=0. (1)

We stipulate thag; is a smooth, nonnegative function of space and timewand 0 is a positive constant, cf. [5].
On the top of the cylinder we presise a simple no flux boundary condition,

d¢i/0z=0, forz=1. (2)

The boundary conditions for the cylinder use measuredeuatnations together with meteorological data for the
wind to describe the chemical fluxto the cylinder. The exact desgtion of the boundary conditions is quite
technical [1,3,6-8]; see below. Finally we need toypde initial conditions. We require the initial data,

¢i(x,y,2,00 =¢;,(x,y,2) (3

for i =1 to N is a smooth, nonnegative function of space. Asviisusly mentioned the reaction vector field
is complex and can be quite large possibly having hedsgiiof components. Typically, the reaction vector field
satisfies a system of conservation laws and does not point out of the positive cdfe IB6r present purpose we
shall assume that:
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N
0 > filp) <0 forge ™)t
i=1
(i) fi(p) =0 forge MM, with ¢; =0.

It has become common to call vector fields that satisfy (i) and (ii) conservative, quasipositive vector fields.
We also make the standard assumption of incompressibility (in this case three dimensional), i.e., we have
dw1/dx + dwp/dy + dwz/dz = 0. Taken together these assumptions produce a system of the form,

39; /0t =d 8%9; /022 + w109; /0x + w20¢; /0y + w309 [0z + fi(@) + gi. (4)

Standard practice would be to be to view (4)-(3)-(2)-(1) ategenerate parabolic (or ultra parabolic) evolution
system with degeneracies in the horizontal spatial components and to obtain well-posedness via application of
time dependent variation of parameters or Duhamel formula. However, we shall find convenient to view it as a
degenerate elliptic system with degeneracies in the space and time variables on the four dimensional vector field
In this context we can find a natural way of using #uwvective flux define boundary provide boundary conditions

on those portions of the our domain. We have a four dimensional vector field of thedarma,, w3, —1) and we

make note of the fact that our initial condition will be pcebed as via the fact that the four-component vector
field points into the four dimensional region on the face prescribedb®. We shall obtain a priori estimates by
virtue of a weak maximum principle and our existence results will follow.

2. Detailsof the problem

We shall use existing theory of degenerate elliptic operators and scalar equations. For a complete developmer
of this theory the reader is referred to [1,3,6,7] [8]. If ®ystems had no vertical diffusion they would be reactive
transport equations and the fundamental linear transport theory of [1] would be applicable. We introduce the space
time cylinder,Q = £2 x [0, 1] x [0, T'], for someT > 0. We hope that we do not do not belabor the obvious by
pointing out that the advection field for the parabolic operates is (w1 (x, v, z,1), w2(x, y, z, 1), w3(x, y, 2, 1))
and that the advection vector for the degenerate elliptic operator is the four-dimensional vectas field
(w1(x, v, 1), wo(x, y, 1), w3(x, v, z, 1), —1). We make a smoothness assumpti@n, wp, w3) € C1(Q). We intro-
duce the first order differential operator with the equation

Ap = 3/3x(w10) + 3/dy(w2e) + 3/dz(wap) — dp/dt = w1dp/dx + w20 /Y + w3d/dz — D/t

and the second order differential operator

£ =dd%p/92° (5)
with constant > 0. We set

£p =£.9 + Ad. (6)
We letn = (1, n2, n3, na) denote the unit outward normal on the boundary of our space time cylipdéfe let

Qe={x,y,1,0 €30} U{(x,y,0,1) €30} = Qe U Qe (7)

and introduce the Fichera functidoe= —w1n1 — wan2 — w3nz + na. We denote by 0_, Qo anda Q.+ the subsets
of 30 — 30, wherel < 0,1 =0 and! > 0 respectively. We impose the tedcal regularity assumption on the
boundaries 0b Q., 90—, 300 andd Q. given by A» in [6], this is it is either smooth or small enough. We set:

L2(0Q_) = {¢:8Q_ . m‘ / 11¢2do < oo},
00—
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L2(304) = {¢:8Q+ - m‘ / 162 do < oo}.
00—

Our boundary conditions assume the form,

d¢p/3z=0, on(x,y,1t)edQ (8)
and

op/dz+vp=e, oOn(x,y,0,1)edQ 9
and

¢(x,y,2,0) =¢o(x,y,2), for(x,y,2)e2 x(0,1) (20)
and

d(x,y.z,0)=0(x,y,z,1) for(x,y,z,1)€dQ_ — (2 x {0}). (11)

We require thatpo, € C1(2) with ¢, (x,y,z) > 0 for (x,y,z) € 2 and 6; € La(3Q— — (£2 x {0})) with
0;(x,y,z,t) =20 for (x,y,z,1) € 00_ — (£ x {0}). Finally we stipulate that the constants > 0 and that
e; € CL(2 x [0, T1) with ¢; (x, y, 1) >00n$2 x [0, T].

In this setting our system has the form,

—£(pi) = —d 8%9; /2% — 013; /3x — wpdg; |y — w3dei [0z + g; 3t = fi(p) + gi. (12)

By a strongL2 solution to the degenerate elliptic boundary value problem we meafy;, ..., ¢y} so that:

9i € Loo(Q),  8%9;/3z% € L2(Q),
0109 /93X + @209; /0y + w3dg; /07 — d¢p; /3t € L2(Q) With ¢; [sp € L2(d0_)

so that eaclhy; satisfies the partial differential equation (J&#)d boundary conditions (8)—(11) in the a.e. sense
(with respect to the appropriate measuresy. # {¢1, ..., pn} iS a strong solution we can a obtain an a priog
estimate for strong solutions. Our estimate is derived from a maximum principle for degenerate elliptic systems,
cf. [6]. Itis based on an estimate fér= Z,N:l ¢; and it makes strong use of the quasipositivity and the balancing
property of the reaction vector field. However, given this it is independent of a particular choice of reaction vector
field, f ={f},. We have:

Theorem 2.1. If the foregoing hypotheses are satisfied and {¢1, ..., pn} IS a strongL solution to(4), (8)—(11)
on Q with nonnegative components, then there existdan M (Q) so that

maX{||g;lloc.0. 1<i <N} <M.

We can also guarantee the existence of stiopgolutions. The proof uses the a priori estimates of the previous
theorem and an abstract surjectivity result for perturbations of maximal monotone operators, cf. [2].

Theorem 2.2. If f = {fi}f"zl RN — RV is a balanced quasipositive vector field satisfy{i)gand (i) then there
exists a strond.» solution to(4) with boundary condition§8)—(11)ond Q.

More details are found in [4].
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