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Abstract

We construct radial stochastic Loewner evolution in multiply connected domains, choosing the unit disk with concentr
circular slits as a family of standard domains. The natural driving function or input is a diffusion on the associated moduli
space. The diffusion stops when it reaches the boundary of the moduli space. We show that for this driving function th
of random growing compacts has a phase transition forκ = 4 andκ = 8, and that it satisfies locality forκ = 6. To cite this
article: R.O. Bauer, R.M. Friedrich, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Évolution stochastique de Loewner dans des domaines multiple connexes. Nous construisons l’évolution stochastiq
radiale de Loewner dans des domaines multiple connexes, en choisissant le disque d’unité avec des segments concentrique
comme famille de référence. La fonction naturelle qui fait croître les traces de l’évolution est une diffusion sur l’espace
des modules. La diffusion s’arrête dès qu’il touche le bord de l’espace des modules. Nous démontrons que pour cett
qui engendre la croissance de ces compacts aléatoires, on trouve une transition de phase pourκ = 4 etκ = 8, et qu’ils satisfont
la propriété de localité pourκ = 6. Pour citer cet article : R.O. Bauer, R.M. Friedrich, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

L’équation ordinaire de Loewner encode la croissance d’une courbe qui commence au bord du disque d’un
et continue vers l’intérieur, par le mouvement associé selon le bord, i.e. du cercle. Pour les courbes a
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provenant par exemple d’un modèle de la mécanique statistique au point critique, Schramm [8] conclu
quelques propriétés de base, anticipées pour la limite d’échelle, en particulier, invariance conforme, une
de Markov, symétrie, continuité, que le mouvement aubord qui encode la courbe aléatoire doit être un change
linéaire de temps du mouvement Brownien standard. En inversant la procédure, c’est-à-dire en utilisant le
ment brownien comme fonction qui fait pousser la courbe, il a obtenu une nouvelle classe de processus
SLEκ (κ > 0). C’est une idée naturelle d’essayer d’étendre lesméthodes provenant du SLE aux cas des doma
autres que simplement connexes, comme l’on peut définir des modèles aléatoires sur ces domaines. Ainsi n
construisons l’évolution stochastique radiale de Loewner dansdes domaines multiples connexes, en choisissa
disque d’unité avec des segments concentriqueés, commefamille de référence. En particulier, cela correspon
une généralisation et variation de l’équation de Komatu [1,2] au cas stochastique, et donne premièrement l’équa
de Komatu–Loewner ordinaire

Théorème 0.1 (L’équation radiale de Komatu–Loewner). La famille des application uniformisantes{f (z, t),

0 � t � T } satisfait l’équation

∂ lnf (z, t)

∂t
= ∂F (γ̄ (t),wt ; t)

∂ν
+

n−1∑
j=1

Rj (wt ; t)
d lnmj(t)

dt
, (1)

avec la conditionf (z,T ) = z pour tousz ∈ D\{0}.

Comme le type conforme du domaine change en coupant le domaine selon le chemin, il n’est plus s
pour inverser le processus, d’utiliser uniquement le mouvement sur le bord, par contre on doit ainsi inclure
modules, car les paramètres dépendent d’eux. En utilisant la méthode variationellede Schiffer nous obtenons u
système associé d’équations pour les modules, qui nous permet d’inverser l’équation de Komatu–Loewne

Théorème 0.2. Pour un domaine standardD avec les paramètres(modules) M1, . . . ,M3n−4 et une fonction
continue t �→ γ̄ (t) avec des valeurs dans le cercle d’unité on peut résoudre(15) avec des valeurs initiale
M1, . . . ,M3n−4. La solution existe sur(0, T ]. Si T < ∞, il existe unj tel que limt↗T mj (t) = 1. Pour z ∈ D

et t < T , soit gt (z) la solution de(8) avecg0(z) = z. La solution existe jusqu’en tempsTz ∈ (0, T ]. Si Tz < T ,
alors limt↗Tz(gt (z) − γ̄ (t)) = 0. SiKt dénote la fermeture des pointsz tel queTz � t , alorsgt appliqueD\Kt de
manière biholomorphe sur le domaine standardDt .

