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Abstract

We generalize Hartman’sC1 linearization theorem for local contractions and explain how to simplify its proof.To cite this
article: B. Abbaci, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur un théorème de Philip Hartman. Nous généralisons le théorème de linéarisationC1 des contractions locales dû
Hartman et expliquons comment en simplifier la démonstration.Pour citer cet article : B. Abbaci, C. R. Acad. Sci. Paris, Ser. I
339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Hartman a montré [7] que tout germeH : (Rn,0) → (Rn,0) de difféomorphismeC1+Lip ayant pour partie
linéaireDH(0) une contraction stricte estC1+Hölder-linéarisable. Nous allons généraliser ce résultat à des ge
éventuellement non inversibles en dimension éventuellement infinie.

Hypothèses et notations.SoientV une variété banachique telle que la topologie de l’espace de Banach m
E = TpV peut être définie par une normeC1+Lip en dehors de 0, eth : (V ,p) → (V ,p) un germe enp ∈ V

d’applicationC1+Lip. On suppose que le spectre de la différentielleL := Tph de h en p admet une partition
en un nombre fini de compactsσ0, . . . , σn+1, non vides sauf éventuellementσn+1, tels que si l’on poseai =
min{|z|; z ∈ σi}, bi = max{|z|; z ∈ σi} et an+1 = bn+1 = 0 si σn+1 = ∅, on ait

0� an+1 � bn+1 < an · · ·b1 < a0 � b0 < 1 et ai+1 � bib0 < ai (0 � i � n).

E-mail address:abbaci@math.jussieu.fr (B. Abbaci).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.10.010
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On noteE0 ⊕ · · · ⊕ En ⊕ En+1 la décomposition deE en somme directe de sous-espacesL-invariants tels que
Spec(L|Ei ) = σi , etFk := E0 ⊕ E1 ⊕ · · · ⊕ Ek, 0� k � n.

Théorème 0.1. Sous ces hypothèses,h estC1+Hölder-semi-linéarisable :il existe un germeϕn : (V ,p) → (Fn,0)

d’applicationC1+Hölder, tangent enp à la projection deE sur Fn, qui semi-conjugueh à L|Fn : on aϕn ◦ h =
(L|Fn) ◦ ϕn.

En particulier, siσn+1 = ∅, le germeh est inversible etC1+Hölder-linéarisable puisqueϕ := ϕn : (V ,p) → (E,0)

est alors tangent à l’identité etconjugueh à L : on aϕ∗h := ϕ ◦ h ◦ ϕ−1 = L.

Remarque 1. La classe de Hölder de la dérivée deϕn dépend [7,1,2] du spectre deL. L’hypothèse du théorèm
est toujours vérifiée lorsque la contraction stricteL est un opérateur compact ayant au moins une valeur pr
non nulle. En effet, on groupe alors dansσ0 les valeurs propresλ de L avec|λ| > b2

0 = ρ(L)2, puis on prend
éventuellement pourb1 le maximum des modules des valeurs propres non nulles restantes et l’on group
σ1 les valeurs propresλ de L avecb1b0 < |λ| � b2

0 , etc. En dimension infinie, il faut choisir len où s’arrête le
processus ; en dimension finie, siL est inversible, on obtient le théorème de Hartman en s’arrêtant quandσn+1 = ∅.

Idée de la démonstration [1,2]. Une carte locale tangente à l’identité permet de supposer que(M,p) = (E,0).
On identifieE à E0 × · · · × En+1, on noteLj := L|Ej :Ej → Ej et l’on prouve par récurrence surk le résultat
suivant, qui donne pourk = n le Théorème 0.1 :

Lemme 0.2. Pour 0 � k � n, il existe un germeϕk : (E,0) → (Fk,0) de transformationC1+Hölder tangent à la
projection deE sur Fk et tel que le germẽϕk :x �→ (ϕk(x), xk+1, . . . , xn+1) conjugueh à un germehk : (E,0) →
(E,0) de la formehk(x0, . . . , xn+1) = (L0x0, . . . ,Lkxk, gk(x0, . . . , xn+1)), où∂xj gk est

– lipschitzienne pourj > k,
– hölderienne par rapport auxx� avec� < k et lipschitzienne par rapport aux autres variables pourj � k.