Les assomptions concernant la nature de la courbe aléatoire (cf. ci-dessus) nous permet de conclure qu
fonction qui engendre ces ensembles aléatoires, doit être une diffusion sur l’espace des modules des dom
des points marqués. La diffusion que nous définissons s’arrête dès qu’elle touche le bord de l’espace des mod
Nous démontrons que pour cette fonction qui engendre la croissance de ces compacts aléatoires, on trouve
transition de phase pourκ = 4 etκ = 8, et qu’ils satisfont la propriété de localité pourκ = 6.

1. Introduction

The stochastic Loewner evolution was introduced by Schramm in [8]. The Loewner equation shows
encode a slit in the unit disk which starts at the boundary circumference in terms of a motion on the bo
For a random slit such as an interface created by a statistical mechanics model at criticality, Schramm deriv
just from a few properties anticipated for the scaling limit of such a model—conformal invariance, a Mark
type property, symmetry, continuity—that the randommotion on the boundary encoding the random slit ha
be a linear time-change of a standard Brownian motion. This new family of processes,SLEκ (κ > 0), is studied
in [3–6], and references therein. In particular, it was shown that a phase transition occurs atκ = 4 where the slit
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ceases to be a simple curve and atκ = 8, where the slit becomes space-filling. For certain values ofκ , SLEκ has
special properties—locality forκ = 6, and the restriction property forκ = 8/3.

Since the statistical mechanics models whose scaling limit is (or is conjectured to be) described bySLEκ are
readily defined for non-simply connected domains the question arises if the stochastic Loewner evolution
extended to the non-simply connected case. The Loewner equation for simply connected domains has an
for multiply connected domains which we call the Komatu–Loewner equation. We derive a version of a resul
Komatu for a different class of standard domains, [2]. Cutting a non-simply connected domain along a Jordan
changes the conformal type of the domain. Because of this, the Komatu–Loewner equation is not enough to reve
the process, i.e. to begin with a driving function on the boundary and solve the equation—the coefficient
equation depend on the conformal type of the domain. However, using Schiffer variations we obtain an as
system of equations for the conformal invariants. These equations, together with the Komatu–Loewner equa
allow us to reverse the process.

In the case of a random slit, the expected properties of theslit Schramm used for simply connected domains o
allow us to conclude that the Komatu–Loewner equation should be driven by a diffusion on the space of co
invariants, the moduli space. We define a class of diffusions on the moduli space for which the appropriate ph
transitions occur atκ = 4 andκ = 8, and which satisfies locality atκ = 6.

2. Komatu–Loewner equation

Denote byD a domain in the complex plane bounded by a finite numbern � 2 of proper continua. ThenD is
conformally equivalent to the unit disk cut alongn − 1 disjoint concentric circular slits. We call such a domai
standard domain. IfD is a standard domain we denote the boundary components by

C(j) : |z| = mj, θj � argz � θ ′
j , 1 � j � n − 1, C(n) : |z| = 1. (2)

Let D̃ be a domain in thew-plane obtained from a standard domain by cutting along a slit (Jordan arc)Γ which
starts from a point on the exterior boundary component|w| = 1 and avoids 0. Denotew = f (z) the unique confor-
mal map from a standard domainD ontoD̃ such thatf (0) = 0, f ′(0) > 0, and such that the peripheral bound
circumferences correspond to each other. LetT = − lnf ′(0) > 0. If we delete from the boundary of̃D a sub-arc
of Γ with interior endpoint common with it, then there is a unique conformal map

w = h(wt , t), h(0, t) = 0, h′(0, t) = e−t (3)

which maps a standard domain onto the domain thus obtained. Heret � T and the peripheral boundary compone
are to correspond to each other. DefineDt by h(Dt , t) = D̃. ThenDt is a domain of the same type as̃D, i.e.
obtained from a standard domain by cutting along a slitΓt . By the monotony property of the derivativeh′(0, t)

the points onΓ are in one-to-one correspondence with the values of the parametert , ranging over the interva
0 � t � T . Let the conformal map fromD ontoDt be denoted by

wt = f (z, t), f (0, t) = 0, f ′(0, t) = et−T . (4)

Thenf (z) = f (z,0) = h(f (z, t), t), and alsof (z,T ) = z. Further, let the boundary components of the circu
slit diskDt + Γt be denoted by

C
(j)
t : |wt | = mj, θj (t) � argwt � θ ′

j (t), 1 � j � n − 1, C
(n)
t : |wt | = 1, (5)
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t of the slitΓt be γ̄ (t) = e−iθ(t). DenoteG(u,wt ; t) the Green function of the circula

slit disk Dt + Γt in theu-plane with pole atwt , and denote a harmonic conjugate toG(u,wt ; t) with respect to
wt = xt + iyt by