Posonsh−1 := h et ϕ̃−1 := IdE . Pour−1 � k < n, la construction deϕk+1 à partir deϕk s’effectue en trouvan
une semi-conjugaisonπk+1 dehk àLk+1, le germeϕk+1 étant le composé dẽϕk et dex �→ ((xj )1�j�k,πk+1(x)).
Pour cela, on remarque [3,4] queπk+1 est une semi-conjugaison dehk à Lk+1 si et seulement si son graphe e
invariant parhk × Lk+1 : (x, y) �→ (hk(x),Lk+1(y)). Il s’agit donc de trouver un germeWk+1 de sous-variété (le
graphe deπk+1) invariant parhk × Lk+1 et tangent au grapheVk+1 de la projectionE → Ek+1.

En conjuguanthk ×Lk+1 par l’automorphismeτk : (x, y) �→ (x, y −xk+1) deE ×Ek+1, on se ramène au cas o
Vk+1 = E ×{0}, et l’on applique àI = Fk (avec la convention queF−1 = {0}), J = Ek+2 ×· · ·×En+1, K = Ek+1
et h̃ = τk ◦ (hk × Lk+1) ◦ τ−1

k le résultat suivant :

Théorème 0.3. Soit Ẽ = I × J × K un produit d’espaces de Banach tels que la norme deI soit C1+Lip en
dehors de0. Soit h̃ : (Ẽ,0) → (Ẽ,0) un germeC1 de la formeh̃(θ, x, y) = (Λθ,f (θ, x, y), g(θ, x, y)) vérifiant
les conditions suivantes:

(i) Dh̃(0) est donnée parDh̃(0)(θ, x, y) = (Λθ,Bx + Dy,Cy), oùΛ est un automorphisme deI , B un endo-
morphisme deJ , D une application linéaire continue deK dansJ et C un automorphisme deK tels qu’on
ait

ρ(C) = ρ(B) < ρ(Λ−1)−1 � ρ(Λ) < 1 et ρ(C−1)ρ(B)ρ(Λ) < 1.

(ii) Les dérivées partielles∂xf , ∂yf , ∂xg, ∂yg sont lipschitziennes.
(iii) Les dérivées partielles∂θf , ∂θg sont lipschitziennes par rapport à(x, y) et α-höldériennes par rapport àθ ,

avecα ∈ (0,1).
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Il existe alors un germe en0 de variétéh̃-invarianteṼ de classeC1+Hölder tangente en0 à I × J × {0}, qui
est donc le graphe d’un germe d’applicationΦ0 : (I × J,0) → (K,0). Ce germe est de classeC1, tangent à0,
sa dérivée partielle∂xΦ0 est lipschitzienne par rapport à(θ, x) et sa dérivée partielle∂θΦ0 est lipschitzienne pa
rapport àx et höldérienne par rapport àθ .

PourI = {0}, ce théorème est un cas particulier d’un résultat de Chaperon [3,4]. On en déduit que le lemm
k = 0, donc le théorème 0.1 pourn = 0 , est vrai sans hypothèse supplémentaire surE et sans perte de dérivabilit

1. Introduction

According to a theorem by Hartman [7], everyC1+Lip diffeomorphism germH : (Rn,0) → (Rn,0) tangent
at 0 to a strict contraction isC1+Hölder-linearizable. We generalize his result to possibly non-invertible germ
possibly infinite dimension.

1.1. Hypotheses and notation

Let V be a Banach manifold such that the topology of its model Banach spaceE = TpV can be defined by
norm which isC1+Lip off 0, and leth : (V ,p) → (V ,p) be aC1+Lip map germ atp ∈ V . Assume that the spectru
of the differentialL := Tph of h at p admits a partition into finitely many compact subsetsσ0, . . . , σn+1 with the
following property: settingai := min{|z|; z ∈ σi}, bi := max{|z|; z ∈ σi} andai = bi = 0 if σi = ∅, we have

0� an+1 � bn+1 < an · · ·b1 < a0 � b0 < 1 and ai+1 � bib0 < ai (0 � i � n)

hence in particularσi �= ∅ for i � n. Denote byE0 ⊕ · · ·⊕ En ⊕En+1 the decomposition ofE as the direct sum o
L-invariant subspaces such that Spec(L|Ei ) = σi , and letFk := E0 ⊕ E1 ⊕ · · · ⊕ Ek, 0� k � n.

Theorem 1.1. Under those hypotheses,h is C1+Hölder-semi-linearizable: there exists aC1+Hölder map germ
ϕn : (V ,p) → (Fn,0), tangent atp to the projection ofE onto Fn, which semi-conjugatesh to L|Fn : we have
ϕn ◦ h = (L|Fn) ◦ ϕn.

In particular, if σn+1 = ∅, the germh is invertible andC1+Hölder-linearizablesinceϕ := ϕn : (V ,p) → (E,0) is
tangent to the identity map andconjugatesh to L: we haveϕ∗h := ϕ ◦ h ◦ ϕ−1 = L.

Remark 1. The Hölder exponent of the derivative ofϕn depends on the spectrum ofL [7,1,2]. The hypothesis of th
theorem is satisfied when the strict contractionL is a compact operator having at least one non-zero eigenva1

Indeed, we can then take asσ0 the set of those eigenvaluesλ of L satisfying|λ| > b2
0 = ρ(L)2, asb1 the maximum

modulus of the remaining non-zero eigenvalues (if any) and then defineσ1 to be the set of those eigenvaluesλ of
L which satisfyb1b0 < |λ| � b2

0, etc. In the infinite dimensional case, one has to choose then at which the proces
stops; in finite dimensions, whenL is invertible, we get Hartman’s theorem if we stop whenσn+1 = ∅.

2. On the proof of Theorem 1.1

See [1,2]. Using a local chart tangent to the identity map, we may assume that(M,p) = (E,0). We identify
E to E0 × · · · × En+1, setLj := L|Ej :Ej → Ej and prove by induction onk the following result, which yields
Theorem 1.1 fork = n:

1 Hence applications to nonlinear parabolicpartial differential equations [2].
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Lemma 2.1. For 0 � k � n, there exists aC1+Hölder germ ϕk : (E,0) → (Fk,0), tangent to the projection
E → Fk , such thatϕ̃k :x �→ (ϕk(x), xk+1, . . . , xn+1) conjugatesh to a germhk : (E,0) → (E,0) of the form
hk(x0, . . . , xn+1) = (L0x0, . . . ,Lkxk, gk(x0, . . . , xn+1)), where∂xj gk is

– Lipschitzian forj > k,
– Hölderian with respect to thex�’s with � < k and Lipschitzian with respect to the other variables forj � k.

Set h−1 := h and ϕ̃−1 := IdE . For −1 � k < n, we constructϕk+1 from ϕk in the following way: we
find a semi-conjugacyπk+1 of hk to Lk+1 and define the germϕk+1 to be the composed map of̃ϕk and
x �→ ((xj )1�j�k,πk+1(x)). Now, note [3,4] thatπk+1 is a semi-conjugacy ofhk to Lk+1 if and only if its graph is
invariant byhk × Lk+1 : (x, y) �→ (hk(x),Lk+1(y)). Thus, we have to find a submanifold germWk+1 (the graph of
πk+1) invariant byhk × Lk+1 and tangent to the graphVk+1 of the projectionE → Ek+1.