H(u,wt; t) =
wt∫

0

(
∂G(u,wt ; t)

∂xt

dyt − ∂G(u,wt; t)

∂yt

dxt

)
, (6)

and setF(u,wt ; t) = G(u,wt ; t)+ iH(u,wt; t). Denoteωj (wt ; t) the harmonic measure ofC
(j)
t atwt with respect

to Dt + Γt and let

Rj(wt ; t) = 1

2π

∫
C

(j)
t

∂F (u,wt ; t)

∂ν
ds, (7)

where∂/∂ν denotes differentiation at the boundary pointu in the direction of the inner normal. We have�(Rj ) =
ωj and we may assume that�(Rj (0; t)) = 0 for j = 1, . . . , n − 1.

Theorem 2.1 (Radial Komatu–Loewner equation). The family{f (z, t),0 � t � T } satisfies the equation

∂ lnf (z, t)

∂t
= ∂F (γ̄ (t),wt ; t)

∂ν
+

n−1∑
j=1

Rj (wt ; t)
d lnmj(t)

dt
, (8)

with initial conditionf (z,T ) = z for all z ∈ D\{0}.

Note that, while the first and also the second term on the right in Eq. (8) are multiple-valued, their
single-valued. In the simply connected case the sum on the right-hand side of Eq. (8) disappears and t
Komatu–Loewner equation reduces to the usual radial Loewner equation,

∂ lnf (z, t)

∂t
= −f (z, t) + γ̄ (t)

f (z, t) − γ̄ (t)
. (9)

Remark 1. An alternative class of standard domains is provided by circular slit annuli. For that case Kom
derived an equation analogous to (8). In the casen = 2 it can be written in terms of elliptic functions, [1].

If

P = Pt = [
pj,k(t)

]n−1
j,k=1, pj,k(t) =

∫
C

(k)
t

∂ωj (wt ; t)

∂ν
ds, (10)

is the period matrix ofDt andλj = − lnmj , λT = [λ1, . . . , λn−1], then

λT = 2πωT(0)P−1, (11)

where ωT = (ω1, . . . ,ωn−1) is the vector of harmonic measures. Under a Schiffer variation at the bou
point γ̄ (t)

∂

∂ε

∣∣∣
ε=0

2πωT(0)P−1 = 2π
∂ω(γ̄ (t), t)

∂ν

T

P−1, (12)

see [7]. Furthermore, the domain constantdn(t) defined by

�(
lnf −1(wt , t)

) = ln|wt | + dn(t) + O
(|wt |

)
(13)
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∂ε

|ε=0dn(t) = −1, see [7]. We find

n−1∑
j=1

Rj(wt ; t)
d lnmj(t)

dt
= 2π

∂ω(γ̄ (t), t)

∂ν

T

P−1
t R(wt ; t). (14)

If n > 1, then the moduli space of ann-connected domain with one interior marked point is 3n − 4 dimensional.
DenoteMl(t),1 � l � 3n − 4 the moduli of the domainDt + Γt with the origin as marked point.

Lemma 2.2. There exist differentiable vector-fieldsYl = Yl(u,M1, . . . ,M3n−4), 1 � l � 3n−4, whereu is complex
of norm1 and theMk real such that ifM1(t), . . . ,M3n−4(t) solve

Ṁl(t) = Yl

(
γ̄ (t),M1(t), . . . ,M3n−4(t)

)
, 1 � l � 3n − 4, (15)

with initial values the parameters of the domainD0 + Γ0, then {f (z, t),0 � t � T } solves(8) with the Green
function and harmonic measure at timet calculated from the parametersMk(t).

We can now reverse the procedure. Instead of beginning with a Jordan arcΓ that leads to a continuous curv
t �→ γ̄ (t) on the boundary circumference we begin with the curveγ̄ (t).

Theorem 2.3. For a standard domainD with parametersM1, . . . ,M3n−4 and a continuous functiont �→ γ̄ (t)

with values in the unit circle we can solve(15)with initial valuesM1, . . . ,M3n−4. The solution exists on(0, T ]. If
T < ∞, then there is aj such thatlimt↗T mj (t) = 1. For z ∈ D and t < T , let gt (z) be the solution of(8) with
g0(z) = z. The solution exists up to a timeTz ∈ (0, T ]. If Tz < T , thenlimt↗Tz(gt (z)− γ̄ (t)) = 0. If Kt denotes the
closure of the set of pointsz for whichTz � t , thengt mapsD\Kt conformally onto a standard domainDt .