Conjugatinghk × Lk+1 by the automorphismτk : (x, y) �→ (x, y − xk+1) of E × Ek+1, we are in the situa
tion whereVk+1 = E × {0} and we can deduce Lemma 2.1 from the following result, applied toI = Fk (setting
F−1 := {0}), J = Ek+2 × · · · × En+1, K = Ek+1 andh̃ = τk ◦ (hk × Lk+1) ◦ τ −1

k :

Theorem 2.2. Let Ẽ = I × J × K be a product of Banach spaces such that the norm ofI is C1+Lip off 0, and
let h̃ : (Ẽ,0) → (Ẽ,0) be aC1 map germ of the form̃h(θ, x, y) = (Λθ,f (θ, x, y), g(θ, x, y)) with the following
properties:

(i) Dh̃(0) is given byDh̃(0)(θ, x, y) = (Λθ,Bx + Dy,Cy), whereΛ is an automorphism ofI , B is an endo-
morphism ofJ , D is a continuous linear map ofK into J andC is an automorphism ofK, satisfying

ρ(C) = ρ(B) < ρ(Λ−1)−1 � ρ(Λ) < 1 and ρ(C−1)ρ(B)ρ(Λ) < 1.

(ii) The partial derivatives∂xf , ∂yf , ∂xg, ∂yg are Lipschitzian.
(iii) The partial derivatives∂θf , ∂θg are Lipschitzian with respect to(x, y) and Hölderian of exponentα ∈ (0,1)

with respect toθ .

Then, there exists ãh-invariant germṼ at 0 ∈ Ẽ of a C1+Hölder submanifold, tangent toI × J × {0} and,
therefore, graph of aC1+Hölder map germΦ0 : (I × J,0) → (K,0) tangent to0, with the following properties: the
partial derivative∂xΦ0 is Lipschitzian with respect to(θ, x) and the partial derivative∂θΦ0 is Lipschitzian with
respect tox and Hölderian with respect toθ .

For I = {0}, Theorem 2.2 is a particular case of a result by Chaperon [3,4]. It follows that our lemma fork = 0
and therefore Theorem 1.1 forn = 0 is true for an arbitrary Banach spaceE with no loss of smoothness.

3. On the proof of Theorem 2.2

By the pseudo-unstable manifold theorem [6,5],2 for everyβ ∈ (0, α] satisfyingρ(Λ−1)−(1+β) > ρ(B), there
exists ah̃-invariantC1+β submanifold germ at 0∈ Ẽ tangent toI . This submanifold germ is the graph of aC1+β

germχ : (I,0) → (J ×K,0) tangent to 0. Hence, using the local change of variables(θ, x, y) �→ (θ, (x, y)−χ(θ))

we may add to the hypotheses of the theorem thatf (θ,0,0) = 0 andg(θ,0,0) = 0.

2 This is the place where we need the hypothesis on the norm ofI .
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Let a andb be positive numbers satisfyingb < ρ(C−1)−1 � ρ(B) < a anda ρ(Λ) < b. Choose the norms o
I, J,K so that we have

b < |C−1|−1 � |B| < a and a |Λ| < b.

Let Ea,b be the Banach space of those sequencesz := (zn)n∈N = (xn, yn)n∈N in J × K satisfying |z| :=
sup{max{a−n|xn|, b−n|yn|}; n ∈ N} < ∞, endowed with the norm so defined. Identifyingz to the pair(x, y),
wherex := (xn)n∈N andy := (yn)n∈N, we may viewEa,b as the product of the two Banach spacesJa andKb

consisting respectively of those sequencesx in J with |x| := sup{a−n|xn|; n ∈ N} < ∞ and those sequencesy in
K satisfying|y| := sup{b−n|yn|; n ∈ N} < ∞. Set

F(θ, z) := (
xn+1 − f (Λnθ, xn, yn), yn+1 − g(Λnθ, xn, yn)

)
n∈N. (1)

It follows from our hypotheses that thẽh-invariant manifold germṼ we are looking for must be contained
the h̃-invariant germ of those(θ, z0) such thatz0 is the first component of a sequencez ∈ Ea,b with F(θ, z ) = 0.
Hence, Theorem 2.2 will be proven if we can show that the latterh̃-invariant germ is the graph of a mapΦ0 with
the required properties.

Lemma 3.1. Formula(1) defines aC1 map germF : (I × Ea,b, (0,0)) → (Ea,b,0) with the following properties

(i) The partial derivative∂zF is Lipschitzian with respect to(θ, z).
(ii) The partial derivative∂θF is Lipschitzian with respect toz and Hölderian with respect toθ .
(iii) The partial derivative ofF at (0,0) with respect to(y0, (zn)n>0) is an isomorphism of the subspaceE ′

a,b :=
{z ∈ Ea,b : x0 = 0} ontoEa,b.

It follows from Lemma 3.1 and the implicit function theorem thatF−1(0), near(0,0) ∈ I × Ea,b, is the graph
of a functionΦ : (I × J, (0,0)) → (E ′

a,b,0). That function is of classC1, its partial derivative∂xΦ is Lipschitzian
with respect to(θ, x), its partial derivative∂θΦ is Lipschitzian with respect tox and Hölderian with respect toθ .
Hence, thẽh-invariant manifold germṼ is the graph of the first componentΦ0 : (I × J,0) → (K,0) of Φ, and it
has the required smoothness properties. We shall also show that it is tangent to 0, which completes the proof
Theorem 2.2.

Proof of Lemma 3.1(iii). ComposingF with the projections, we see that (if it is differentiable) its differentia
obtained by componentwise differentiation, hence

DF(0,0)
(
θ, (xn, yn)n∈N

) = (xn+1 − Bxn − Dyn,yn+1 − Cyn)n∈N.

SettingJ ′
a := {x ∈Ja : x0 = 0}, we have to show thatB :x �→ (xn+1 − Bxn)n∈N is an isomorphism ofJ ′

a ontoJa ,
thatD :y �→ (Dyn)n∈N is a continuous linear map and thatC :y �→ (yn+1 − Cyn)n∈N is an automorphism ofKb.

– B is obtained by composing the isomorphismJ ′
a � x �→ (xn+1)n∈N ∈ Ja and the endomorphismx �→

(x0, (xn − Bxn−1)n>0) of Ja , which is an automorphism of the form “Id+ strict contraction” since we have

a−n|Bxn−1| � a−1|B|(a−(n−1)|xn−1|
)
� a−1|B||x| and a−1|B| < 1.

– D is continuous since we havea−n|Dyn| � |D|(b−n|yn|) � |D||y|.
– C is obtained by composing the automorphismy �→ (−Cyn)n∈N of Kb and the endomorphismy �→ (yn −

C−1yn+1)n∈N of Kb, which is an automorphism of the form “Id+ strict contraction” since we have

b−n|C−1yn+1| � b|C−1|(b−(n+1)|yn+1|
)
� b|C−1||y| and b|C−1| < 1.

The rest of the proof of Lemma 3.1 is a little too long to be given here, but it only requires some care.
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WhyΦ0 is tangent to0. The graph ofDΦ(0) is the kernel ofDF(0,0). By the proof of Lemma 3.1(iii), asC is
invertible, this kernel consists of sequencesz with y = 0.

Remark 2. Our proof of Theorem 1.1 follows essentially the same lines as Hartman’s in [7]: his first step is
proof of the version of the pseudo-unstable manifold theorem needed, the main difference being in the sec
where we use the approach via invariant manifolds and the Perron–Irwin method initiated in [3]. This an
question asked by Jürgen Moser in 1993 when Marc Chaperon gave a talk on [3] in Oberwolfach.

Apparently, it is not known whether everyC1+Lip strict contraction germ in an infinite dimensional space
C1-linearizable.

This Note is an account of the first chapter of the author’s doctoral dissertation [1].
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