3. Diffusion on moduli space

To defineSLEκ on D we first define a diffusion on an appropriate moduli space. This is the moduli spacMn

of ann-connected domain with one interior point and one boundary point marked. It has dimension 3n − 3.
Let κ > 0 and denoteBt a standard one dimensional Brownian motion. Definel(eiθ ; t) by

l(eiθ ; t) = lim
ϕ→θ

(
∂F (eiθ ,eiϕ; t)

∂ν
− eiθ + eiϕ

eiθ − eiϕ

)
. (16)

Consider the system

dθ(t) = 1

i

(
l
(
γ̄ (t); t

)
dt +

n−1∑
j=1

Rj

(
γ̄ (t); t

)
d lnmj (t)

)
+ √

κ dBt , (17)

dMl(t) = Yl

(
γ̄ (t),M1(t), . . . ,M3n−4(t)

)
, l = 1, . . . ,3n − 4, (18)

where θ(0) = 0, γ̄ (t) = eiθ(t), and Ml(0) = Ml . We note again that the combination of terms in bracket
Eq. (17) is single-valued. The solution exists up to a stopping timeτ . On the setτ < ∞ we have for somej ,
limt↗τ mj (t) = 1. We call a solution to this system aSchiffer diffusion(on moduli space) and the random family
of growing compactsKt associated to a Schiffer diffusion via (8)radial n − SLEκ . Alternatively, we may call the
family of random conformal mapsgt n − SLEκ . The following results show that the Schiffer diffusion has k
properties we expect from our knowledge of SLE in simply connected domains.

Theorem 3.1. If κ � 4, thenKt is a.s. a simple curve fort < τ . If κ > 4 thenKt is a.s. not simple.
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This follows by considering the motion of points on the boundary.

Remark 2. We do not know ifKt can hit a circular slit in finite time with positive probability.

Theorem 3.2. If κ = 6, thenn − SLEκ satisfies locality.

The proof is similar to the simply connected case. Our definition of the Schiffer diffusion was made w
previous two theorems in mind. We have not been able to confirm the restriction property forκ = 8/3. Instead we
only obtained a family of martingales related to the restriction property. We will investigate in a forthcoming
if the Schiffer diffusion is the essentially only class of diffusions for which these properties hold, and if rest
holds forκ = 8/3.

In a multiply connected domain there are two flavors of chordal SLE: Growing slits from a point on one b
ary component to another point on the same boundarycomponent, or growing slits from a point on one bound
component to a point on another boundary component. Forthe former we can repeat the above construction
ing as standard domain the upper half-plane with a finite number of horizontal slits, the compactsKt growing
toward∞. For the latter the construction can be based on Komatu’s equation [2].

Acknowledgements

The authors would like to acknowledge the hospitality of the Institut für Stochastik at the University of Fr
and of the Isaac Newton Institute where part of this work was done.

References

[1] Y. Komatu, Untersuchungen über konformeAbbildung von zweifach zusammenhängenden Gebieten, Proc. Phys. Math. Soc. Japan 25
(1943) 1–42.

[2] Y. Komatu, On conformal slit mapping of multiply-connected domains, Proc. Jpn. Acad. 26 (7) (1950) 26–31.
[3] G.F. Lawler, O. Schramm, W. Werner, Values of Brownian intersection exponents. I. Half-plane exponents, Acta Math. 187 (2) (200

275–308.
[4] G.F. Lawler, O. Schramm, W. Werner, Values of Brownian intersection exponents.II. Plane exponents, Acta Math. 187 (2) (2001) 237–2
[5] G.F. Lawler, O. Schramm, W. Werner, Conformal restriction: the chordal case, J. Amer. Math. Soc. 16 (4) (2003) 917–955 (electronic
[6] S. Rohde, O. Schramm, Basic properties of SLE, math.PR/0106036.
[7] M. Schiffer, Hadamard’s formula and variation of domain-functions, Amer. J. Math. 68 (1946) 417–448.
[8] O. Schramm, Scaling limits of loop-erased random walks and uniform spanning trees, Israel J. Math. 118 (2000) 221–288.


